Czechoslovak Mathematical Journal

Jan Jakubik
Unequivocal linearly ordered groups
Czechoslovak Mathematical Journal, Vol. 38 (1988), No. 2, 245-255

Persistent URL: http://dml.cz/dmlcz/102219

Terms of use:

© Institute of Mathematics AS CR, 1988

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/102219
http://dml.cz

Czechoslovak Mathematical Journal, 38 (113) 9188, Praha

UNEQUIVOCAL LINEARLY ORDERED GROUPS

JAN JAKUBIK, KoSice

(Received February 19, 1986)

1. INTRODUCTION

Radical classes of linearly ordered groups were defined and studied by C. G.
Chehata and R. Wiegandt [l] Further results in this direction were obtained in the
author’s paper [5].

Radical classes of abelian linearly ordered groups were investigated by B. J.
Gardner [3], Pringerovd [7] and the author [6]. All linearly ordered groups dealt
with in the present paper are assumed to be abelian.

The notion of unequivocal ring was introduced by B. J. Gardner [4]; such rings
were studied by N. Divinsky [2].

The analogous notion for linearly ordered groups can be defined in the same way
as in the case of rings, namely: a linearly ordered group G will be said to be unequi-
vocal if for each radical class R either G belongs to R or G is R-semisimple.

If each convex subgroup of G is unequivocal, then G will be said to be hereditarily
unequivocal.

It is a natural question to ask whether there exists an internal characterization of
unequivocality (which does not involve the class of all radical properties, or, in
other words, the collection of all radical classes).

Such a question was solved positively for the case of rings (cf. Divinsky [2],
Theorem 1.) A positive answer for the case of linearly ordered groups is given by the
following theorems (they will be deduced from results of the author’s paper [6];
cf. Section 2 below):

1.1. Theorem. A linearly ordered group G is unequivocal if and only if for each
nonzero subgroup H of G there exist a system Hy, H,H,,....H,, ... (oc < B) of
convex subgroups of H and a system Gy, G, G,,..., G, ... (oc < B) of convex
subgroups of G such that

() {0} =G, =G, c... G, = ... (x < B), Uacp G. = G,

(ii) for each o < B, the linearly ordered group G,/U,<, G, is isomorphic to H[H,.

1.2. Theorem. Let G be a linearly ordered group. The following conditions are

245



equivalent:

(i) G is unequivocal.

(ii) If H is a convex subgroup of G such that {0} = H + G, then there is a non-
zero homomorphic image of H which is isomorphic to a convex subgroup of the
linearly ordered group G[H.

For a linearly ordered group G we denote by ¢(G) the system of all convex sub-
groups of G; this system is partially ordered by inclusion. In fact, ¢(G) is a linearly
ordered set.

In Section 2 the proofs of Theorem 1.1 and 1.2 are given.

In the sections 3 and 4 there are investigated unequivocal linearly ordered groups G
having the property that the linearly ordered set ¢(G) has an atom or a dual atom,
respectively. Section 5 deals with hereditarily unequivocal linearly ordered groups.

The author is indebted to L. A. Skornjakov for his suggestion to investigate the
notion of unequivocality for linearly ordered groups.

2. UNEQUIVOCALITY

We recall the definition of radical class (as we already remarked above, all linearly
ordered groups under consideration are assumed to be abelian).

We denote by ¥, the class of all abelian linearly ordered groups. A nonempty
subclass X of ¥, is said to be a radical class if it satisfies the following conditions
(cf. [1]):

(R1) If Ae X, then every nontrivial homomorphic image of 4 has a nontrivial
convex subgroup belonging to X.

(RZ) If A€ %, and if every nontrivial homomorphic image of 4 has a nontrivial
convex subgroup belonging to X, then 4 € X.

Let B be an ordinal and for each ordinal « < f8 let G, be an element of ¢(G) such
that

{0 =G, =G, =G, =...2G, S ..., Us<sG,=6G.

Then G is said to be a transfinite extension of the linearly ordered groups
Haz = Ga/Uy<a Gy (a < ﬂ) M

Let X be a nonempty subclass of 4,. We denote by Hom X the class of all homo-
morphic images of elements of X. Next we denote by Ext X the class of all linearly
ordered groups G having the property that there exist linearly ordered groups H,
(x < B) such that each H, is isomorphic to some element of X and that G is a trans-
finite extension of linearly ordered groups H, (¢ < f).

We denote by £, the collection of all radical classes in ¢,. The collection %, is
partially ordered by inclusion.

2.1. Theorem. (Cf. [6], Propos. 2.1 and Corollary 2.3.) %, is a complete lattice.
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Let A; (i €I) be radical classes. Then
Nier Ai = Nier Ai 5 Vier A; = Ext (Uiel Ai) .

For 0 + X < %, we denote by T,(X) the intersection of all radical classes Y with
X < Y. Then T,(X) is said to be the radical class generated by X. For X = {G}
we write T,(X) = T,(G); such a radical class is called principal.

2.2. Theorem. (Cf. [6], Propos. 2.2.) Let § + X < 9,. Then T,(X) = Ext Hom X.

For G € 4, and Y e %, we denote by Y(G) the join of all elements of ¢(G) belonging
to Y. Then Y(G)e Y (cf. [1], Propos. 3, or [6], Propos. 1.2). By applying the above
terms, the notion of unequivocality can be defined as follows:

Let G € 9,. Then G is called unequivocal if for each Ye £, we have either Y(G) =
= {0} or Y(G) = G.

Proof of Theorem 1.1.

Let G be unequivocal. Let H be a nonzero convex subgroup of G. Put Y = T,(H).
Then we have Y(H) = H + {0}, hence Y(G) = G. Thus G € T,(H). In view of 2.2
we obtain G € Ext Hom {H}. Therefore the conditions (i) and (ii) from 1.1 are valid.

Conversely, assume that G is a linearly ordered group such that for each nonzero
convex subgroup H of G the conditions (i) and (ii) from 1.1 are satisfied. Let Ye %,
and suppose that Y(G) = {0}. Denote Y(G) = H and T,(H) = Y;. In view of the
conditions (i) and (ii), and by applying 2.2 we obtain G € Y;, hence G € Y and there-
fore Y(G) = G. Thus G is unequivocal.

2.3. Corollary. Let G € 9,. Then the following conditions are equivalent:

(i) G is unequivocal.

(ii) For each nonzero convex subgroup H of G we have X(G) = G, where X =
— 1)

Proof of Theorem 1.2.

The implication (i) = (ii) is a consequence of 1.1. Suppose that (ii) is valid. By
way of contradiction, assume that G fails to be unequivocal. Thus in view of 2.3
there exists a nonzero convex subgroup H, of G such that G ¢ T,,(H ). Put Y=
= T,(H,). Hence we have H,; < Y(G) + G.

Denote Y(G) = H. According to (ii) there exists a nonzero homomorphic image H"
of H which is isomorphic to a convex subgroup H” of the linearly ordered group
G[/H. Let H* be the set of all g € G such that g + H belongs to H”. Then H* is
a convex subgroup of G, H =« H* and H” is isomorphic to H*/H.

We have H' e T,(H), since T,(H) is closed with respect to homomorphism. Also,
T,(H) < T,(H,), since He T,(H,). Thus H' e T,(H,). Hence H" e T,(H;). Now
from the relations

HeT/(H,), H*/HeT,(H,)

and from the fact T,(H,) is closed with respect to extensions we infer that H* belongs
to T,(H,). Hence H* < Y(G) = H, which is a contradiction.

247



The following proposition and its corollaries show a method of constructing new
unequivocal linearly ordered groups from a given one.

2.4. Proposition. Let Ge 9,. Let Gy, G, G,, ..., G, € ¢(G) such that {0} = G, =
<G, c...cG,=G. Assume that all linearly ordered groups G;G,_, (i =
=1,2,...,n) are unequivocal and that T(G,) = T(G/G,_,) is valid for i =
=1,2,...,n. Then G is unequivocal as well.

Proof. Let H be a nonzero convex subgroup of G, H + G. Put X = T,(H).
In view of 2.3 we have to verify that the relation X(G) = G is valid.

There exists m € {0, 1,2,...,n — 1} such that G,, = H = G, . Hence there is
H,eHom H, H, =+ {0} such that the linearly ordered group H, is isomorphic to
some convex subgroup Hj of G,,1/G,. Thus we have H, € X and H; € X. Because
G,+1/G, is unequivocal and H{ =# {0} we infer that G,.,/G,, belongs to X. Since
T(Gu+1/Gm) = TG,) and T,(G,.+,/G,) S X, we obtain G, € X. Thus G;/G;_ € X
fori=1,2,...,n Hence Ge ExtX = X.

2.5. Corollary. Let Ge 9,. Let Gy, Gy, G,, ..., G, € ¢(G) such that {0} = G, =
G, =G, =...c G, =G. Assume that G, is unequivocal and that G;/G;_,
is isomorphic to G for i = 2,3, ..., n. Then G is unequivocal.

2.6. Corollary. Let G, be a nonzero unequivocal linearly ordered group, I =
= {1,2,...,n}. For each i €I let A; be a linearly ordered group isomorphic to G,.
Then the lexicographic product G = A; 0o Ay o ... 0 A, is unequivocal.

2.7. Proposition. Let Ge %,. Let Gy, G;, G,, ... be elements of ¢(G) such that
{0} =Gy =G =G, =...andU,=1,....G, = G. Assume that all linearly ordered
groups G,[G,_, are unequivocal and that T(G,) = T,(G,/G,_,) for each positive
integer n. Then G is unequivocal.

The proof is the same as in 2.4.

2.8. Corollary. Let G, be a nonzero unequivocal linearly ordered group. Let I
be the set of all positive integers and for each i€l let A; be a linearly ordered
group isomorphic to G. Then the lexicographic product G = I';; A; is unequi-
vocal as well.

The following proposition shows that neither 2.7 nor 2.8 holds, in general, for the
case of ordinals larger than w.

Let o be an infinite cardinal and let w(x) be the first ordinal having the property
that the power of the set of all ordinals less than w(a) is equal to a.

2.9. Proposition. Let G; be a nonzero unequivocal linearly ordered group.
Let o be a cardinal, a > card G,. Let I be the set of all ordinals B with f < w(oc)_
For each i€l let A; be a linearly ordered group isomorphic to G,. Then the
lexicographic product G = I'i;; A; is not unequivocal. :

Proof. Let H be the set of all elements f € G such that f(w(x)) = 0. Then H is
a convex subgroup of G. If {0} = H, e Hom {H}, then card H, = «. Similarly, if
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{0} *+ H, € Ext Hom {H}, then card H, = «. Hence G, does not belong to
Ext Hom {H}. On the other hand, G, € Hom {G}, thus G does not belong to
T,(H) = Ext Hom {H}. Therefore in view of 2.3, G is not unequivocal.

3. THE CASE WHEN ¢(G) HAS AN ATOM

Let Lbe a lattice, x and y be elements of L with x < y. If card [x, y] = 2, then
we write x < y. We also say that y covers x.
If Ge %, and card c(G) =< 2, then G is said to be a simple linearly ordered group.

3.1. Lemma. Assume that G is unequivocal. Let c(G) have an atom. Then the
following condition is satisfied:

(a) «(G) is well-ordered. If He c(G), H # {0} gnd if {H}i is the set of all
elements of ¢(G) with H; < H, then either H|J,.; H; = {0} or H|U; H; is iso-
morphic to G,, where G, is the atom in ¢(G).

Proof. In view of 2.3 we have X(G) = G, where X = T,(G,), G, being the atom
of ¢(G). Moreover, G, is simple and thus Hom {G,} = {{0}, G,}. Thus in view of 2.2
we obtain G € Ext {{0}, G,}. In the case G = G, the condition (a) is obviously satis-
fied. Assume that G, = G. Hence there is an ordinal f and for each a < f there is
G, € ¢(G) such that

GG, =G, c...2G, ... (x<p)

where U,<; G, = G and for each o < f, the linearly ordered group G,/U,.q G, is
isomorphic either to {0} or to G,.

Let H € ¢(G), {0} + H =+ G. There exists « < f8 such that G, fails to be a subset
of H; let o be the first ordinal having this property. Then

G,cH<=G,yy.

Hence G,4,/G, + {0} and thus G,./G, is isomorphic to G,. Because G, is simple,
we must have H = G, ;. Thus

«(G) = {{0}, Gy, G4, G, ..., G,, ..., G} .
We infer that the condition (a) is satisfied.

3.2. Lemma. Assume that ¢(G) is finite, ¢(G) = {{0}, Gy, G, G5, ..., G,}, n = 1,
where {0} < Gy, < Gy < G, < ... < G, = G. Then the following conditions are
equivalent:

(i) G is unequivocal.

(i) If i€{0,1,...,n — 1}, then the linearly ordered group G 1[G is isomorphic
to Gy.

Proof. The implication (ii) = (i) follows from 2.4. In view of 3.1, the relation
(i) = (ii) holds.
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3.3. Lemma. Assume that ¢(G) is a well-ordered set isomorphic to w + 1. Then G
fails to be unequivocal.

Proof. By way of contradiction, assume that G is unequivocal. The nonzero
convex subgroups of G distinct from G can be indexed by the ordinals « with « < @
such that «(1) < «(2) implies G,(;, © Gy, Put H = G,,. Then for no homomorphic
image H' of H, ¢(H') possesses a dual atom. On the other hand, ¢(G) has a dual
atom. Therefore G does not belong to Ext Hom {H}. According to 2.2, G ¢ T,(H).
Thus in view of 2.3, G is not unequivocal.

3.4. Theorem. Assume that c(G) has an atom. Then the following conditions are
equivalent:

(i) G is hereditarily unequivocal.

(il) either ¢(G) is finite, ¢(G) = {{0}, G, Gy, ..., G,} with {0} < G, < G, <
< G, < ... < G,, where G;,,|G; is isomorphic to G, for eachi =n — 1,

or ¢(G) = {{0}, Gy, Gy, G,, ...} with {0} < G, < G, < G, < ..., where G, ,/G;
is isomorphic to G, for each positive integer i.

Proof. The implication (i) = (ii) follows from 3.1 and 3.3. In view of 2.2 and 2.3,
the relation (ii) = (i) is valid.

Let % be the class of all nonisomorphic types of unequivocal linearly ordered
groups. Further let %, be a class containing exactly one linearly ordered group from
each element of %. We denote by %, the class of all linearly ordered groups G € %,
such that ¢(G) has an atom. Let %, be the class of all elements of %,, which are
hereditarily unequivocal.

It will be shown that the class %, is rather large (it is a proper class in the sense
that there exists an injective mapping of the class of all infinite cardinals into %,,)
on the other hand, %, fails to be a proper class.

Let a be an infinite cardinal. Let w() be as in Section 2. Let I be a linearly ordered
set isomorphic to w(x). Let K be a nonzero archimedean linearly ordered group.
For each i eI let A; be a linearly ordered group isomorphic to K.

Consider the lexicographic product

G(K,a) = Tt 4; .
The following result is easy to verify.

3.5. Proposition. The linearly ordered group G(K, «) is hereditarily unequivocal.
If o and B are distinct infinite cardinals, then G(K, a) is not isomorphic to G(K, B).
The linearly ordered set ¢(G(K, «)) has an atom.

For an infinite cardinal « we denote by f(oc) the linearly ordered group which
belongs to %, and is isomorphic to G(K, a). Then in view of 3.5, f is an injective
mapping of the class of all infinite cardinals into the class %,.

Now let G € %, ;. Then the condition (ii) from 3.4 is satisfied. The linearly ordered
group G, is simple and thus it is archimedean. Hence G, is isomorphic to a subgroup

250



of the linearly ordered group of all reals. Therefore card G, < ¢ (the power of the
continuum). Thus in view of 3.4 we obtain:

3.6. Proposition. Let G be a hereditarily unequivocal linearly ordered group.
Then card G < ¢® = ¢.

From 3.6 we infer that %, fails to be a proper class.

4. EXISTENCE OF A DUAL ATOM IN ¢(G)

In this section we deal with linearly ordered groups G such that ¢(G) has a dual
atom.

4.1. Lemma. Let G° be a dual atom of ¢(G). Assume that G is unequivocal. Then

(i) «(G) is dually well-ordered,

(ii) if Hy and H, are elements of ¢(G) such that H, < H,, then the linearly
ordered group H,[H, is isomorphic to G/G°.

Proof. By way of contradiction, suppose that (i) does not hold. Then there exists
a sequence {4,};=; of elements of ¢(G) such that 4, = 4,,, + G is valid for each
positive integer n. Put 4 = U,=y,,,... A, We have 4€¢(G) and A + G. If 4’ is
a homomorphic image of A with A" % {0}, then ¢(A4’) has no dual atom. Hence if A"
is a nonzero element of Ext Hom {4}, then c¢(4”) has no dual atom. Therefore G
does not belong to Ext Hom {4}. Thus in view of 2.2 and 2.3, G fails to be unequi-
vocal, which is a contradiction.

Let H, and H, be elements of ¢(G) such that H; < H,. Because G is unequivocal,
we have G € T,(H,) = Ext Hom {H,}. Therefore, in view of the fact that ¢(G) has
a dual atom, there exist K € ¢(G) and K, € ¢(H,) such that K + G, K, # H, and
G/K is isomorphic to H,/K;. Under such an isomorphism, the linearly ordered group
G°[K corresponds to H,/K,. Hence the linearly ordered groups

(GIK)/(G°|K) and  (H,[K,)[(H,/K)

are isomorphic. Therefore the linearly ordered groups G/G°® and H,[H, are iso-
morphic as well.

A convex subgroup H of G is said to be an upper limit element of ¢(G) if there are
H,e C(G) (n = 1,2,...) such that 4, < 4, = ... and U,=; 4, = H.

4.2. Theorem. Assume that ¢(G) has a dual atom G,. Then the following conditions
are equivalent:

(a) The conditions (i) and (ii) from 4.1 are valid. ff H is a nonzero upper limit
element of ¢(G), then the condition from 1.2, (ii) holds for H.

(b) G is unequivocal.

Proof. Let (b) be valid. Then in view of 4.1 and 1.2 the condition (a) is satisfied.
Conversely, assume that (a) holds. In view of 1.2 it suffices to verify that whenever H
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is a nonzero convex subgroup of G such that H is not an upper limit element of ¢(G)
and H # G, then the condition from 1.2, (ii) is valid for H.

Thus let {0} % H € ¢(H) and assume that H fails to be an upper limit element of G,
H # G. Hence there exists H; € ¢(G) with H < H,. In view of 4.1, (i), there is H, €
€ ¢(G) such that H, € H. According to 4.1 (ii), the linearly ordered group H,/H and
H[H, are isomorphic, which completes the proof.

4.3. Corollary. Let I be a dually well-ordered set, card I = 2. Assume that I
has the least element. There exists a hereditarily unequivocal linearly ordered
group G such that the linearly ordered set ¢(G) is isomorphic to 1.

Proof. Let A4 be a nonzero archimedean linearly ordered set. For each i eI let G;
be a linearly ordered group isomorphic to I. Put

G=T;;G;.
Then we have ¢(G) =~ I. According to 4.2, G is hereditarily unequivocal.
From 4.2 and 3.1 we obtain:

4.4. Corollary. Let G be a linearly ordered group, G = {0}. Then the following
conditions are equivalent:

(i) G is unequivocal and c(G) has an atom and a dual atom.

(i1) ¢(G) is finite and whenever H; and H; are elements of ¢(G) such that H; < H;,
then the linearly ordered group Hj/Hi is isomorphic to G,, where G, is the atom
of ¢(G).

4.5. Corollary. Let G be a linearly ordered group satisfying the condition (ii)
from 4.4. Then card G < ¢

Let us remark that there exists a nonzero unequivocal linearly ordered group G
such that ¢(G) has neither an atom nor a dual atom.

4.6. Example. Let R be the additive group of all reals with the natural linear
order. Let I be a linearly ordered set isomorphic to R and for each i el let 4; be
a linearly ordered group which is isomorphic to the linearly ordered group R. Put
G =TIy A;. Then G is unequivocal, neither an atom nor a dual atom does exist
in ¢(G).

Let G be a linearly ordered group and let H,, H, € c(G) such that H, < H,.
Then the linearly ordered group H2/H1 will be said to be p-factor of G.

From 3.1 and 4.1 we infer:

4.7. Proposition. Let G be a linearly ordered group such that either an atom or
a dual atom does exist in c(G). Then any two p-factors of G are isomorphic.

If neither an atom nor a dual atom does exist in G, then the assertion of the above
proposition need not hold.

4.8. Example. Let R be as in 4.6. Let R, be the subgroup of R consisting of all
rational numbers. Let I be as in 4.6 and for each i e let 4; be a linearly ordered group
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such that A; is isomorphic to R, if i is rational and A4; is isomorphic to R otherwise.
Put G = I';; A;. Then there exist p-factors B; and B, in G such that B, is isomorphic
to Ry and B, is isomorphic to R. In fact, each p-factor of G is isomorphic either to R,
or to R. The linearly ordered group G is unequivocal.

By a method similar to that applied in 4.8 we can construct a lmearly ordered group
G which is unequivocal and possesses an infinite number of mutually nonisomorphic
p-factors.

Let G, and G, be unequivocal linearly ordered groups such that ¢(G,) has a dual
atom, ¢(G,) is isomorphic to ¢(G) and that, if C, is a p-factor of G, and C, is a p-
factor of G,, then C, is isomorphic to C,. The linearly ordered groups G, and G,
need not be isomorphic.

4.9. Example. Let R be as in 4.6. Let « be an infinite cardinal and let I be a linearly
ordered set dually isomorphic to w(tx). For each i el let A; be a linearly ordered
group isomorphic to R. Put G; = I',.; A;. Let G, be the subgroup of G, consisting
of all elements of G, with finite support. Then both G, and G, are unequivocal and
«(G,) = ¢(G,). G, is not isomorphic to G,. Each p-factor of G; (i = 1, 2) is iso-
morphic to R.

5. HEREDITARILY UNEQUIVOCAL LINEARLY ORDERED GROUPS

In this section the structure of a hereditarily unequivocal linearly ordered group G
will be investigated (without assuming that c(G) has an atom or a dual atom).

5.1. Lemma. Let G be a hereditarily unequivocal linearly ordered group. Let
H € ¢(G) such that {0} += H + G. Then there exists H, € ¢(G) such that H, < H.

Proof. By way of contradiction, suppose that there does not exist any H; with the
mentioned property. Then for each H, e ¢(H) with H, # H the interval [H,, H]
of ¢(H) is infinite.

Since H #+ G, there exist H; and H, in ¢(G) such that H < Hy < H, is valid
in ¢(G). Since G is hereditarily unequivocal, H, must be unequivocal and thus
H,e T,(H) = Ext Hom {H}. Because c¢(H,) has a dual atom there must exist
a homomorphic image K = {0} of H and a homomorphic image K’ of H, such that K
is isomorphic to K'. But ¢(K) has no dual atom and ¢(K') possesses a dual atom,
which is a contradiction.

5.2. Corollary. Let G and H be as in 5.1. Then the interval [H, G] of ¢(G) is either
finite or is isomorphic to the linearly ordered set of all ordinals o with & £ .

From 5.1 and 5.2 we obtain:

5.3. Theorem. Let G = {0} be a linearly ordered group. Assume that G is
hereditarily unequivocal. Then one of the following conditions is valid:
(i) The linearly ordered set ¢(G) is dually well-ordered.

253



(ii) There exist linearly ordered sets L, and L, such that
a) L, is dually well-ordered,
b) L, is isomorphic to the set of all ordinals equal or less than w;
c) ¢(G) is isomorphic to L; @ L,.
Moreover, any two p-factors of G are isomorphic.

5.4. Proposition. Let L, and L, be linearly ordered sets such that the conditions
a) and b) from 5.3 are satisfied. Then there exists a linearly ordered group G such
that

(i) G is hereditarily unequivocal,

(ii) the condition c) from 5.3 holds.

Proof. Let I = L; @ L, and for each i €I let A; be a linearly ordered group iso-
morphic to R. Put G = I';; A;. By applying 1.2 we easily obtain that G is hereditarily
unequivocal. The validity of (ii) is obvious.

Let # be the collection of all radical classes T,(G), where G is a hereditarily
unequivalent linearly ordered group. The collection 4 is partially ordered by inclu-
sion. Put 07 = T,({0}). Then 07 is the least element of .

5.5. Proposition. The partially ordered collection # has no maximal element.

Proof. Let T,(G) € H, G + {0}. Let a be a cardinal, « > ¢(G). Let I be a linearly
ordered set which is dually isomorphic to w(«). For each i el let A; be a linearly
ordered group isomorphic to R,, where R, is a p-factor of G. Put G; = Iy 4;.
If H is a nonzero convex subgroup of G, then card ¢(H) = a. Thus no homomorphic
image of G is isomorphic to H. Hence G, does not belong to Ext Hom {G} = T,(G).

Denote G, = Ggo G;. Then Ge Hom {G,}, whence T,(G) < T,(G,). In view
of 5.4 and 2.4, G, is hereditarily unequivocal. We have G, ¢ T,(G), whence T,(G) <
< T,(G,). :

Since the cardinal a in the above proof can be chosen as to be arbitrarily large,
Proposition 5.5 can be sharpened as follows.

5.5.1. Proposition. For each element T,(G) of # there exists #, < H# such that
(i) # is a proper collection and # is linearly ordered,
(ii) T,(G) is the least element of H# ;.

The proof will be omitted.
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