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ONTHE POWER OF ORDERED SETS
MILAN SEKANINA, BRNO

(Received March 6, 1965)

1.

Under the notion “an ordered set” we understand a set e. g. 4 on
which a reflexive, antisymmetric and transitive relation is defined. If
we denote this relation by the symbol <, we write detailed (4, <).
In several parts of this paper we shall deal with several ordered sets
at the same time. We shall use for them — if there does not occur the
danger of mistake — the same symbol. In opposite case the symbol will
be provided with an index (e.g. <,). The ordered set will be said to
fulfil the condition of decreasing chains, when for every decreasing
sequence r; = ¥, = ... = Z, = ... there exists m so thatz,, = z,,, =
= ... . We write then (4, <) € A (or simply 4 € ). A set of minimal
elements of the set 4 we denote by m(4). We shall say that A fulfils
the condition of minimality when there exists m € m(4) for every a € 4
such that m < a. In this case we write A € .#. Let 4, B be sets (they
do not need to be ordered). A% is a system of all mappings of a set B
into 4. Let f,ge A8. We put n(f,g9) = {z : z € B, f(x) # g(x)}.

The one-to-one mapping f of a set (4, <) on (B, <) is called a similar
mapping, if x < ¥y = f(x) = f(y). The set 4 is said to be similar to B
and we write 4 ~ B. The category of ordered -sets, where morphisms
are similar mappings, is denoted by %. The category of sets with one
binary relation is denoted by %. Morphisms are isomorphic mappings.

The aim of this paper is to present the definition of a certain operation
in %, which is a modification of the ordinal power of ordered sets. The
ordinal power of ordered sets Z4 has been defined by G. Birkhoff
in [1], [2] and M. M. Day in [3] (the definitions, presented in these
papers, are formaly different; in what follows we shall define 4 according
to [2]). 24 is not in general case an ordered set. According to [3], p. 23,
the theorem 4.17, the following statement holds: (D) BA is an ordered
set just when A is an antichain or Be A,

In the paragraph 2 there is defined an operation exp, B which in
case, when all presumptions from (D) are fulfilled, is equal to 4. If 4
and B are totally ordered, then exp, B is equal to general power of
Hausdorff ([4] p. 150).

Ordinal and cardinal operations with ordered sets are denoted like
in [2] with the difference that no symbol for a cardinal power is intro-
duced (definition 4% see above) -
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Lemma 1. AeX > AecA.
" Evident.

Lemma 2. Let H be an ordered set, H, for i€ H an ordered set. Then
G,ay e m(z Hi) 18 equivalent to the validity of one of these statements.
1eH

1. a e m(H,) and i € m(H)
2.aem(H)and j < i=H; = 0.
2. H, denotes a lexicographic sum.
ieH
Proof. Let ¢i,ad>em (> H,). Let ac H;. If there existed b < a,
: i€l
be H,, then (i, by < (i, a) in > H, what is impossible. Let there exist
ieH
J < 1. Let us admit that ce H;. Then (j,¢) < {3, a) what is again
a contradiction to the presumption.
Let there hold 1 or 2. Then from <k, b> GZH ., <k, b> < i, a) there

follows either ¥ < ¢ and then be H, = ﬂ or k=1 and b < a, so
a non € m(H,). Both is in contradiction with the presumption.

Consequence of the lemma 2.
A, Be# >A+B ADPB AQOBeA.

Lemma 3.

Let A, Be.#.Then A.Be 4.

Proof. Let a e m(4), b ¢ m(B). Then evidently (a, b> e m(4 . B). If
{c,d) € A . B, so there exists a € m(4), b € m(B) such thata < ¢, b < d.
Then {a, b) = <c,d>.

There hold even these evndent statements

Lemma 4.
Let A = B + C. Then

AcH =B, Cc k.

Lemmsh.

B+# @ = Be /.

AEJE{B: g =>Ced.



77

Definition 1. Let f,ge A%, A, Be 9. Let us put f < g = n({, 9)5-/
and for m € m(n(f, g)) there is f(m) < g(m).

Theorem 1. (4%, <) is an ordered set.

Proof. 1. Reflexivity is evident.

2. Let f £ ¢, 9 £ f. Then necessarily n(f, g) fg,s0f=g.

3. Let f < g.9 < h. Let ben(f, k). Then ben(f,g) U nl(g, k). There
exists m € m(n(f, 9)) or m € m(n(g, b)) such that m < b. In what follows
we shall investigate the first case. The second case can be investigated
analogously. Let us admit that there exists m; < m such that g(m,) #
# h(m;). Then there exists m, < m,, myem(n(g, k). It must be

flmy) £ g(my) < h(m,). Simultaneously m, € m(n(f, k)). If there does not
exist m, with the above mentioned property, there is m € m(n(f, b))
and f(m) < g(m) = h(m). Thus n(f, k) e A and f < h.

Detinition 2. Let us put exp, B = (48, <).

Theorem 2. Let A be an antichain or Be A ". Then exp, B = BA.

Proof. A being an antichain, 24 and exp, B are antichains.

Let Be X '. Let f,ge AP. Let f < g in BA. Be X = n(f,g)e X =
= n(f, g) € M. According to the definition B4 we have m € m(n(f, g)) =
= f(m) < g(m), thus f < g in exp, B. Let f < g in exp, B. Then for
every z € B for which f(x) # g(z) there exists y € m(n(f, g)) such that
y £ z and f(y) < g(y), thus f < g in 54,

Theorem 3. Exp, (B + C) ~ exp, B.exp, C.

Proof. Let feexp, (B + C). Let fg,fo (similar in the following
explication) be partial mappings induced by the mapping f of the set B
into 4, eventually C into 4. Then f — {f5, f¢> is a one-to-one mapping
exp, (B + C) on exp, B .exp, C. We shall show that it is a similar
mapping.

a) Let f,gcexp, (B + C), f < ¢. In general it holds

(1) (£, 9) = n(fz, g5) + n(fc, 9¢) and

(n(f, 9)) = m(n(fg, g5)) + m(n(fo, 9¢))-
Thus

xemn(fB,gB )) = x € m(n(f, 9)) = f(x) < 9(x) > fp(®) < gp().

According to the lemma 4 there is n(fg,gp) €.#. Hence fz = g5 in
exp, B. In a similar way one can prove f, £ g in exp,C. Thus
Ja:fe> £ <9p>9c)-

b) Let {fz,fc> S <gp>9¢)- From (1) there follows z e m(n(f, g)) =
= f(x) < g(x). As according to the lemma 4 n(f,g) €4, it i8 f < .
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Theorem 4. exp, (B @ O) ~ exp, B O exp, C.

Proof. We prove that .also in this case a mapping f— {fy.f¢) is
a similar mapping. Let f,g€exp, (B @ C). ~

It is n(f, 9) = n(fy, 98) @ nfo, 9¢)-

a) Letf = g. :

a;) Let n(fg, gz)# @ . According to the lemma 5 there is n(fp, gp) € A
For z e m(n(fy; gg)) there is fp(x) = f(2) < g(x) = gp(x). Consequently
fs < 95 and therefore (fp,fc> < {gr, 9c>-

ay) Let n(fg,gg) = 0. Then n(fy,g.) € A and similarly as in a))
there is f, < g,. Thus e Jed E 9> 9e>-

b) Let {fg,fo> < <Y, 9gc)- According. to the lemma 5 there is
n(f, 9) € A . Let m e m(n(f, g)). :

b;) Let fg < g5. Then m e m(n(fp, g95)) and f(m) < g(m).

by) Let fp = gp, f¢ S go- Then mem(n(fy, gc)) and f(m) < g(m).

Thus f < g.

Theorem 5. exp, (A O B) 2 exXPeyp 5 4.

Proof. Let feexp, (A O B). Let f* € expey, 5 4 be such an element
for which, for a € 4, fy is a mapping of B into C defined by means
of this equation

f:(b) :f(a” b)
for every b e B.

It is easy to find out that f— f* is a one-to-one mapping of the set
expy (4 O B) on expey,.p 4. We shall show that the mapping is
a similar one. .

a) Let f,geexpy (4 O B), f<g. Let aen(f* g*), thus f} # g},
that is, there exists b € B such that f;(b) # gi(b) thus f(a, b) # g(a, b).
Let <(a,, b,> e m(n(f, 9)), <a;,b) = <a,b). It is f(a,, b)) < g(ay, by)-
Let us admit that there exists a, < a, such that f5, # g4, . Then there
exists b, € B such that f(a,, b,) # g(a,, b,) and at the same time {a,, b,> <
< (ay, b, which i impossible. Thus a, & m(n(f*,g*). Let f4(bs) 7
# g% (bs). Then f(a;, bs) # g(a,, b)) and therefore there exists a,, bs
such that <day, b < <ay, by, <ay, by em(n(f,g)) and f(ay, by <
< g(a,, by). For the reasons mentioned a while ago, there is a, = a,-
Thus b, m(n(fs,ds) bs=b;. Consequently n( r.9s) €A and
fon < 9o Accordingly n(f*, g*) € A and f* < g*.

b) Let f* < g*. Let <a,byen(f,g). Thus f(a,b) # g(a,b) which
gives f* # ga - There exists a, < a, a, € m(n(f*, g*)) such that f3 < ga,-
Let for b, € B there be f3,(5,) # g%,(b,). Then there exists b, € m(n(f%,,g%))
such that by S b, fa,(bs) < 95,(bs), i. e. fla;, b;) < g(ay, by). Let us show
that <a1, b2> Em(’:'(f’, g)) L(it' <a‘,r b'> é <a’1!b2>) <a’9 b’> € n(f? g)’
then f(a’, ') # 9(a> b'), i. e. fg # g3 = a’ = a,. But then b’ = b,.
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bl) Let a, < a. Then <a19 b2> < <a'9 b>

b,) Let a, = a. Then it is possible to put b instead of b, and again
{ay, by < <a, b).

Consequently n(f,g) 4 and f < g.

For purposes. of the following paragraph we pronounce this evident
statement.

Theorem 6. Let B be an antichain. Let f, g € exp, B. Then
fS9=fx) 2 g for every z€ B.

3.

Let (4, =), (B, £,),4 c Band z,yc 4, x £ y=2 <,y. Then we
say that (B, <,) is a prolongation of (4, £). We write (4, <)#n(B, <£,).
If it is even z,yed=> (xS y=2<,y) we say that (4, <) is
isomorphly embedded in (B, £,) and we write (4, £) (B, £,) or
briefly 4 ¢ B.

t (B, £), A1 B. We say that A is coinicial with B, when for
every b € B there exists a € 4 that a < b. We write AxB.

Let (4, £)¢(B, £). Let ze A, yeB y = x:>yeA Then A4
is an ideal of (B, £). .

We say that (B, <,) is an unsubstantial prolongatlon of (4, =)
when (4, £) #(B, £,) and there exists an ideal A4, in 4, 4,.B, A,xB.
We write 4oB.

The following statement is valid.

Lemma 6. Let Ac . H. Then mAxA, mAcd, mA is an ideal, of the
set A.

Proof is evident. Let us notice only that if it is not said anything
else, in what follows, we suppose for the subset 4 of the ordered set B
such an ordering that ALB

Lemma 7. Let AcB, A cM. Then Be # and mA 3 mB.

Proof. Let 4, be an ideal from 4, A;¢B and 4,xB. Let b € B. There
exists a€4,, a £,b and further there exist a,emAd, a; < a and
a,€ 4,. Then also a, e mA, and because of 4,xB, also a, e mB. Let
further bemB. Then the. above constructed @, is equal to b and
accordingly mB C mA.

Lemma 8. AxB, Ac.# = Bec.# and mA = mB.

Proof. AxB, Ac.# = AcB and the statement follows from the
lemma 7. -
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Lemma 9. A is an ideal of B, Be # = Ac .M and m4 C mB.
Proof is analogous as in the lemma 7.

. Let @ be a twoplace functor mapping # X % into % with follo-
wing properties:
Al @A, B) = (48, £) for a certain <.
A2 Let o: A—> A4,, y: B—> B;,. Then D(gp, y) is defined in such
a way:
[D(g, ¥) ()] (¥(b)) = @(f(b)) where fe A
A 3 (Axiom of the initial condition). Let B be an antlcham (4, =5)e
€. Then in &(4, B) = (A8, <,) there is f <, g9 = f(b) < < g(b)
for be B.
4 4 (Axiom of relative mappings). Let an ordered set 4 be isomorphly
embedded in B. Let C be an ordered set. Let for f, g € ®(C, A),
f*, g* € ®(C, B) there hold: zen(f, g) = f(z) = f*(z), g(z) =
= g*(@).
Then there holds
a) If it is n(f, g) »n(f*, g*) then f < g = f* < g*.
b) If n(f, g) is an ideal of n(f*, g*), then f* SgF=>f= g
A5 (Axiom of relative orderings). Let (4, £), (4, 51)
Let f, g € C4 where C e %. Let (n(f, 9), <,) o(n(f, 9), =
Then f < g in @(C, (4, L)) =>f £ g in &(C, (4, 2)).

Theorem 7. For ®(A, B) = exp, B are the axioms Al, A3—A5 ful-
filled and D(p, p) i3 a similar mapping.

Proof. Validity of Al and statement on @(g, y) are obvious. A3
follows from the theorem 6.

Ad A4

a) Let n(f, g) #n(f*, g*) and f < g. Then =(f,g) €.# and according
to the lemma 8 n(f* g*)e.# and m(n(f,g)) = m(n(f* g*)). Thus
f* < g%

Ad A4 - :

b) Let =(f, g) be an ideal of n( f* g*) and jl* < ¢*. According to the
lemma 9 n(f, g) € A and m(n(f,g) C m(n(j* g*)). Thus f < ¢.

Ad A5

From (n(f,9), <,) a(n(f g), <) and f<g in expy (4, £,) there
follows both (n(f,g), <,) e A and, according to the lemma 7,
(n{f,9), <)eA and m(n(f g9, £, 2 mn(f.9); =). Thus f< g in
eXpg¢ (A, <)..

. Theorem 8. Let 47 XU —>U be replaced in formulations Al—A5
- for U X U—~>RB and symbols <, <, for D(A, B) signify binary rela-

tions. Then D(A, B) = B4 fulfils A1—ASb. ,

The proof is evident from the definition of #4.
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Theorem 9. Let D(A, B) be a functor on ¥ into U X U fulfilling
Al1—AS5. Then ®(4, B) = exp, B.

Proof. Let us denote the ordering in &(4, B) as <, in exp, B
as <,. First we prove that (42, <,) n(48, <). Let f <, g. Let us put
N = m(n(f,g)), N ¢ B. There is fy < gy in exp, N. According to A3
there is fy < gy in @(4, N) and according to A4 a) and the lemma 6,
there is f < g in &(A4, B). )

Let us suppose that there exists f and ¢ in 48 such that f < ¢ and
fnon £,¢g. Thus it is f < g. For this reason either S = n(f, g) non € .4
or S € A4 and there exists x € mS such that f(z) non < g(x). The second
case can be immediately excluded, because according to A4 b) there
i8 frg S Gmg in DP(4, mS) and then according to A3 f(x) < g(x) what
is a contradiction.

Thus let be Snoned. By A 4b) fg < ggin DP(4,8). Let T ¢ S
be a set of those x € S under which-there exists no minimal element.
Then zeT, ye S — T = znon = y. Consequently T' @ (S — T') is the
unsubstantial prolongation of 8 because 7' is a demanded ideal of §
coinicial with 7T @ (S—T) and T«T @ (8 — T). According to A5
there is fg < gg in D4, T @ (8 —T)). According to A4 b) there ‘is
Jr S gpin DA, T). Let us put V=T O Z, where Z is a set of all
integers in natural ordering and let us identify ¢t € T with <¢,0> e T O Z.
Let us define f}, and g}, in such a way

fr(t, 260) = f(8), fy(¢, 20 4 1) = g(8)
gr(t, 26) = g(t), gy(t, 2i + 1) = f(t).

According to A4 a) there is f, < gy in @(4, V). Let ¢ be a mapping V
onto V for which ¢(t, i) = (t,¢ + 1). Then ¢ is a similar mapping V
onto V and D(e, ¢)(fy) = gr, Dle, @)gy) = fy, where & denotes an
identical mapping on 4. According to A2 there is fy > gy, which is
a contradiction. In such a way is the theorem proved.

The introduced system of axioms A1—A5 characterizes in a certain
way exp, B among possible modifications of ordinal power. Let us
introduce, for interest only, those modifications that come into con-
sideration in the first line. Let @,(A4, B) be defined as #4 in case that 24
is an ordered set (see theorem (D)), otherwise we put @,(4, B) = (458, £)
where < is an ordering into antichain. It is easy to see that for this
functor there holds a statement analogous to the theorems 3—b5. But,
there is not fulfilled the conditions of “embedding” given in A4 a).
There naturally arises the question how strong a condition ‘‘of embed-
ding” is to be demanded. For one of the weakest formulations is possible
to take the following condition:
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(P) Let ®(d4,B)e% for A, Be¥. Let B B,. Let f, g P4, By
f(z) = g(z) for x€ B, — B. Thenf< gin @4, B)) =fp=<9gp in
@d(4, B).

" The most natural modification of the operation 24 fulfilling (P) is
the operatlon D, defined in this way: Let 4, Be%. Then @4, B) =

= (4B, <) where < is defined as follows: f, geAB f<g=nfig)eAX
and m € m(n(f, g)) = f(m) < g(m).

It is easy to find that for @, there hold theorems analogous to theorems
1—4. On the contrary the statement of the theorem 5 is not valid as
the following example will prove.

Let A={1,2}, B={...,—n,...,0}, n a positive integer, the
ordering being equal to arithmetic ordering of integers.

Let f*, g* € @,(D,(A4, B), A) be these mappings f(—n) = fo(—n) = 2
for mnon negative, gj(—n) =2 for n positive, ¢7(0) =1, g3(—n)

arbitrary. Thus there exist 280 of functions g*. At the same time f} > g}
in @,(4, B), thus f* > g*.

Let h, ke @y(A, 4 O B), h < k. Then n(h, k) C 4 O B, n(h, k) fulfils
the condition of decreasing chains, consequently n(k, k) is a finite subset
in A Q B.In A O B there are X, finite subsets. For any finite subset S
(for a fixed k) there exist finite many A such that n(h, k) = 8. Thus
there exist, for a given k, at most ¥, functions » for which A < k.

Accordingly @,(4, 4 O B) non > @,(D,(4, B), A).
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