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AN BLEMENTARY PROOF OF NORMALITY OF THE CLASS OF ACCLSSIBLE
CARDINALS
L. BUKOVSKY , Koice

This remark is connected with the paper [2] by Keisler
and Tarski. In the following we shall use the terminology
and notations introduced by Keisler and Tarski wit hout refe-
rences.

In their paper [ 2], Keisler and Tarski have remarked on
the absence of an elementary proof of theorem 1.33. In this
remark we shall give such a proof,.

Let J be a stroigly o -complete non-principal prime
ideal in S (&) . Let ¥ be a function such that

fe*a
f(§)ef for fea .
By Lemma 1.5 and 1.16, there exists a §, € o  such that
v () =§, ,
loe. that { §: F(§)=f. 3 € J -

In the following, we shall often use this fact.

Theorem. The class A C of accessible cardinals is normal,
Proof: Let . € € ~C, , and J be a strongly o& =-com-
plete non~principal prime ideal in S () ., Let d be

the identity function on o . By theorem 1.18, it suffices

to préve

ACAxed .
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Set m,=a - AC
m, ={f:§ex&(3IF)(Te § < 2°)}
m, = {§:§feadecf(f)<§}
and define
¢(E) = 0 for § € mum, ,
the least d” such that d'< § < 2
for § € m,
We have (VE)(fex - g(§)ed(f)) , iee€e
'cJ(§><a<.-1: (d ).

J
Hence there exists an ﬁo € oL for which

{§:@CE§) =61 ¢ .
r §,>0, thenl{§:g(§)-§°}I‘26’< o , which is
a contradiction ( X ¢ J implies | X | = o« ) . Thus
?o- 0 y iee. '
m1um1-{§:g6§)=0}¢3
Now define h(§)=cfC(E) for f e« -
Let m, ¢ J « Then 2, (h) < o , and there exists

a f e x suchthat x={§:h(f)m§ ? ¢ J.

Rr every fe& x there is an §, -termed sequence {/If} cg, such that
; § 1 °1€8,
i Lim f3 -§ .
Define 1€y, 2

h (§)={’B’§ tor f e x
1 0 for fex — X .
It is easily shown that ‘for every 7 € f, there exists
a g‘;l such that
‘ 3*;"(@”‘1(?)‘%}#3-
Since ;1 € & , we conclude

y gzg,y’lij ¢
It § €y , then h‘l(f)-ﬁ and f-h‘n‘r;L .
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Thus y is a one-point set, contradicting the non=principa-
1ity of J . Hence m, € J . Since & N AC & m,u m,,
it follows that « " A€ € J , and our proof is complete.

Let us remark on a connection with the theory of syntac-
tical models of the Godel-Bernays set theory. We use the nota-
tions introduced in [1].

It can be shown that o is representable by a function
£ if and only iz B (f) = & (F, is the isomorphiem
between G and a perfect class for some oc -complete pri-
me ideal J in S (&) . Thus, a class X is normal if
and only if both

1) X s C,, , and

(11) l-;('f)#o(. for every f € (X A ) and eve=-
ry o -complete prime ideal J in S (o) .

Lt xe € ~-C, Fj(f) = . Since v is anin-

accessible cardinal, f is an inaccessible cardinal in sen-

se of the model G « By metatheorem 3 from [3] we have
{§:f(§)e ACleJ .
Thus, if o is representable by some functionfe (A€ A o).
then & € J ; this is & contradiction.
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