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1. INTRODUCTION

The initial boundary-value problcms for one-dimensional Navier-Stokes equations
(L.1) o(u, + uuy) + p(o), — pu,, = of .
0, + (ou), =0, xe(0,1), 1€(0, )
have been studied by many authors as e.g. [L]—[15]. (This list is by no means

complete.) In these papers mainly existence, uniqueness and global properties of
solutions to (1.1) with initial conditions

(1.2) u(x, 0) = uy(x), o(x,0) = 0o(x), xe[0,1]
and various types of boundary conditions as e.g. the Dirichlet boundary condition
(1.3) u(x,0)=u(1,t)=0, t=0,

have been investigated. A common feature of all the results is that they claim or
work with solutions (u, ¢) for which

(1.4) essinf {o(x, 1); xe(0,1)} >0, 1€[0, ).
This restriction excludes from the consideration an important class of solutions
with vacuum states, i.e. solutions, for which ¢ can be zero for x from a set of a positive

measure either for fixed 7 or asymptotically as t — co. Since it has been proved (see
e.g. [3].[5]. [10]) that for regular data (1.4) holds whenever

0o(x) 22y >0, xe(0,1),

the former case can occur only if the same holds for ¢, while the latter case has
been indicated by the numerical experiments made by V. Casulliand A. Valli (private
communication). Theoretically, in view of the results in [2], [8], [10] it is clear that
if a solution of (1.1)—(1.3) with ¢ bounded from above satisfies the uniform estimate

(1.4), essinf {o(x,1); x€(0,1)} 2 a2 >0, 1€[0, )
then for the case f = f(x) the function f and the state equation p = p(g) must satisfy
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certain compatibility condition (see Proposition 2.2 below). Since for physically
important constitutive relations p = p(g) there always exist f which do not satisfy
this condition, the uniform estimate (l .4), cannot hold in this case. On the other hand
(1.4), implies that the strong limits in I*(0, 1), #(x) = lim u(x, ), 8(x) = lim o(x, 1)
satisfy stationary equations e U

Qﬁﬁx + p(é)r - .ul—lxx = éf’

(en), =0,

u(0) = (1) =0,
which clearly imply

u=0,

p(@), = af, xe(0,1), essinf{g(x); xe(0,1)} >0.

We expect that at least some solutions of (1.1)—(1.3) converge to solutions of the
stationary problem with cavities provided that (1.4) fails to be satisfied. This fact
has motivated the present study of the cavitation solutions to the stationary (equi-
librium) problem which in normalized form, can be written as

(1.5) plo). = of , xe(0,1),
foe(x)dx =1, o(x) 20, xe(0,1),

4

where
(1.6) peC'((0,)), p(0+)=p(0)=0, p(r)>0 for r>0,
f=f(x), fer”(0,1).
In Section 2 we present some examples and existence (in some sense also uniqueness)
theorems for the problem (1.5).
In what follows we use the standard notation as W*? or H? for the Sobolev spaces

and C* (or Cy) for continuously differentiable functions (with compact support)
and the like.

2. STATIONARY SOLUTIONS WITH CAVITIES

In this section we are going to investigate solutions of the problem (1.5) under the
assumptions (1.6) unless specified another way. Let P(r) = [} (p'(s)[s)ds, r > 0,
a = [5(p'(s))s)ds = P(0), b= [7(p'(s))s)ds, (a = —o0 andfor b = o0 is not
excluded). Put @ = P~ for the inverse function of P and F(x) = [§ f(&) d¢&.

2.1. Definition. By a solution of the problem (1.5) we mean a function ¢ € C([0, 1])
satisfying [¢ o(x) dx = 1 and

fo [p(e) @« + of¢] dx =0 forany ¢eCZ(0,1).
In [2] the following result has been proved.
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2.2. Proposition. Under the assumption (1.6) the problem (1.5) has a solution
o€ W"=(0, 1) satisfying o(x) = o > 0, a.e. x€(0. 1), (x = const.) if and only if
the following two conditions hold:

(2.1) supF —infF<b—a,
[0.13 [0.1]
(2.2) fo ®(F(x) — inf F + a)dx < L < [y ®(F(x) — sup F + b)dx .
[0.1] [o.1]

2.3. Example. Let p(¢) = ¢’, y =const., 1 <y <2, f(x)=f, = const. > 0.
Thena = — y/(y — 1). b = 0, &(&) = (1 + ((y — 1)/y) &)"/~1 and the conditions
(2.1), (2.2) reduce to

(2.3) fo < <y i 1})7.

The solution can be obtained by explicit integration, where the integration constant
is chosen so that (1.5), is satisfied. The result is

B y - 1 1/(y—1)
ox)=(d + —}— fox , xe[0,1],

where d is the (unique) solution of the equation
- Y(y—1) -
(d ! y"‘“lf0> - =g
vV v
The situation, when (2.1), (2.2) fails to be satisfied is illustrated by the following
example:

2.4. Example. The state equation and f are the same as in Example 2.3 but (2.3)
is violated. More specifically, we suppose

y 7
f°><v~1)‘

It can be shown easily that the function ¢ defined by

o(x)=0 for 0<x<1 —Llfo—’“'
3 —
—1 . H/(y=1) 1 1/(y—1)
Q(x) = ()’ /0) (x + i - fo t— 1)
? y—1
for 1———?—f0“”7<x§1.
y—1

is a solution to (1.5).
Another example shows that the solution of (1.5) might not be unique unless an

additional condition is introduced.

2.5. Example. The same situation as above, but f(x) = f,, x€[0,4) U [}, 3),
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f(x) =fo, xe[4 ) U [3. 1]. Then F(x) = fox,xe[0.4); F(x)=fo(3 — x), xe
€[4 1) F(x) = fo(x — 1), xe[4.3): F(x) = fo(l — x), xe[3,1]; the condition
(2.2) means

(v — 1\
fo < 4/(3@—) = 9, .
b

If /o > ¢, then we can construct a solution as follows. Let x, e [0, 4), x, €[4, £).
Put
o(x) =0 for xe[0,xo]U[}+ xox,]U[3—x. 1],

o(x) = <1.%~1>Hy_” [F(x) = F(x,)] for xe(x, %+ xo)

i

y - | AATR
o(x) = <——~) [F(x) = F(x;)] for xe(x;,3— x).
Y
It is clear that ¢ e C([0, 1]) and it satisfies (1.5), in the sense of distributions. By
computation, |4 o(x) dx = 1 if and only if

o1 1 ) . 3\/(r=1) " N
X(/)/(Y ) + X)I/()* ) 4)‘/(1*/) 4+ (= . LA Op(,' ).
4 207 - 1)
The choice of x, x, yields an one-parameter family of solutions to (1.5). The solution
can be fixed up if we prescribe

Jroo(x)ydx =m, [P e(x)dx =1 — m,

X0
where 1 —my < m < m, with mg = 2070070y — 1)/y) f5/“" " Physically
this amounts to the distribution of the total mass 1 between the intervals (xq, + — x,)
and (x;, 3 — x,). The mass distribution is limited by the bounds m < m,, 1 — m <
< m,, while my, > % since f, > ¢,.

The following theorem claims the existence of a solution to (1.5) with cavitation in
particular case generalizing the situation in Example 2.4.

2.6. Theorem. Let [y ®(F(x) + a — infF)dx > 1, f(x) 2 0 a.e. in (0,1) and
[0.1]

(o f(x)dx < b — a. Then there exists a solution g e C([0,1]) to (1.5) such that
there exists x, € (0, 1) for which

(2.9) ox) =0, xe[0,x,]
o(x) = ®(F(x) — F(xo) + a), xe(xp,1].
Proof. It is clear that for any fixed x, € (0, 1) the function ¢ defined by (2.4)
satisfies (1.5);, ¢ € C([0, 1]) and o(x) = 0 in [0, 1]. It remains to show that x, can
be chosen so that [y o(x)dx = 1. Put ¢(x,) = [, ®(F(x) — F(x,) + a) dx. Since

F(0) = 0 = inf F, we have ¢(0) > 1. As ¢(1) = 0, ¢ is decreasing and continuous,
[0,1]
there exists a unique x, € (0, 1) such that ([ o(x) dx =) @(x,) = 1.

A similar theorem holds for f(x) < 0, x € (0, 1). We do not formulate it since
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it is quite analogous. The following theorem concerns the case when (2.2) is not
satisfied in its right hand inequality.

2.7. Theorem. Let (2.1) be satisfied and [y ®(F(x) + b — sup F)dx < 1. Then
there is no solution 1o (1.5). (.11

Proof. Let there exist a solution ¢ to (1.5). Set @ = [x € (0, 1); ¢(x) > 0}. Then Q
is an opened subset of (0, 1), hence Q = U (x4, ») for some X < Yo k e J, where

J = N. The integration of (1.5); in (x,, }k) yields o(x) = ®(F(x) + <), x € (x4 1)
with some constant c¢,. Since g(x,) = 0 (or, alternatively, o(y,) = 0 if x, = 0 and
0(0} > 0), we have ¢, = a — F(x,). Thus we find

foo(x)dx =Y [ &(F(x) — F(x;) + a)dx <

xeJ

Zj o(F( V)+b—supF)dx<j0<D(F(x)+ b—supF)dx< L.

The following theorem is a uniqueness theorem which respects the specnﬁc situation
illustrated by Example 2.5.

2.8. Theorem. Let ¢ € C([0, 1]) be a solution of (1.5). Write Q = (0, 1) N supp o
in the form Q = \J I,, where I, = (x,, y), k € J. Then there is no other solution
ked
o € C([0, 1]) of (1.5) that satisfies
(2.5) fnoodx = [, 0dx forany kedJ.

Proof. Let ¢ # o be another solution of (1.5) satisfying (2.5). Since [ o dx =
= fpedx =1, we have ¢ = O a.e. in (0, 1)\ Q and o % 0 a.e. in I, for any ke J.
Put

a(x) = [y p'(xo(x) + (1 = 2)o(x))da, r=0—0, (xel)
and take an arbitrary k € J, but fixed. Then we have
(a(x)r), = rf, xel,

in the sense of distributions and [, rdx = 0. Since ¢ > 0, 6 > 0 in I,, we have
a > 0in I, as well. Hence it is clear that

r(x)=j§i*)’exp(j adg) Hz)s xely.

where z, = (x, + y,). If /() # O then [, rdx # 0. Hence r = Oin I,.
Next, investigate the case when (2.2) is violated in its left hand inequality.

2.9. Theorem. Let f e C([0, 1]), f¢ ®{F(x) — mfF + a)dx > L, {x; F(x) = 0} =
= {0, 1} and there is a unique x, € (0, 1) such thatf(x0 = 0. Then either

F(xo) > 0 and there exist x;, x,:0 < x; < x, < 1 such that the function ¢
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defined by

26) o(x) = {(F(x) F(x;) + a), ii([gj’xﬁ)u oo 1]

is a (unique) solution of (1.5), or

F(x,) < 0 and the exist X1, X,: 0 £ x; < X, < 1 such that the function

&(F(x) — F(x,) + a), x€[0,x;)
(2.7) o(x) =<0, x € [xy, x,]
&(F(x) — F(x;) + a), xe(x, 1]

is a solution of (1.5).
In the latter case, given m:

(28) 1= 3 ®(F(x) = F(xo) + a)dx < m < [3° §(F(x) — F(x,) + a)dx

there is a unique solution satisfying [3' o(x)dx = m and this solution is given
by (2.7) with suitable x,, x, depending on m.

Proof. 1. Let F(x,) > 0. Then F is increasing in (0, x,) and decreasing in (xo, 1)
Hence for any x, € (0, x,) there is a unique x, € (xo, 1) such that F(x;) = F(x,) =
= inf F. Put x, = b(x,), ¢(x;) = (% &(F(x) — F(x,) + a)dx. Then ¢(0) =

[x1,x2
=[5 d)](F(x) + a)dx > Lsinceinf F = 0, and ¢(x,) = 0. (b is increasing, b(1) = 1,

0,1
b(x,) = xo). By continuity of ¢ thére exists a (unique) x, € (0, x,) such that ¢(x,) =
= 1. This proves the existence part of the first assertion. Let there be a continuous
solution ¢ of (1.5) which is not identical with ¢. Suppose that there is a ¢ € [0, x,] U
U [x5, 1] such that o(¢) > 0. Then there is a maximal interval (x, ) = (0, 1)
containing ¢ and o > 0 in (a, B). By integration and uniqueness in (x, B) we get
o(x) = ®(F(x) — F(a) + a), xe(x, B), F(a) = F(B). This yields ae[0,x,]. fe
€ [x,, 1]. But if we had a < x, or § > x, it would be [% ¢(x) dx > 1. Thus ¢ = 0
in [0, x,] U [x,, 1]. Now, if @ = U (e Bi) = {x €(xy, x3); 6(x) > 0} with (x, B)

being connected components of Q, then F(x) = F(B), from where x; < o, < xo <

< By < x,. Hence Q@ = (o, B), where a = info,, § = sup f. If « > x, then clearly
keJ keJ

B < x, and {4 o(x)dx < 1. We find « = x,, § = x,, from where ¢ = ¢ in (x,, x,).
2. Let F(x,) < 0. Itis clear that for any x, € [0, xo], x, € [x,, 1] we have F(x,) =
= inf F, F(x,) = inf F. Then the function (2.7) satisfies (1.5) possibly except for

[0.x1] [x2.1]

fo o(x) dx = 1. Putting

o(xy. x3) = [5' ®(F(x) — F(x;) + a)dx + [;, ®(F(x) — F(x;) + a) dx,
we find
@(xo, x0) = [5° P(F(x) — F(x,) + a)dx +

+ 1 ®(F(x) — F(xo) + a)dx = [5 ®(F(x) — mfF +a)dx > 1
1]
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since F(x,) = inf F, and ¢(0, 1) = 0. Besides ¢ is the increasing function of x, and
(0,11

decreasing in x,. Hence, given m satisfying (2.8) there is a unique pair (x, x,) €
€ [0, xo] x [xo, 1] such that

[sro(x)dx =m, [} o(x)dx=1-—m.

To prove uniqueness, suppose that there is a & e (xy, x,], o(&) > 0. If (a, B) is the
connected component of 2 = {x; ¢(x) > 0} containing ¢ then either o(x) = 0 or
o(B) = 0. Let e.g. o(«x) = 0. Then o(x) = ®(F(x) — F(a) + a), x € (a, /)’) If o < xq
then F(x) < F(«) for x € (a, x,) and ¢ is no more defined. Hence x, < & < 8 < 1.
If B < 1 then F(a) = F(f), which implies « = . So we have = 1. On the other
hand, if o(f) = O then similarly we get « = 0, f < x,. Hence Q consists of two
components (0, ) and («, 1), where f < xo, @ > xo. Now it is clear that if, for
a given m satisfying (2.8), we require [, o(x)dx = 1 — m, then f = x,, o = x,
and ¢ = ¢ in [0, 1].

The preceding theorem requires very special f but it illustrates the way the solutions
are constructed. Now we state the general existence theorem.

2.10. Theorem. Suppose that (2.1) holds. Then for any fe L'(0, 1) satisfying
fo ®(F(x) — sup F + b)dx > 1 there exists a solution ¢ € C([0, 1]) of (1.5).
[0.13

Proof. First suppose that there are f, € L'(0, 1) such that f, — f in L'(0, 1) and
for any n there exists a solution g, of (1.5) with f = f,. Let n be arbitrary but fixed
and Q = {xe(0,1); g,(x) > 0}. Then Q = U( . B;) for some 0 < o; < f3; = 1

with J countable. If ¢,(x) > 0in [0, 1] then by Proposmon 2.2 0,(x) = ®(F(x) + ¢,)
x € [0, 1] with a constant ¢, such that [, #(F(x) + ¢,) dx = 1. If we had ¢, > o
then this would not be possible. Hence |g,(x)| < const < oo independently of x
and n. Let on the other hand there isa & e [0, 1] such that o(¢) = 0. Take an arbitrary
interval (a;, f;). Then either o(a;) = 0 or ¢(B;) = 0. Suppose e.g. o(«;) = 0. Then
we have

0,(x) = ®(F(x) — F(o;) + a) < ®(sup F — inf F + a) < o0,

0.1 0.1
x € (x;, B;) -
This proves sup [¢|p=(0,1, < . Further, we have p(o,), = f,- So p(e,) is bounded

in W'1(0, 1) and hence compact in C([0, 1]). Choose a subsequence, denoted again
by ¢, such that p(g,) converges uniformly in [0, 1] to some g e C([0, 1]). Then
0, = p~'(q) pointwise in [0,1]; from Lebesgue dominated theorem o, — o =
= p~!(q) in LX(0, 1). Clearly, ¢ is a solution of (1.5). Now let f € L'(0, 1) be arbitrary.
Let f, be polynomials in [0, 1] such that f, — f in I}(0, 1). So it suffices to show

that (1.5) has a solution if f is a polynomial. Let f be a polynomial. For k < sup F
[0.1]
put Q = {xe(0,1); F(x) > k}. It is clear that for k, > k, we have Q, < ,,.

Besides, taking the decomposition of @, with connected components (o, By;),
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0<o; <P, =1L jeJi. we have J, countable, & = {J («;, fi;) and F(x;) =

Jjedk
= F(p,;) = k except for, possibly, when a; = 0 or B; = 1 for some j. Define
(2.9) o(x) = ®(F(x) — k + a), xe(x;By). jeli,

oi(x) = 0 elsewhere in (0, 1) with the only exception when o,; = 0 or f; = 1 for
some j and F(0) + k or F(1) # k, respectively. In this case we define ¢, by continuity
from the adjacent interval (ozkj, Bii)-
It is clear that the function g, defined by (2.9) satisfies (1.5),, and g,(x) = 0 in
[0, 1] for any k < sup F. In the case [y ®(F(x) — inf F + a)dx < | we have the
[0.1]

[0.13
existence theorem (see Proposition 2.2). Hence, suppose [ ®(F(x) — mf F + a)dx =
> 1. It is clear that

N Qiim = AU {xe(0,1); F(x) = k}.
n=1

Since the measure of a level set of a polynomial, unless it is constant (but this case is
solved by Theorem 2.6), is zero we have meas Q, = lim meas Q,_,,,, which yields

“continuity” of the function k — meas Q,. Define I(k) = [, P(F(x) — k + a)dx.

Then I(k) is a continuous function defined for k < sup F = s and
[o,1]

limI(k) =0, I(infF)= |3 ®(F(x) —infF + a)dx = 1.
[0.1]

kts

Hence there exists a k € [inf F, sup F) such that the function (2.9) satisfies (1.5).
[0.1] [0.1]
All of the preceding results are derived under the assumption sup F — inf F <

< b — a. This assumption is not empty if and only if .ty 1.1
(2.10) f p()ds <.
(0]

Now we are going to remove this restriction.

2.11. Theorem. Let f€ [!(0, 1), ko = sup F + a — b and let (2.10) hold.
[0.1]

Then a solution of (1.5) exists if
(2.11) [reersko P(F(x) — ko + a)dx 2 1.
Proof. Let (2.11) be satisfied. Define Q, = {x (0, 1); F(x) > k},

(F(x) — k + a) for xeQ
(2.12) ou(x) = { for xe(0, 1)\,

0(0) = 0(0+), o1) = o1—), where k <supF.
[0,1]

Write Q, in the form @, = U (> Bij)- Then F(ay;) = k if a; + 0 and F(B,;) = k
if B; # 1. It is clear that the functlon (2.12) satisfies (1.5); and g,(x) 2 0, x € [0, 1].
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Define
(2.13) o(k) = [o, P(F(x) — k + a)dx for ke[ko, k],

where k; = sup F and investigate ¢ on [k, kl]. Note that it may happen ¢(k,) = .

[0.1]

)
From (2.13) it is immediate that ¢ is decreasing and ¢(k,) = 0. Clearly, g,(x) = o,(x)
for k < land all x,and (k) = [, 0,(x) dx. By classical properties of Lebesque integral
we find lim o(k) = ¢(I) for any k, I € [ko, k,]. Thus ¢ is continuous, ¢(k,) = 0,

k=1

(ko) = [rixy>ko P(F(x) — ko + a)dx 2 1. Hence there exists (a unique) k* such
that ¢(k*) = 1. This means that g,.(x) is a solution to (L.5).

1M

[3

—

(4]

[s

—

(61
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