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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE 

23,2 (1982) 

A NOTE ON CLOSED N-CELLS IN R 
M. MARKL 

Abstract: In the paper the cohomological property of im-
mersion of closed n-cells is given. 

Key words: Closed n-cell, Cech cohomology theory, Alex-
ander duality. 

Clasification: 55N05 

§ 1. Introduction. In this paper some homological properties 

of closed n-cells will be discussed. 

Let U and V be domains in flr ,Ucv,such that tJ and 7 are 

closed N-cells ( i.e. sets homeomorphic to 5^,see £31 ).One can 

show that in this situation U is a deformation retract of 7. 

It is an easy consequence of the fact that U and V are absolute 

retracts.But there is the second natural problem:Is the set 9V 

a deformation retract of V-U ? In the polyhedral case there is 

a simplicial deformation.But in general case it seems to be 

a difficult problem. 

Hie following statement is closely related with our question. 

We will prove it making use of the usual methods of algebraic 

topology. 

Theorem. Let U and V be domains in GT as above.Let U c tT be 
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a set which contains 3U. Let us denote R =*¥ - U and J * RuM. 

Then 

H*(J) • H*(M> 

8*(X) deno tes here the 6ech cohomology group of X with i n t e g ­

r a l coe f f i c i en t s (for fiech cohomology see [ 1 3 , £33) • 

§ 2* Proof of the Theorem. Let us put 

B? S B a {x =- ( x l f . . . , x n ) c lRN|x^ • . . . • x^ <!} 

S ^ 1 * s » dB 

and assume V = B. 

We can transform the genera l case to a s p e c i a l one us ing 

the homeomorphism of B with V . 

i ) I t i s easy to see CRN - R * B 0 ( JRN - 1 ) ( 0 - the 

topo logica l sum). We get from the Alexander Dual i ty Theorem 

(see 113) 

g n - q - l ( R ) * t f <B O ( |RN - B))-^H ( IRN - S)^fin"q"1(S> 
q q 

Hence R i s a cohomological ( N - l ) - s p h e r e . 

i i ) The couple (R,M) i s exc i s ive i n the 6ech cohomology 

theo ry (see £33 and £13) . Hence there i s the Mayer-Vietor is 

exact t r i a n g l e 

H*(M) 0 H*(R) 

(MV) 

H*(J) ^ h t f d U ) 

because RnM = 9U and RuM « J by the d e f i n i t i o n . The Theo­

rem can be obta ined, i f we use in (MV) the r e s u l t s of i ) . 

Q.E.D. 
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Note that the Theorem can be proved for N = 2 without the 

e x p l i c i t use of Alexander Duality Theorem. 

Let B. be the sequence (maybe f i n i t e ) of components of 

R - 3 U. I t i s poss ib le to show that 1L are Jordan domains 

and, by Schonfl ies Theorem, closed 2 - c e l l » . We can prove J * 

s M VR.I and our Theorem follows by the continuity of the fiech 

cohomology theory. 
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