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SVAZEK 15 (1970) APLIKACE MATEMATIKY ClsLo 1

GENERALIZATION OF THE MINIMAX METHOD FOR CALCULATION
OF THE SPECTRAL RADIUS OF A MATRIX

JAN ZiTKO
(Received July 17, 1968)

1. INTRODUCTION

On solving partial differential equations of elliptic type by finite difference ap-
proximations, we obtain a system of linear algebraic equations. Let A be a matrix
of this system. The matrix A4 is ““usually’’ 2-cyclic symmetric and positive definite.

Such systems are often solved by successive overrelaxation iterative methods (SOR).
We need to know the spectral radius of the Jacobi matrix B = I — (diag A)™* A4 for
calculation of the acceleration parameter.

The matrix B is non-negative, irreducible cyclic mairix of index 2 and is similar
to a symmetric matrix.

Let n denote the order and ¢(B) the spectral radius of the matrix B. Let x, be an
arbitrary column vector with n positive components and (kao)i the i-component
of the vector B*x,.

We define

k k.
W, = min M’_ , b, = max (B*xo): )
T i=12,m (BTIX); i=1,2,..n (B*71Xy);

It was shown (see [1]) that

IIA

Hq l_12§---§0(3)§---§ﬁ2§ﬁ1-

By this method we obtain lower and upper bounds for the spectral radius Q(B). We
shall call it the minimax method.

However numerical results show that the estimation for spectral radius obtained
by this way is too “inaccurate”. We illustrate this fact on one practical example.
The partial differential equation

_(P(X’ y) ux)x - (Q(x’ y) uy)y =0 (*) ‘
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is given in the region of the form L with the boundary condition u(x, y) = y(x, )
on the boundary H(L) of L. We assume that the given real functions P and Q are
positive on L and have continuous first partial derivatives with respect to x and y
on L. Further we assume y(x, ) be continuous on L. Let a uniform net with the
mesh size h be able to be drawn on the region L so, that the following relations hold:

(Xo Yu) (%)
Xy = Xo + Nh
(5. 4) (X Yo) X = xo + jh
| Ym = Yo + Mh
Ve = Yo + rh
(%o ¥.) p (Xwye)
Fig. 1.

By the five-point finite difference approximation we obtain the system of linear alge-
braic equations

Au =f.

The spectral radius of the Jacobi matrix B was calculated by the minimax method
forM=N=16,j=r =8 h = 0-1. We present some results:

HRioo = 0960 198 ; [0 = 0963 865 ;
Haso = 0-960 759 ; jiy50 = 0-963 514 ;
H300 = 400 = Hsoo = 0:960 760 ; [i300 = figo0 = Hsoo = 0963 513 ;

The vector (1, 1, ..., 1)" was taken for the initial approximation. It was shown (see [4])
that the method converges for other choice of the number M, N, j, r very slowly too.
Moreover min (i, — ) = 1072,

The present paper introduces the calculation of the spectral radius of matrix B + o,
where o« = 0, and where I is a unite matrix by minimax method.

k
o) = min (B 4ol xo):

: ((_B+ ol )* Xo);
i=1,2,..n ((B + O!I)kv1 Xo);

(x) = max —
’( ) i=1,2,..n (B + al )71 xo);

It was proved (see [ 1]) that for o > 0 the following relation

E)

lim () = lim [ (o) = o(B) + «
k— o0 k=
holds. Let & > 0, let k() be such an integer that

i@ = (@) S & but [a(®) — wl@)] > ¢
for all integers k < k,(«).
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In this paper we study the dependence of the functions fi(«) and p(e) on a (Theo-
rem 1 and Theorem 2). On basis of these theorems we study behaviour of the func-
tions (o) — f(«)) (Theorem 3 and Theorem 4) and k,(«) (with respect to ).

Let us denote 4,, 0 < A, < o(B) such an eigenvalue of the matrix B that any other
eigenvalue of the matrix B do not fall between 1, and o(B).

The main results of this paper are two following assertions:

(a) if <2o.2,> = (0, 4(e(B) — 4,)), then there exists such & > 0 that for every
e€(0,8) and x e <{D,, 2,)

w(x) < k() < #(a) + 3,

where x(oc) is a continuous, decreasing and strictly convex function, and where
lim »(a) = + oo.
a—04

(b) if <25, 25> = (3(e(B) — 4,), + ) then & > 0 exists such, that for every
e€(0,¢,) and a € {2,, 23

1y(0) < ko) < wy(2) + 3,

where x,() is a continuous, increasing and strictly concave function, and where
lim (o) = + 0.
a=+ oo
These results are formulated in Theorem 7 and Theorem 8. Numerical results and
graphs are enclosed at the end of this paper. Firstly, there are graphs of the functions
x(at), #,(e) and k(o) for the matrix.

secondly, tables of the numbers fi,(x) and g(«) of the matrix B = I — (diag A)™" 4
for some o, where A is a matrix obtained by finite difference approximation of partial
differential equation (*) on the region L.

It is seen from theoretical considerations and practical results that the rate of con-
vergence depends essentially on the choice of «. If we should be successful to choose «
close to the number %(Q(B) — 1,), then upper and lower bounds converge quickly to
Q(B) + o. Moreover it is shown that fora = 0

lim (,(0) — p,(0)) = const > 0
k=
and the magnitude of this constant is theoretically as well as numerically determined.
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2. BASIC NOTIONS AND DEFINITIONS

Let B be an non-negative irreducible n x n cyclic matrix of index 2. Let the eigen-
vectors {u;}7_; of the matrix B span the vector space V, and eigenvalues 4, ..., 4
of the matrix B be real. We assume the eigenvalues to be so indicated that

n

oB) =4, > Ay 2 A3 2 .. 2 Ayy > A, = — 4,

Remark. Strict inequality between A, and A, follows from Frobenius’ theorem.
We assume that the strict inequality holds also between A4, and A;. Generally, this
need not be fulfilled. But this assumption will simplify some considerations and
calculations and we shall see that the obtained results hold also in the case that this
assumption is not valid.

Let u; be the corresponding eigenvector to the eigenvalue A4;.

Bu; = Au; for i=1,2,..,n
Let us denote fora = 0
B(a) =B + ol .
Itis
(1) B(a) u; = (A; + o)

for i = 1,2,...,n. The matrix B has the eigenvalues A; + o, ..., 4, + o and the
corresponding system of eigenvectors is {u;}}_;.
Let x, be a positive vector

(2) Xo

Il
IIAM El
R
=

B(0) %o = Y. ai(4; + )t

Let u; = (u{", u$®, ..., u{)". In view of this designation it is

B % = (Tadi + o ufs Ty + 2w Tt + 0 )

i=1

Let us denote

(3) m(e) = min | -=t :

) i) = max !

.
|
-
IS
=
M =
-
P
~
+
K
~—~
a-
»—



Itis

_ilai(/li + o ul? 1+ _izﬁgﬁq';(a)
- =UA +o0), —m————,
Sl + 2t ulh e v 50
where
) 5 =—- nd qfe) = A2
Clearly
lgi@)|£ 1 for i=2,3,...n.
Moreover

lgi@)| <1 for >0, i=23,..n.

Since B is cyclic of index 2 we can change the designation for eigenvalues of the

matrix B by the following way:
_}'1 = Am _)"2 = An—l» R ’{2 = A27 )'1 = Al = Q(B) .

We shall write the eigenvalues of matrix B in following finite sequence

Sl < mAy S A S S Ay <Ay =..=hy=0< A S .. S Ay <y

and the numbers g(«) by the following way

0(®)s gu1(2), --» 42(2), q1() = 1

or equivalently

() —/11+oc,—12+a,m,/12+a.
A+ a A+ A+ o
Hence we have
1+ Y Bq(e)
7 w(o) = (e(B) + «). min ————‘nf—z—— ,
j=1,2,...,n 1 +‘22ﬁ(ij)q';—1(a)

-

S ek
(8) () = (e(B) + @) | max —=

1,2,...,n

L+ Y pPqi (@)

it

Let ¢ > 0, let k,(x) be such an integer that |fi, (%) — f,@ ()| < & but
|E(e) — w(@)| > & for all k < k().
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3. DERIVATION OF THE BASIC PROPERTIES
Lemma 1. a) For s =n — 1,n —2,...,2 lim (q,(2)/q,(®))* = 0 uniformly on
every interval (Do, 21> < (0, 3(4; — 4,)). *7*
b) For a = ¥(2, — ;) is g5(«) = —q,(®). For s =n — 1,...,3 it is

()

¢) Fors=n,n—1,..,3 it is lim (q,(¢)/q,(2))* = O uniformly on every interval
D, D3y < (%(Al - '12), + 00). ke
The proof is evident.

Let us denote

1+ 3 p0ga)
©) AP =

BPq ()

s

1+

i=2

Let € <Dy, 2,) < (0,3(1; — 4,)); q(o) < 1.
(Y pPg%1(@))? - 0 uniformly on the interval (Zo, 21>~ Let k§” be such an in-
i=2

teger, that

0< (Y B¢ (0)> <4 forall aelD,, Z1): k> K9 .
i=2

Then AR = (1 + 3, B9 (1 — 3. P @IIL — (L AP0 @) 1t i
i=2 i=2 i=2

Y1 —(Y B )2 =1+ (X B gE ()2 (Pk(a)’ where 1 < @ (o) < 2 for all
i=2 i=2
k> k§? and a € (24, 2.

AP = [1+ 3 A - 3 A0 @) — (340 (;izﬁ‘i“q's"i(a))] :
5,504t 0 0] =
pod(s) — 3400 - (3 AP0 (S A0a @) +

2 i=2

L1+ 5000 - 30 — (5P (L0

A+ (

M=

=1+

(LA o).
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Let us define the function z j(k, o) by following equation
AR =1+ BPay(x) — Bay " () + zi(k, o) .

Let us assume the initial vector x, be choosen so that «, # 0, &, & 0. From this fol-
lows B %+ 0 for all j. According to Lemma 1 it is easy to see that

im 29 _ uniformly on (%o, 2, .
k- gh (o)

For given 9; > 0 there exists an integer k¥’(let k¢’ > k{”) such that
(10) |2k, 0)] < 8 a.(o)["

for all k = k¢’ and all a € (D, 2,).
Let us put in (10) 9, = 9|B¢| min (|g,(«) — 1[).
a

Then

(11) |20k, )| < 9B] - |au) = 1] - |an(x)[7" .
We denote

(12) O pep—

B ao) = 1) 457 (@)
|9k, )| < 9 for k = k{ and for all « € (P, Z,). From the relation (12) follows
zj(k, o) = B(ai(®) — 1) 4,7 («) - 9k, @) -

Lemma 2. Let us denote

1+ Y p4(«)
p '

(a) _
AD =

1+

i

BPq (@)

N

Let 0<9<1,0,%0 a+0, (Do, 2> <(0,3(4; — 4,)). Then there exists
such an integer kY that for all k 2 ki is

(13) AR = 1+ pP(anx) = 1) (1 + 8,(k, ) (=) |au()[

where |3(k, o)| < 8 for k = kY and for all w € (Do, ).

Now let a€(2,, 2,5 (3(24 = 2,), + ). The following assertion may be
derived analogously.
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Lemma 3. Let us denote
n
1+ Y g
Ag“,? = —-——»—~‘"=2 .
1+ ) pPq5 (o)
i=2

Let (D5, D3> < (3(Ay — 43), + ©), 0 < § < 1, a; 0, a, + 0. Let j be such an
integer that B’ + 0. (Such index j always exists; this follows from expression for
5.

Then exists such an integer kS that for all k = k%
(14) AR =1+ BP(gx(x) — 1) (1 + 35k, ) 45 (=),
where |3,;(k, «)| < 9 for k 2 kY and for all w € (@5, 7).

Lemma 4. 0 < max Y’ = —min B holds. Each of B is maximum or minimum.

) [6))
Proof.

) )
O )

n

o, ulp B a, uf ’
u{? > 0 forj =1,2,..., n (Frobenius’ theorem).
(15) Bu; = Au,
(16) Bu, = —A,u,.
There is a permutation matrix P such that
(17) pept = (0 B
B, 0
Pu; = &, = (&(", i»)"; Pu, = @, = (&", i”)"
PBP'Pu; = A,Pu, .
The relation (17) implies
B1zﬁ(12) = A1ﬁ(11)
Bz1ﬁ(11) = A1ﬁ(12)-
We can rewrite this last relations in the form
Bio(—G) = — A,

B, (") = —A,(—i).



The vector i, is equal to vector a . (" — @”)7, where a % 0. No components of the
vector u, are equal to zero, there are only positive and negative components. Since
o, + 0, a; £+ 0, we conclude
; o
max ) = |2~
)

al = —min g 0
)

1

which completes the proof of Lemma 4.

Lemma 5. It holds max $° > 0 and min %’ < 0.
) )
Proof.
_ )
ﬂgj)zﬁu—z" al*o, dz#:o

G’
oy Uy

Let u, be an eigenvector corresponding to the eigenvalue A,. From the exercises 5
(see [1], p. 34) follows that the vector u, has at least one positive and one negative
component. From the above written expression for £ this lemma follows.

4. BEHAVIOUR OF THE FUNCTION |z(e) — /jk(“)l

We shallfind firstly min A{Pand max AR. Letae<{Z,, Z,) < (0, 3(%, —1,)),
) j=1,2,.0m i=1,2,m
k= max (kY°) = ky;
Jj=1,2,...,n

AR = 1+ B2 = /(1 + 3, 0) (=)' )
If k is odd then
AR = 1+ B2(a(0) = 1) (1 + 3k ) 4.
The function (g,(x) — 1) |g,(«)[*~* is negative
min [A2((0) = ) (1 + 80k 2) |an(@)f '] =

= B9 (g @) — 1) (1 + §;(k, @) |gu(a)]<,

where
BYY = max B’ >0 and Jy(k,a) = max Ik ).
W) (J,Bn>0)
min AD = 1 + 99(gy(2) — 1) (1 + 83k, o)) gl -

(6))
Analogously if A4 is even then

min A =1 — BY9(q,(«) — 1) (1 + J,(k, @)) |gu(«)[* ",
(6)]

where Y2 = min g’ = — Y and J,(k, @) = max J(k, «).
(6))] (J»Bnt9) <0)
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Theorem 1. Let n xn matrix B be a non-negative, irreducible cyclic matrix of
index 2. Let B be similar to a symetric matrix. Let 0 < 8 <1, {92y, 2) <

< (0, 3(4 — 43)).
Then there exists such an integer ki that for k = k, and a€{9y, 2,) =

< (0, 3(4: — 42))

(18) (o) = (e(B) + @) (1 = (1 = g,(0) (1 + 8u(k, @) |au(o)[*™")

(19) @) = (e(B) + @) (1 + B72(1 = gu)) (1 + 8(k, @) |gu(x)[7) ,

where BV = n;nla)x B and |9y(k, «)| < 9 for all ae{ Dy, 2,) and k = ki, (I = 1,2).

Remark. () + () = o(B) + a + 0(|q.(2)|**) for k = ky, a0 < (2, — 4,).
The following theorem could be derived analogously.

Theorem 2. Let n X n matrix B be a non-negative, irreducible cyclic matrix of
index 2. Let B be similar to a symetric matrix. Let

) . (11) B“) /3(12) ﬁ(l)
0< 3 <33 =min (1, min (, S min G (0) .
1 2
0<pD <ptiv BFY + B 0>B;I)>,,<m By + B

Then there exists integer k, such that for all k =2 k, and a€{D,, 2,y <
< (3(A1 = 42), +0)

(20) #i(#) = (oB) + o) (1 = BF(1 — gx(«)) (1 + 9i(k, @) a5~ '(2)) »

(21) Bi(@) = (e(B) + @) (1 = BY2(1 — q2(2)) (1 + 95(k, 1)) 457'()) »

where BY? = max py>, py? = mm B(’) and |9i(k, @)| < & for all k =k, and
o €<D,, D3). @

Remark. We have assumed that A, > A;. The relations (20) and (21) hold also
in the case that this assumption is not valid. We obtain other constants instead of
B(zj'), ﬂ(zh)‘

Now let us compute the difference fi,(«) — p(2). For o€ (@4, 2,> < (0, (4, —1,))
follows from Theorem 1 that [(a) — p(a) = (e(B) + ). 2BY(1 — q,(x)) .
(1 + (K, @) |ga(@)[* = 4BYP o(B) (1 + 3(k, o)) |qu(e)|“"*, where |I(k, «)| < 9 for
all k 2 k, and a € (D, 2,). For 6 €{Z,, 23> < (3(A; — 4,), + o) follows from
Theorem 2 that

ﬁk(d) - Hk(cx) = (B(ZJ':) ﬁ(}z)) (11 _ /12) (1 + 3 (k a)) (/12 + tx) -1 .
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Theorem 3. Let the assumptions of Theorem 1 be valid. Then there exists such
an integer k, that fork = ky and a € {Z4, D)

(22) (@) — mda) = 46,7 o(B) (1 + (k. o)) [au(@)* 7",
where |3(k, o)| < 9 for all ae (Do, D,) and k = k;.

Theorem 4. Let the assumptions of Theorem 2 be valid. Then there exists such
an integer k, that for k = k, and « € {@,, D3

(23) o) — mle) = (B9 = BY) (4 = 22) (1 + (k. ) (%)

where |¥'(k, o)| < 9 for all x € {Z,, D3» and k 2 k.

5. DEPENDENCE OF THE NUMBER OF ITERATIONS ON THE CHOICE
OF THE NUMBER «

Let a € Dy, 2, < (0, 3(A4; — 1,)),& > 0. Let us denote

& = min (ﬁk;(a) - Ekl(“)) 4
ae{%0,91)

where k; was defined in Theorem 3. Let0 < 8 < 1.
We have defined k(«) as an integer which has the following property:
(A @(®) = Bew(@) Se and  (G(o) — pl(@) > ¢
for all k < k().
Let us denote K = 4897 . o(B). For k = k,
(@) — mla) = K(1 + 3(k, ) ()]~ .
Let us define
ga(”) = Klq"(a)l'l"l °
Let us denote
(24) ge=goki) (1 = 9), & =min (e, K1 = 9), &) -
Let

0<e<§,.

For () = (In (¢/K(1 — 9))/In |g,(@)]) + 1 holds g,(n(x)) = /(1 — 8). There exists
an integer m,(a) so that

ky £ my(0) — 1 < nla) < my().
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From this follows K. |q,(«)|"*”~? > g,(n(«)). Pre-multiplying this by (1 +3(m,(«) —
— 1, o)) gives

(Amsy-1(2) = Hmyo-1(2)) > ij—s(l + §(my(o) = 1,0)) > 2.
Thus, from the definition of the number k(«) follows
ky(ot) > my(e) — 1.

For n'(«) = (In (¢/K(L + 9))/In |g,(@)]) + 1 is g.(n'(«)) = ¢/(1 + 8). There exists an
integer m(«) so that

ky £ mi(a) — 1 < n'(a) < mi(e).
Analogously we obtain
k(o) < my(e) .

Let 3 be choosen so that

0 <n'(a) —nle) <1 forall aelP, 2,),

i.e.
0< 9 < 1 - ‘q,,(@o)l .
1+ 1a,(20)|
Then
my(a) < k(o) < my() + 1,
where ~

In (¢/K) < (o) < In (¢/K) .
@) =" = o)

Theorem 5. Let the assumptions of the Theorem 1 be valid. Moreover let 0 < § <
< (1 = |ad2o)))/(1 + |9.(20)|). Then there exists a positive number & such that
for every e € (0, &) and o € (Do, ;> <= (0, 14, — 4,))

(25) my(a) £ k(o) < my(a) + 1

holds, where

(26) ll(f_/‘I(_)_ é ;nl(a) < M .
In |g,(2)] In |¢,(«)]
Remark.
§= min § >0.
ae{20,21)

52



Theorem 6. Let the assumptions of Theorem 2 be valid. Moreover let
0<d< mm(——q-’i"?i) 3 >
+ 42(25)

Then there exists a positive number § such, that for every e€(0,&) and ae
€Dy, 23y < (3(A; — A,), + o) it is

(27) my(e) £ k() < my(a) + 1,
where
(28) In (¢/Ky) 1) < my(a) < In (¢/Ky) 1)
In 22t 1n2_+£'f
Ay +a AL+

— (/11 _ /12) (ﬂ(zit) _ ﬁgjz)) >0.

Let us denote

o) = ——— = — 1, ae<.@o,91>c<o,u>,
In |q,(a)]| In A — 2
AL+
1 -2
Yl) = ————, 2€{D,,2;) < L——g, +0 ).
Ay + o 2
In—=———
AL+ o

6. BEHAVIOUR OF THE FUNCTIONS ¢(x), w(x) AND k()

Lemma 6. The function ¢(«) is increasing and strictly concave on the interval

Do, 21>
Proof.
1 ! 2
p = ‘/1 5> 0.
mir—° (23 — a?) -
Ay + o A+
Let us denote .
A —
29 J=|In2—=1.
) (1= 3]
o'(@) = 44,[] af «] + 244

(Gt - P[]
/1

0<a<%’1—3=>—2<[-]<0,
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The function In ((4, — «)/(4; + a)) is decreasing. Let us show that [+] > —2 for
a= (1 — 4,)[2;

/11+12>1 _

—>e2=-w= - > =2,
311 _}.2 4 [] (A1=22)/2

From this follows ¢"(«) < 0.

Lemma 7. The function Y(a) is decreasing and strictly convex on the interval
<92’ 93)'

Proof.
) Il o <0
2t nZ2te (A + @) (4, + @)
AL+ o Ay + o

Let us denote

[ ()],

") = (1. — {(/11+Az+2°‘)[']+2('11"'12)}' =
¥(@) = (4 = 4,) BEETIETE [-]

{(Ae + 25 + 20) [«] + 2(4, — 4,)} > 0.

_ (A1 = 22) [-]
{L-7 (4 + o) (2 + )}

Theorem 7. Let the same assumptions as those of Theorem 5 be valid. Then there
exists a positive number & such, that for every £€(0,8) and ae {Dy, D, <

c (0, 4}(/11 — /12))

(30) K)oy < EK)
Ay —a ;= o
In —— In
AL+ AL+ @

holds. The function In (¢/K)/[In((A; — «)/(A, + @))] is decreasing and strictly
convex on the interval {9y, 2, and limIn (¢/K)/[In (2, — ®)/(2; + «))] = + 0.
a—=04

Theorem 8. Let the assumptions of Theorem 6 be valid. Then there exists a positive
number & such, that for every e€(0,&) and ae{2,, 2;) < (3(A; — 4;), + )
(31) lnf/ 1) < ko) < ,1/ K,)

2t mizt®
A+ AL+«
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holds. The function
1_“(‘9/K1)
n 12 + o
/11 + o

1

is increasing and strictly concave on the interval {2, Z3) and

lim ]l'l(l-l/Kl) —
zz—'+oo1n ].2 + o
Ay + o

+ 00 .

7. THE CASE a =0

For « = 0 we obtain

r n—1 A
Lt (“1f B9 +S BOG0)
1(0) = o(B) . min ::21
S P (=11 B9 + ¥ B9g1(0)
i=2 J

-

n—1 )

L+ (=) g7 + ¥ BP4(0)
A(0) = o(B) . max =2 -
DL (F) B+ T BaE0)
L i=2 J

Let max B$? = Y2 + +1, let min Y7 = BY2). Let 9 > 0. There exists an integer k
W W
such that for k = k

gm»=am.mn{iiﬁiiii}+&wx

@ L+ (=11

A(0) = o(B) - Ir(‘j?x {%} + 8,(k)

holds, where for k = ks |9,(k)| < 9/2 and |9,(k)| < 9/2. We obtain easily for k > k

1 — ﬁ:,jl)
w0 = oB) 1 0,0,
_ 1+ BYY
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and

_ 4ﬁ£,j')
Ai(0) — w(0) = ofB) W + 85(k) »
where |9;(k)| < 9 for k > k.
Theorem 9.
. _ 4o(B) BV
LILT, (A(0) — 1(0)) = :’W))—z :

As the sequence (ji,(0) — 14,(0)) is not increasing, the upper and lower bounds can
approach at most on distance [4 o(B) BSV]/(1 — (BY?)?).

8. NUMERICAL RESULTS

Let B be a non-negative, irreducible n x n cyclic matrix of index 2. Let B be sim-
ilar to a symetric matrix.

In this paper it is proved that if (9, 2, < (0, 4(e(B) — 4,)), then there exists
& > 0 such that for every e € (0, &) and o € (D, 2>

(o) < ko) < (o) + 3

holds, where the function »(x) is continuous, decreasing and strictly convex and
where lim x(a) = +oo.

a0 4
If <25, 25) = (¥e(B) — 4,), +0) then exists & > 0 such, that for every
e€(0,&) and a € {(D,, D3>

x1(0) < k(o) < () + 3
holds, where xl(oc) is a continuous, increasing and strictly concave function on the

interval (2,, 23> and lim »,(¢) = +oo0. Let

a—>+ o0

The graphs of the functions x(a), %,(«) and k,(«) are drawn on the figure 2 for n = 9
and ¢ = 107 on the figure 3 for n = 9 and ¢ = 10”7, on the figure 4 for n = 9,
& = 107% and on the figure 5 for n = 20 and ¢ = 10™°. We have taken the vector
xo = (1,1, ..., 1,2-5)7 for an initial approximation.
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The point 3(4, — 2,) is indicated on the graphs. Moreover the points &, and 2,
are indicated so that the points («, k,(«)) are for 0 < < 2, on the graph x»(«) and
for « > 9, on the graph x,(«x). The graphs show the point o for which ky(«) is
minimal not to be identical with the point $(4; — 4,).

At the beginning of this paper we made a mention of solving of the equation (*) on
the region L by finite-difference approximation. We obtained a system of linear
algebraic equations

Au=1f.

The spectral radius of the Jacobi matrix B = I — (diag 4)™' A was calculated by
the minimax method for M = N =16, j=r =8, h = 0-1.
Let us present the table of the numbers («) and ji,(«) for some o and k. ;

Tables:

o= 03 o= 0-08 o= 003

x(2) () (@) 2y (o) 14(2) (o)

60 0-954875 0964177 0-957311 0-963964 0-957821 0-963841
120 0-961025 0962677 0-961630 0-962387 0-961732 0962306
180 0-961960 0-962224 0-962082 0-962163 0-962097 0-962152
240 0-962108 0:962149 0-962130 0-962138 0-962132 0-962137
300 0962131 0-962137
360 0962135 0-962136

363 299 284

o= 002 a = 0-014 o= 0-01

l_‘j;(‘z) /_lk(“) ﬁk(a) ﬁk(“) Ek(a) ﬁk(a)

60 0-957871 0-963908 0-957825 0:964106 0-957618 0-964565
120 0961742 0-962329 0961698 0-962384 0:961391 0962712
180 0-962099 0962153 0-962086 0:962168 0-961890 0962365
240 0962132 0-962137 0962129 0-962141 0962018 0962252
300 0-962135 0962137 0:962074 0-962197
500 0-962128 0962143

282 327 °®
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In this tables the numbers y(«) and jz,(x) are written for some « and k. The numbers
at the last row in this two tables denote the first integers k for which 7 (a) — p(e) <
< 107° for given a. The points denote this inequality not to be valid after five
hundred iterations. Let us introduce that for « = 1

Ksoo(1) = 0:962 133, fisoe(1) = 0-962 137
and fora = 0

Esoo(o) = 0960 760, .‘7500(0) = 0963 513 .

Tables and graphs show that if we determine oy, (optimum) numerically, it would be
better to take an underestimate.

Finally we return to the matrix B from the beginning of this section.

Let us calculate ((0) — ,(0)) for n = 9 and k — co. The Theorem 9 gives
4(B) g
1 — (B(jn))Z ’
Q(B) = 0951 056 513,
YV = 0-091 763 947 ,

tim (7,(0) — (0)) =

(v
40B) B _ 35205531 .
U ()
Let us remark, we have taken the vector
Xo = (1, 1,...,1,2:5)7
for an initial approximation. Numerically, we obtain

7(0) — 1, (0) = 03520555 for k = 140.

Remark. The calculation on the computer was stopped for k = 750. According
to obtained results it is

E(0) = 11432372, p,(0) = 0-791 181 79
for all integers [, 140 < | < 750.
4 Q(B) ,Bf,j’)
1 — (ﬂf.j‘))i
Numerically it is 7,(0) — 1,(0) = 0-065 192 4 for k = 427 and ,(0) = 1-021 964 1,
w(0) = 0:956 771 7 for all I > 427.

Remark. All calculations were executed on the computer ICT 1905.

Forn = 20 itis = 0-065 192 331.

Acknowledgments. I wish to thank RNDr. MiLAN PRAGER CSc. and Doc. RNDr.
Ivo MAReK DrSc. for valuable suggestions during my work on this paper.

58



& (0x), ()

200

180

160

140

120

100

80
70

ke (o)

(o)

- 8
2, -

L

X,(o)

(0c).4(ex)

220

200

160

1604

140 4

120

1004

80

5107

ke(oc)

(o)

5.107 As-2s P2 107
2

2,

Fig. 2.

15-107"

2107

xo)

5-10-

5.10-2 é-?zlm, 107

Fig. 3.

1.5-10%"

2107

59



A(0c) oty 62)

60

(0, 6c)} ke(og)

2404

220

200

160

160 4

140

120 4

100

()

90

900

800

700

600 -

500

400

300

200.

510-°

ke(e)

x(o)

5102 2,:2 EX 104

Fig. 4.

)
2808y

A

1.5.1071

2

1073,

107*

.
Ah 2107 D,
2 ...

Fig. 5.

31072



Remark. The centres of the triangles denote the values of the functions k().

Fig. 1.n= 9,6 =10"¢

Fig.2.n= 9,¢ = 107"

Fig.3.n= 9,6 =108

Fig. 4. n =20,¢ = 107°
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Souhrn

ZOBECNEN{ METODY MINIMAXU PRO VYPOCET SPEKTRALN{HO
POLOMERU MATICE

JAN ZiTKO

Pti feSeni parcidlnich diferencidlnich rovnic eliptického typu metodou siti obdrZime
soustavu linedrnich algebraickych rovnic. Ozna¢me pismenem A matici této soustavy.
Matice 4 je ,,zpravidla‘““ dvoucyklickd, symetrickd a positivné definitni.

Takové soustavy se Casto fesi iteraéni metodou horni relaxace. K vypoétu urych-
lujiciho parametru potfebujeme zndt spektrdlni polom&r Jacobiho matice B = I —
— (diag A)™* A.

Oznagme o(B) spektrdlni polom&r matice B. Necht x, je kladny vektor a oznaéme
(B*x,); i-tou slozku vektoru B*x,.

Definujme si

k k
W = in M s —k = max (i&. .
T =12, (B¥TIX); i=1,2,...n (B¥71%0);

Plati
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Timto zptisobem dostaneme dolni a horni hranici pro spektrdlni polomér o(B). Tento
iterani proces nazveme metodou minimaxu.

Numerické vysledky vSak ukazuji, Ze takto ziskany odhad pro spektrédlni polomé&r
je velmi hruby.

Ozna¢me
(B + aD)'x5);

min B+ & X))
1) = w (B + oI}~ ' xo);

di(e) = max
i=1,2,m (B + aI)* ' xo); ) i=1,2,

kde I je jednotkové matice a « > 0. Je dokdzdno (viz [1]), Ze pro a > 0 je
lim () = lim f(a) = o(B) + .
k= o0 k- o

Necht ¢ je kladné &islo.
Necht k,(«) je pFirozené &islo s ndsledujici vlastnosti

@) = (@] =& 2 |me) — m@)] >«
pro viechna k < k(o).

Necht 1, je takové kladné vlastni &islo matice B, Ze mezi 4, a o(B) neleZi zddné
dal$i vlastni ¢islo matice B.

V této préci je dokdzdno, Ze je-li <@y, 2;)> < (0, #(e(B) — 4,)), potom existuje
g > 0 takové, Ze pro kazté e € (0, &) a a € (D, 9,)

w(@) £ ko) < () + 3,

kde x(x) je funkce na intervalu {Z,, 2, spojitd, klesajici a ryze konvexni. Pfitom

lims(a) = + oo.
a=0 4

Je'li<@,, 25y = (3(e(B) — 2,), + ), potom existuje kladné &islo & > 0 takové,
Ze pro kazdé £ €(0, &) a € €D,, D3> = (3(e(B) — 1,), + )

#y(o) £ k(o) < 24() + 3.

Pfitom funkce x,(«) je na intervalu {Z,, 2;) rostouci a ryze konkdvni. Ddle je
lim 3, (o) = + 0.

a—>+ oo

RovnéZ je dokdzdno, ze

lim (,(0) — #(0)) = konst > 0
k= o0

a je spocitana velikost této konstanty.

Tabulky a grafy uzavirajici tuto pra01 ukazuji prib&h funkce k,(«) na riznych
jednoduchych maticich.

Author’s address: Jan Zitko, Ustav vypoétové techniky CSAV - CVUT, Horska 3, Praha 2.
Present address: Centrum numerické matematiky, Malostranské nam. 25, Praha 1.
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