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TORSION OF A COMPOSITE BEAM OF RECTANGULAR CROSS-SECTION
CONSISTING OF n ISOTROPIC MEDIA WITH INTERFACES
PARALLEL TO ONE OF THE SIDES

BASUDEV GHOSH
(Received April 10, 1969)

INTRODUCTION

1. The torsion problem of beams of polygonal and other cros-sections has been
studied by several authors as KOTTER (1), TREFFTZ (2), SETH (3), ARUTYUNYAN (4),
ABRAMIAN and BABLOIAN (5), DEUTSCH (6) and others. The methods used can be
broadly classified into two categories; (a) use of conformal transformation which in-
volves a great deal of manipulational complexity in approximating and (b) use of in-
tuition in forming the solution which does not seem to be much effective in case of
a composite medium of high order. In this paper we have presented an approach that
involves use of Green’s function and Fourier expansion and can give in a systematic
way the exact solution of the torsion problem of a composite beam of rectangular
cross-section consisting of n (any number) of isotropic media with interfaces parallel
to one the sides.

ANALYSIS

2. The origin is chosen to be situated at the centre of the pth medium (p < n)
with the axes of x and y in the plane of the cross-section parallel to the edges as shown
in fig. 1. The division lines between the different media are paralle]l to the x-axis.
The axis of the twist is in the direction of OZ which is perpendicular to the section,
The dimensions of the section are shown in fig. 1.

Our problem consists in determining a torsion function Y(x, y) that satisfies the
equation

2y = _ 2 OO
(2.1) V3 2, (V PO + 6y2)

where ¥ = 0 on the boundary.
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The torsional rigidity D is given by

(22)

D= ZZukJ:[ P(x, y)dxdy
=1 S

where g, is the modulus of rigidity of the material of region S; and Y(x, y) = Py(x, y)

in S,.
(-arbn) —— arbp) (-a,bp.y) 9,b1) (-a,by
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Fig. 1.
The regions S, are given by
Sc=(-asx=ab=<y<b-,), k=1,23..,p—1;
S,=(-asx=a, -b,<y=<b,);
Ss=(-asx=a —-b=sy=s—-b_y), k=p+1L,p+2,..,n.

The stress components are given by

Tex = Ol P

oy

Py
Ty = — O a‘

in S,

k=1,2,3,

ceu R

where o is the constant twist per unit length. Continuity of z-displacement component
w and stress component 7,, on the interface L, yield the following boundary condi-

tions
(2.3)
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and

0P, _ 0Py,

oy oy
onL,k=1,23...,n—1
In (2.3) L, is given by y = b, for k =1,2,3,...,p — 1; and by y = —b, for
k=pp+1,...,n—1.

P, vanishes on the remaining boundaries of S;, P, vanishes on the remaining
boundaries of S, and P, vanishes on x = +a where k = 2,3,...,n — 1.

We apply the method of Green’s function for built-up bodies. Let G, be the Green’s
function for the medium S, with the conditions

%k _ 0 on y=b, where k=1,23...p—1;

on,

a—G—"=0 on y= —b, where k=p,p+1,...,n—1;
on,

a—G—"'=0 on y=b,_y where k=2,3,...,p;

ony,

?:0 on y=—b,_, where k=p+1,p+2,...,n;
ny

G, =0, k=2,3,4,..,n—1
on the boundaries x = +a;
G, = 0 on all boundaries of S; except L, ,

G, = 0 on all boundaries of S, except L,_, .

Here 5;,, is the element of normal to the bounding surface of S, drawn away from
the region.

The Green’s function G(x, y | u, v) due to a source at (u, v) satisfies
V2G(x, y | u,v) = —4n 5(x — u) é(y — v).

By Green’s identity we have

(2.4) J (G V2 — ¢ V2G) du dv = KG W _y ?ﬁ) ds

on on

ds being du on v = constant and dv on u = constant.
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In (2.4) the surface integral is to be taken over all the source points, the line integral
over the entire boundary line enclosing the simply-connected region considered.
Applying (2.4) to each of the regions S;, k = 1,2, 3, ..., n; and using

0 0

0
— =— on =b,_,, k=2,3,...,
on, on,_, 0y Y - P

andony=—b,_,k=p+1,p+2,....,n we get

bo fra a
(2.5) '—2-[ .[ GV du dv + 4nP,(x,y) = — I (G-, (@%) du,
v v=by

bi1d -a —-a

bi-1 ra a
0o 2" [ o audr s amngen) = - [ @0 () s
—a UV /o=ty

b -a
; J (G®)omn. ("’_”&) du
—a ov J,p._,

where k =2,3,4,...,p — 1;

hl)"l a a
G-7) '2_[ J Gy du dv + 4nPy(x, y) =j (GF)o=b, -1 (Qﬂ) du —
- v=bp-1

“b, J -a v
- j (G;p))v=--b (%> du,
—-a ’ av v=—bp

— b a
(2.8) —ZJ j G dudv + 4nPyy (x, y) =

=br+1

“ ‘ 0P a 0P,
- j (G(<_—> du — f (czan“u:_,,m( ) du»
-a ov v=—bk —a v v==bi+

where k=p, p+ 1,...,n — 2; and

~bn-1 pa a
29 -2f J‘ G du dv + 4nP,(x, y) =J (G)o= =bn-s (aP"> du
~bn —-a -a -

v

where the superscript k indicates the observation point (x, y) is in S,. The boundary
conditions (2.3) with (2.5)—(2.9) give us the relations

bo a by ra
(2.10) 2 J f (Gy)yos, dudo + 2K, j j (Ga)yms, du do =
bi1o —a b2d —a
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y=b1

b -1 ra
(2.11) —2J J.(Gk)y=,,kdudv+2Kkﬂf f(G"“)’ . du do =
by -a br+1

0P,
= f [Ki+1(Gis l)v bk + (G)o=n] (“&) du +
- v=by

oP a oP
f [(G1)omy + Ko(G2) ] (_Z) du +K2J‘ (G2)oms, (,_2> du,
0 /o=, e y=b\ 00 )y,

y=bk 0v
0P, “ 0P,
f (G)o=b- ,( k) du + Kk+1J (Gk+l)v=bk”($> du
y=bi v=bg-y -a y=bk v v=br+1
where k = 2,3,4,...,p — 2;
bp-2 ra bp-1 fa
(2.12) zj (G, dudo 4 2K J' j (G,)yms, ., dudv =
by —bp —a
oP,
=~ [ KOy + Gy, I ) s
o/, bp-1
0
(G,, 1)0 by OPp-s du + K, (G,,)v__,,p OP, du,
=bp-1 ov v=bp-2 61) v=—bp

bp-1 fa
(2.13) —2-[ I (Gp)y= s, du dv + 2K,,+1I
—bp —a

=bp+1

f (Gps1)y=—p, dudv =

y=-bp

'[ (Gp)v bp-1 (—) du + K J (Gp+ 1)0——Ib’p+l (aPp+ 1) du ’
=-b v=bp—1 —bp v=—bps1

dv

“ oP
= — f [K,,+1(Gp+ 1):;——1;,, + (Gp)u——b,] (—p+1) du +
—a ~b, 0 Jy=cs,

(2.14) -2f

a —bi+1 fa
j (Ges 1)y= by, dudv + 2Kk+2J. f (Gis2)y=-b.s, dudo =
~bk+1d —a —a

—brk+2

oP
- j [KM(GM)D_-MJF(Gkﬂ)v_-,,“,]( ) du +
—a v=—br+1

y=—br+1 y=—br+1 ov

OP, oP
J (Gk+ 1).)_ —bi ( k+1> du + K,H,ZJ‘ (Gk+2)v——bk+2( k+2) du
- y=—brk+1 ov o= —bs

v=—bg y=—brk+1
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where k =p,p+1,...,n — 3;

=bn-2

a —bn-1 fra
(2.15) —2-[ f (Gu=1)y=-»,., du dv + 2K,,J~ J (Go)y=-p,_, dudo =
—a —bn —-a

=bn-1
- y=—bn-1 61;

J‘ (Gn 1)U="bn—2 <QPL:1—> du .
y=—bn-2 61] v=—bpn-2

Following INCE (7) (also c.f. Morse and FEsHBACK (8)) we construct, m having
positive integral values,

=~ [ KO+ Oy ] (Ter) e

(2.16) Gy(x, y|u,v) = cosh ™ n(); —b,) sinh ™ n(by — v),
. mmn(a —x) . mn(a — u) a 2a
sin sin (y < v)
-y 8 2a 2a %
mm cosh—2 “U = mibo — by)m cosh ™ m(y = by) sinh - n(bo — y),
2a 2a 2a

(v > )

(217) Gyx,y|u,v) = mn(y — by) cosh ™ n(by—y — v)

cosh 5 >
. mmn(a—x) . mn(a —u) ¢ 24
sin sin (y < v)
_ ZE 2a 2a %
- m sinh ™ (by-y — by) cosh " (v — by) cosh ™ (b y — y),
2a 2a 2a
(v >v)
k=2,34,..p—1;
(2.18) Gy (x,y|u,v) = cosh ™ n(y + b,) coshm7r(b,,_1 - u)’
2a 2a
. mmn(a — x) . mn(a — u)
sin sin (y < v)
_ 2”8“ 2a 2a %
m m sinh ™ n(b,-1 + b,) cosh mn(v + b,) cosh " (b, — y)’
2a 2a 2a
(y<v
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(219) Gi(x,y|u,v) = cosh ™ m(y + by) cosh™ 7r(b,;z_1 + u)’
sin ™ n(a — x) sin " n(a — u) a a
_y8 2a 20 (v <v)
mm sinh (b, — by-) cosh ™ (v + by) cosh ™ m(be-y + y)’
2a 2a 2a
(v >v)

fork=p+1,p+2,..,n—1;
x stands for “multiplied by”’;

(220) G,(x,y|u,v) = cosh " n(v;— b,—1) — n(yz + bn)’
am n(a——x)sinmn(a — u) a a
_ ZE 2a 2a (y<v)
mm o pm b = b)) ma(y + b)) o ma(o 4+ by)
2a 2a 2
(v >v)

Inserting (2.16)—(2.20) in (2.10)—(2.15) we get the following results on simplific-
ation: (this includes multiplication of both sides by sin [m n(a — x)[2a] and integ-
ration with respect to x between x = —ato x = a):

8a? be — b .
(2:21) S (1~ cos mr) sech i”i(_;_a—l) + Lo(2) = B(0, 1,2) Fu(Psy by) +
+ D,"",Z(l, 2) F,,,(Pz, bz) s

(2.22) By, _o(t —4,t = 3,t = 2)F(Py—2,by—3) + Cp(t — 4, t = 3)Fo(Py_3, bymy) +
+ D,"",,_Z(t —-3,t - 2) F,,,(P,_Z, b,_z) = Lm(t — 2) ,

where t = 5,6,...,p + 1,

(223) By (p—2,p— 1, =p)Fo(Pp bpey) + Co(p — 2,0 — 1) F(Ppy, bys) +
+ ka,p(p -1 —p) F’"(PP’ _bp) = Lm(p)’
(224) Bl’(”,p+l{p - 1> -p,— (p + 1)} Fm(Pp-i-l’ _bp) + Cm(p - 19 _p)Fm(Ppa bp—l) +
+ D,""’p+1{-—p, _(p + 1)} Fm(Pp+l’ _bp+1) = Lm(P + 1),
(2.25) By o{—t, —(t + 1), =(t + 2)} FpPrsz, —bisy) +
+ Cuf{—t, = (t + D}F(P, 41, b)) +
+ Dp o {=( + 1), =(t + 2)} Fo(Pryas —bisa) = Lp(t +2),
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where t =p,p+1,...,n — 3;

2 —
(2.26) - 82a > (1 — cos mm) sech m by = by-1) + L,(n) =
m*n a
= Cm(n -1n~- 2) Fm(Pn—lr _bn—Z) + B;(l,':Fm(Pn—l’ _bn-—l)’
where,
¢ (0P . mn(a — u)
F(P,b,,) = St sin ———— du,
—a\ OV Jymp, _, 2a
8a?
L,(p) = o (1 = cosmn)(K, — 1),
Cu(p — 2, p — 1) = cosech m (b, — b"_'),
2a
By(p—2p—1,-p) = — [K,, coth 227 n(bp2-_1_+ b2) ¢ cotn ™2 =2 — b"“)],
a a

Blzm(o, 1, 2) = — [KZ coth M + tanh M:l s
‘ a a

RS PRNNE. R 0 BT T |
2a 2a

Dy (p — 1, p) = K, cosech mn(%_—t_bp_).

To these are added the following relations obtained from (2.3)
(2.27) Fo(Pi by—y) = Fp(Pi—y, by—y) where k=2,3,4,...,p;
Fo(Py, —b) = Fp(Pysy, —by) where k=p,p+1,...,n—1.

From (2.5)—(2.9) we see that once the F,’s are obtained the P,’s are determined
completely. As an illustration we can see from (2.7)

2 —_
P(x,y) =Y 16a (1 — cos mm) sin mu(a = x)

m m3n 2a
b sinh = (b, + by-1) cosh w{bp-2 = ¥)
x {1 — cosh = my = bpoi) _ 24 24 +
2a . n(b,—2 — b,—4)
2a
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+ ) 2 cosech MM bpm1 + b)) gumn(a = x)
m mn 2a 2a

X {cosh m_n(g%-_bp_) F,(P,, b,-,) — cosh mn(b+1—)_f) F,(P, —b,,)} .
a a

Now the number of F,,’s is 2n — 2. From (2.21)—(2.26) and (2.27) we get (2n — 2)
relations in total which determine the (2n — 2) F,,’s completely. It can easily be seen
that all the F,’s are equal to zero for m an even positive integer, and accordingly
all the P,’s are zeros then. So in the expressions for the P,’s the summation is to
be taken over odd positive integral values of m only. That the infinite sums giving
the P,’s are uniformly convergent can be easily seen. It is checked that the results
deduced from the above in case of a single isotropic beam of rectangular cross-
section agree with those obtained by SOKOLNIKOFF (9).

Example. Forn = 3,p, = p3, k = k' = p,[py, by = b, = b, by = by = b + b,
the above procedure yields

Py(x,y) =

T3 n=0

ZH()[ h(2n+1)1r(y b)

Slnh(2n+])n(b+b*‘,\’)] for -—a<x<a,b§y§b+b';
t,, 2a
2 o
Py, y) = 32a ZH ) [1 R h(2n —; 1) L (2n —; 1) nb:I
a a

for —a§x§a,—b§y§b;

P3(x?y)=Pl(x5 _'y) for _a§x§a9_(b+bl)§y§~b;

where
H(x) = (=1 cos (2n + 1) mx t, = cosh(2n + 1)nt, s, =sinh(2n + 1) nt,
(@n+ 1) 2a
b , , , . b’
t=—, ty=cosh(2n + ) nt', s, =sinh(2n + )nt', ' =—,
a 2a

_s (1 — k), — 1]
suse + kty(1+1,)
Let t' = tA so that b’ = 2bA. We observe then the following:

Case (a): t = 1, k = 1-2. For A = 1, the maximum stress occurs at (+a, 0). It is
seen that the maximum stress, in fact, occurs at (+a, 0) for > 0.
Fort =1, k = 1, A = 1 the maximum stress occurs at (+a, 0).
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Case (b): t =1, k = §.
Stress is maximum at {0, (b + b')} for A = 1. But for A = 0-2 maximum stress
occurs at (ia, 0). Therefore there is a A satisfying 0-2 < 4 < 1 for which stress can
be maximum at four points of the cross-section as in the case of a single isotropic
beam of square cross-section.

Case (c): t = 0'5, k = 1-2.
For A = 1 the maximum stress occurs at {0, +(b + b')}.

Case (d): t =05, k = §.
Stress is maximum at {0, +(b + b’)} for A = 1. For A = 0-2, the maximum stress
occurs at (+a, 0).

From Case (a) and Case (b) it can be concluded that the position of occurrence
of maximum stress depends on the dimensions as well as on the ratio of rigidity
moduli.
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Souhrn

TORSE SPRAZENEHO NOSNIKU OBDELNIKOVEHO PRUREZU
SLOZENEHO Z n RUZNYCH ISOTROPNICH MATERIALU
SE STYCNYMI PLOCHAMI ROVNOBEZNYMI S JEDNOU STRANOU

BASUDEV GHOSH

V prdci je feSen problém torse sprazeného nosniku obdélnikového prifezu slo-
Zeného z n rhznych isotropnich materidlii se styénymi plochami rovnob&Znymi
s jednou stranou. Postup feSeni se zaklddd na pouziti Greenovy funkce pro slozené
téleso a Fourierovy sinové transformace. UvaZuje se priklad spfaZeného nosniku
slozeného ze tfi materidld a sleduje se zdvislost polohy bodu nejvétSsiho namdhani
na poméru mér tuhosti.
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