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COMMENTATIOINES MATHEMATICAE UNIVERSITATIS CAROLINAE
20,3 (1979)

CLOSURE OPERATIONS AND SEMIGROUPS OF QUOTIENTS
John K. LUEDEMAN

Abstract: The semigroup of quotients of a monoid S.
with O is conmstructed by means of a closure operation ¢ on
the lattice of left ideals of S. The lattice of closure ope-
rations on L is isomorphic to the lattice of left quotient
filters = on S. These closure operations enable one to des-
cribe Green s relatiom L on Q(Sg.

Key words: Semigroup of quotients, injective hull, clo-
sure operation.

Classification: 20 M 50

The discussion of semigroups of quotients has been mo-
delled on the discussion of rings of quotients. One useful
way of discussing rings of quotients was by the use of clo-
sure operatioms on the lattice of left ideals of a ring [2].
In this paper, we give a generalization of the work of Mur-
doch [ 2] on rings to semigroups. This generalization gives
yet another way to describe the maximal semigroups of quoti-
ents of S. This new description leads to a eharacterization
of Green’s relation Loon Q(S) and shows the connection be-
tween Lg on S and Lqon Q(s).

A nonempty collection = of left ideals of S is a left
quotient filter if
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(61) AcB,Ae Z = Be =

(62) feHom (A,S):A,Be = = @) e =

(63) ifh e =, Bal={scs(sacBic= for all
acA, thenB ¢ = .

In {1) we showed that each left quotient filter = de-
termines a torsion congruence Ty on each left S-system M
by Ty =4{(m,;n)|am = an for all acA, Ac =3 . Then M is
torsion free if the O-class of Ty = (0), torsion if Ty =
= Mx M, and strongly torsion free if <, = id. Given a strong-
ly torsion free gM, we constructed the 2= -injective hull of
g, denoted by B, (M), as B EA‘ZJZ Hou (A,M), © = {(f,g8)e BxB:
:fa = ga for all a in some A¢ = , and Eg (M) = B/§. Then
MSEg (M) and Eg (M) is contained in the injective hull E(M)
of M. Moreover, Eg (S) is a semigroup aml is called the semi-
group of quotients of S, denoted by Qg (S). E. (M) is = -in-
jective in the sense that if A aml B are S-systems with av1e
¢ 2 for all beB, and if f¢ Hom (4,E. (M)), then there is
fc Hom (B,E (M)) with f(a) = f(a) for all ac A, We refer the
reader to [1] for the remaining definitions and for a more

complete discussion of torsion theories,

l. Closure (_)geratione and Quotient Filters. Let L be
the collection of left ideals of S. A closure operation is a

mapping A —> A® of L into itself satisfying
(1) Aca®
(2) ASB = A%cB°
(3) Acc = Ae
(4) If fcHomg(S,S), then £71(1%) = (£71a)°,
An element is c-closed if A® = A, and is c-dense if
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A® = S. The intersection of any collection of c-closed ele-

ments is c-closed and so the closure A® of A is the intersec-
tion of all c-closed elements containing A. Thus the closure
operation is completely determined by the lattice 1° of clo-

sed elements of L, and I° is an inset in the sense that Sec L°,

1°c L and 1° is closed under complete intersections. Conver-
sely, each inset determines a unique closure operatiom on L.

Given a left quotient filter = on S, let Ae L and set
AS = {8sc S\Aa-le S} . Ther the mapping A — A® is @& closure
operation on L. Note that (2) follows from ( 61), (3) follows
from ( 63) and (4) follows from (62).

Conversely, given a closure operation A — A on L, let
= ={acL|a® = s},

Proposition: = is a left quotient filter,

Proof: Conditiomx (6 1) follows from (2). Conditiom (& 2)
follows immediately from (4). In order to verify (63), let
Ac> and Balc = for all acA. Then \/,(Ba"l)acB, ana

-1, -¢ -1l,_.c : .
8o [a,Le)A(B’ Ja)” =2 Q‘EJAE(Ba ‘)a)". Define f, :S—> S by f(a) =
= sa. Then by (3), (Ba"1)®a = Sac(Ba~la)® so JdaSazAc

c U (Bata)® e [ U (Ba~ )a1c B® 80 A° = ScB® and Be = .

Given a left quotient filter = , we obtain a closure ope-
ration A — A% aml from this a left quotient filter 3| e’
Proposition: = = S‘c'

Proof: let A ¢ =, then A® = S 80 for all scS, there
18 Byc = with BjscA, Thus Sc¢ = and As™ ¢ = for all s€ S
implies A ¢ = by (@ 3). Conversely, AcS implies As le =
for all 8€S 8o A® =5 orAe =
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Conversely, let ( )® be a closure operation on L, and

[
let ( ) 1 pe the closure operation given by = ..

Proposition: ¢ = ey

Proof: We have yeB lire sysplire sep iyl =
= y" )Y 1rr By H) Y = 5 1er (By~H)C = s ier B = s irr
Ye B¢,

Define an order on the class of closure operations on L
by a<b iff I8c 1P, Tus if a<b, for A cL we have A°c A%,
Now 12N Lb is an inset and so yields a closure operation avb.
Likewise 12U Lb, the set consisting of all elements of the
form ANB where Ac I? and BeLb, is also an inset and so yields
a closure operation a b, This givea the class of closure ope-

rations on L the structure of a complete lattice.
Combining these results we have the following:

Theorem: The collection of left quotient filters om S is
in one-to-one correspondence with the lattice of closure ope-
rations on L by the map = —> ( )°. Moreover, this map sa-
tisﬁee\ b= 2N Zpe

We remark that each closure operation can be extended to
the category of left S-systems by defining for a left S-system
M, E(M) the injective hull of M, and

MC = {ecE(M):Me le 3.

Thus to each closure operation ¢ there corresponds a tor-
sion theory (T,F) given by T = {A|0® = A} and F = {B|0® = 03,
where by O° = A we mean that for acA there is T ¢ = with

Ta = 0. We refer the interested reader to [1l] for a discussion

of torsion theories.
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2. Closure Operations and Injective Hulls. Let c be a

closure operation on L aml let =X be its corresponding left
quotient filter. lLet gM be a strongly torsion free left.S-sys-
tem. Let E(M) = E be the injective hull of M. Let T be the
closure of M in E, that is, T ={ecE|Aec M for some A ¢ = 3.
Now M is M -large in T since 0% = 0.

lemma: T is = -injective.

Proof: Let

A & B
) s
T c b ]

where A<’ B means that for all beB, there is Ce¢ = with Cbc
€ A, Then if g(b)¢ T, there is C e = with CbcA so Cg(b) =
= g(Cb)c £(4) T so g(b)e T = u°® = u°® = 7,

Thus T is a = ~injective () ~large extension of M, T is
unique up to iaomorphism: over M for if F is another = -injee-
tive N\ -large extemion of M, then we have the commutative
diagram

M S T
1 wlle
N c F
Then g = h if we can show the following

Lemma: T is strongly 2. -injective.

Proof: Let
A ¢ B
ST
T c E



be as before and suppose for some be B, g(b)4 h(b). Then for
C ¢ 3 with CbcA, Cg(b) = Ch(b). Thus (g(b),h(b)) e Tqp = iq
so g(b) = h(b).

In [1], we showed that when M = S, T is a semigroup and
is called the = -semigroup of quotients of S and is denoted
by Qs (S). We next examine whether the subsemigroups of Q(S),
the maximal Utumi semigroup of quotients of S, all occur as
Qg (S) for some left quotient filter 3 . Since each left qu-
otient filter is determined by a unique closure operation c,
we will discuss subrings of Q(S) corresponding to bilateral
closure operations on L. A closure operation ¢ on L is bila-

teral if A® is a two sided ideal,

Recall the construction of Q(S) as Q(3) = B/® where B =
-AL‘JSA Hom (A,S) with operation fg as composition where f:

:I— S, g:I,—> S then fg:Irg—> S where Ifg = Ifng(Is),

and £ 6 g :lffgf(x) = g(x) for all x in some A ¢ = , Let B, =
= {£cB|fIcJ° for all left ideals Jc Ig}e Then B, is a sub-
semigroup of B for if JcIp,, £ dcf(I.N e (1,n3%)°% s n
NJ% = J°. (Note that this requires only that ¢ is a closure
operation.) Set Q.(S) = B,/6, where 9, is the restriction of
© to B,. Then Q.(S) is a subsemigroup of Q(S). Moreover, if
c is bilateral, then for s€S, I, = S and 4s<4%<A® s0

Q,(S)2 S. We gather these results in the followin

Theorem: If ¢ is a closure operation on L, then Qc(S)
is & subsemigroup of Q(S). If ¢ is a bilateral closure opera-
tion on L, then S£Q,(S)cQ(s).

This construction enables one to prove the following re-

sults due to Murdoch [2] for rings.

- 534 -



Proposition: For each bilateral closure ¢ on L, there
is a unique bilateral closure € such that Q. (S) = Qz(S) and
the mapping ¢ —» € is a closure operation on the lattice of
bilateral closure operations on L. T is called a maximal bi-
lateral closure operation on L.

Let (M,N, U* , <) be the complete lattice of maximal

bilateral closure operations on L with a<b as before and

U¥e = u c, . A subsemigroup T of Q(S) is a closure sub-
semigroup if T = Qc(S) for some (maximal) bilateral closure

operation on L.

Proposition: The lattice (M,N, U*, <) is anti-isomor-
phic to the lattice C of closure subrings of Q by the mapping
e — Q. (S).

In order to construct © for a bilateral closure c, we
let J% .f:JB £(Jn It)’ Then ¢¥ is a bilateral closure opera-

(]
tiom and q¥ = T if q¥ is the closure operation given by
JeL|d? = g},

Next let R b any subset of Q containing S and comnstruct

Jq sa,Le)Rw(Jnlw) and so q*Rc

Theorem: Let QG(S) be the minimal closure subsemigroup
of Q(S) containing R, then Qq*R(S) = Q,(S) and q*p = T.

3. Closure Operations and Green’s Relation L . Let Q.(8)

be the semigroup of quotients of S with respect to = ., Note
that SSQy (S) iff wg = {(s,t)|as = at for a in some A ¢ =i=
= id. Green’s relation Lg on S is given by Lg = {(x,y)|sx =
= Sy}. Define the relation Ly onSby Ly = {(x,y)|Ax = Ay
for some A ¢ =} ., Note that g € Lz but in general they
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are unequal,

Recall [1] that = has property (T) if every Q_ (S) sys-
tem is strongly torsion free and this is equivalent to
Qs (8)i(A) = Q,(S) for all A e 3 where i(A) is the image of
A in Qz (S) under the canonical mapping of S into Qg (S). Hen-
ce if X has property (T) amnd (s,t) e Ly , then As = At s0
i(a)i(s) = 1(A)i(t) in Q; (S) 80 Q- (S)i(s) = Q5 (S)i(t) and
(ixi) I.2 c Lq. Moreover, since S ¢ =, Lg e Lg -

Proposition: If = has property (T), then (ixi)l_ ¢ Lan
Nn(i(s)xi(s)). In any case LS L, -

Let s¢ S, and suppose S is strongly torsion free so that
S€Q, (S). Ten [Q  (S)8nNS]® = (S8)° for if qs = te S, then
there is Be = with Bqc S 80 Bqa<S Ss 80 g8 € (S8)®. Now suppo-
se (s,t) € LoNSxS, then Q; (S)s = Q5 (S)t s0 (58)° = (5)°.

Now suppose =. hes property (T). Then if (ss)® =~(St)c,
there are A,B ¢ . with AsS St and BtSSs. Thus Q¢ (S)As <
€Qg (S)St or Qs<Qt and Qt<Qs 80 (s,t) € LQnst.

This same argument suffices to show:

Proposition: Let S be strongly torsion free and X, have
property (T), then
Lq = iCet, o) LS e]® = [(sp ™1 2.

Finally let = ={ M) where M is an idempotent two sided
idgeal of S. If (,3) el g, then M € S and by (Q3), Mp €
cMov . Since the argument is symmetrie, Lo = {(t,3)|Mc =
= Mf3}= LZ .
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