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1. INTRODUCTION AND PRELIMINARIES

The purpose of this paper is the study of a generalized asymptotic equivalence
between the solutions of the differential equations

0 ¥() = AW 1), (Ly)eR x B
and
(11) x'(t) = A(r) x(r) + f(t, T(t, x)), (t,x)eR x R",

where A(f) is an n x n matrix locally integrable on R, B a given compact subset of
R, T:R x C[R, R"] - C[B, R"] is defined by

T(t, x) (9) = x(a(t, 9)), 9eB

for given ae C[R x B, R], and f: R x C[B, R"] - R” satisfies the Caratheodory
conditions, i.e. f(t, ) is measurable in ¢ for all Y € C[B, R"] and continuous in ¥
for all 1 € R.

For this problem results arc known in which the perturbation term is bounded
by a function having zero limit as ]t| — oo (Hallam [3]). Lovelady [4] relaxed the
condition on the asymptotic estimate of the nonlinear perturbation f, at the cost of
slightly strengthening the conditions on the linear equation (I).

In the present work, using the basic idea of Lovelady, we employ Stepanoff-like
conditions on f and prove the existence of a homeomorphism H between the sets of
bounded solutions of (I) and (II). We are going to study the asymptotic relationship
between equations (I) and (II), such that to each bounded solution x(t) = H y(f) of
(IT) we have lim |y(t) — H ()] = 0as |t| > .

We consider the case in which the linear homogeneous equation (1) is conditionally
asymptotically stable.

It is necessary to impose hypotheses upon the linear equation (I) based on the de-
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composition of R" into the direct sum
Ri=X,®X_, X, ®X,,

where the subspaces X;, i =0, +1, co, are determined in the folowing manner:
denote by )(t; 0, y) the solution of (I) starting from y, at 0; then y, € X, if and
only if the solution y(1; 0, y,) is bounded on R; yoe X_; @ X, if and only if the
solution y(1; 0, y,) is bounded on [0, 0); yo € X, @ X, if and only if the solution
¥(1; 0, y,) is bounded on (— o0, 0]; X, is the direct complement of X, @ X_, @ X;.
We denote by P;, i = 0, +1, o0, the corresponding projections, i.e.

P.'R"=Xi, i=0,i1,oo.

If Y(¢) is the fundamental matrix solution of (I), then in terms of the above projec-
tions, the solution y(t; 0, y) can be written as

w150, 50) = [D0t;s)] yo, i=0,£1, 0,

where @(1;1,) = Y(1) P,Y "'(1,), i = 0, £1, c0.

2. MAIN RESULTS

The following lemma will be used in the sequel. Its proof is quite straightforward
(for details cf. [2]).

Lemma 1. Let C be the Banach space of bounded continuous functions x = x(1)
from R to R” with the norm ||x|| = sup x(t). Let F : C — C be a contraction and U, V
teR

nonempty subsets of C such that (I — F)V < U (I the identity operator). If H : U —
— V satisfies the relation

HY(0) = () + FHY(0), yeU, teR,

then H is a homeomorphism of U onto V.

Theorem 1. Suppose that equations (I) and (II) satisfy the following hypotheses:

(i) There exist supplementgry projections P;, i = 0, +1, oo, and constants q, K
(K> 0and1 < g < o) such that

k—i U:_J‘I’—l(’; )| ds]”q + k=0,2;@0 UZH]%(I; s)|¢ ds]l/q +

k=—1,ift<0
0 k+ 1 1/q
+ 3, [j |q§1(t; s)!" ds] <K,
k=t k

634



(i) for all (t,y¥)e R x C[B, R"],
P, Y ') f(t,y) =0,
(iii) there exists a function y : R — R" such that [[;*" |y(s)|" ds]'/” exists,

t+ 1 1/p
sup [J Iy(s)|” ds] <K~ forevery teR, where p+ q = pq,

t

and for every (t,y,), (1, ¥,) e R x C[B, R"],

|f(t’ l//1) - f(t ‘/’2). = 'Y(t) |l//1 - ‘/’2]8 >

where lulg = sup i“(’)l
teB

) t+ 1 i/p
(iv) sup U |/ (s, 0)|"d5] <w, pt+q=pq.
teR

t

Then there exists a homeomorphism H from the set of bounded solutions of (1)
onto the bounded solutions of (I1), such that for every y = y(t) we have

(1.1) PoH y(0) = Py y(0), P, H y(0)= P, ¥0),

P.H 3(0) = P, y(0) = P, J Y1) fls. T(s, Hy)) ds .

0

P_H y(0) = P_, y(0) + P_, JO Y~ (s)f(s, T(s, Hy))ds .

-0

Proof. We define an operator F on C by the equation

t

Fx(1) = J.t @_y(t;5) f(s, T(s, x)) ds + J Dof1; 5) f(s, T(s, x)) ds —

—® 0

_ jwdil(t; s)f(s, T(s, x))ds, reC, teR.

t

By condition (i), Holder and Minkowski inequalities and the fact that condition
(iii) implies |f(r, T(x, x))| < (1) |x]| + |/ (% 0)[ it follows that for t > 0,

|Fx(1)] <

(] eonspras] "+ [ ieora] Y[ oo«
,;ZO (U:H(V(S) Ix[) ds]w + { ﬁj“] 1Gs, O)lf’ds]w) Uiﬂg(po(u g ds]”” .
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+2(H (y(s)uxn)ﬂds] +U s opes| ")H:“lq»l(m)|ads]‘”§
= s (U (15 lell)"ds] "

[ oo VS [L o e]
A (INCE
[ e ora] ) 5[] b a]
s ([ era] +
w3 wers]

(g [[ o] e[ o]

Thus FxeC.
For every fixed bounded solution y of (I) we define an operator S,:C—C, by
the relation

-}

+

IIA

S,x(t) = y(t) + Fx(t), xeC, teR.
We will demonstrate that S, has a unique fixed point in C by using the Banach
contraction principle.

From the definitions we have that |T(I, x)[,, < |x|l. So, for xy, x, € C, and using
Holder inequality we have for t = 0

R e L G

The proof for t < 0 is similar. This implies that F is a contraction and so S, is
a contraction, too.

An easy computation shows that the fixed point x(¢) = S, x(¢), t € R, is a solution
of (II).

Let C;, C;; be the spaces of bounded solutions of equations (I) and (II), respectively.
We define the mapping H : C; —» C;; in the following way: for every y € C;, Hy will
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be the fixed point of the contraction S,. Thus, for t € R,
H y(t) = S,H y(1) .

According to Lemma 1, setting U = C; and V = C;;, H is a homeomorphism
from C, to C,; and the inverse mapping is

H ' x(t) = x(t) — Fx(t), xeCy,, teR.
If we put t = 0, we have

H y(0) = y(0) + P_, fo

—

Y=1(s) f(s, T(s, Hy)) ds — P, J "YU $) f(s, T(s, Hy)) ds

0

and so we obtain relations (1.1).

Theorem 2. Suppose that equations. (1) and (1) satisfy conditions (i). (ii), (iii)
and (iv) of Theorem 1. Moreover, suppose that

t+1 1/p
(v) lim |:J\ Iy(s)l” ds] =0
|t]-w t

(vi) lim HM] f(s, 0)|7 ds:ll/p =0.

ltl=o | Js
Then, under these hypotheses, for every y € C; the relation
Illim |v(1) = Hy()| =0
tj— o

is satisfied.

Proof. According to conditions (v) and (vi) for a given ¢ > 0, we can choose
t, > 0 such that for |k| = t,, the following relations hold:

st [ poras]” < [ peore] "<

p k+ 1 1/p ~ k+1 /p
st [ b as] " < o [ Iworras] <

Hypothesis (i) of Theorem 1 implies that
1/q © 1/q
] +[J l(bl(t;s)l"ds] <K, teR,
t

[Iiwl¢_l(t; o ds]llq n [
637
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J |®o(t55)|* ds
0




from which applying Lemma 2 (i) of [3] we obtain
lim|[Y(t)P| =0, i=—1,0.

t— o

Hence we can choose t; = 1,, such that for t = #; we have

|Y(1) P ‘r_ |Y~*(s)/(s, T(s, Hy))| ds <%, i=—1,0,

(1) = H y(1)] <

< 2 [ e« veors] ] jooora]”

k k—

-+

+ ]Y(t) P_,I f:z IY‘I(s)f(s, T(s, Hy))! ds +

+

<3 [ e« veora] [ o ora]”

+|Y(0) Py| J :ly—l(s) 15, T(s, Hy))| ds +

..l..

t

z U’;“[“Hyﬂ ¥(s) + | /(. 0|17 ds]l“’ Ukﬂl(po(t; . ds]"" )

k

[t s porro] [ esors]

k

x 1/p K+ 1

< [[HH}‘” sup [J ‘y(s)l” ds] + sup [J‘ ]y(s)l” dsl””] +

ks—t2 | Joot ke | )y
k 1/p k+1 1/p e
+ sup [J |£(s, 0)|P ds:| + sup [J f(s,0)|7 ds] ]|K + =
k2-t2 | Jroy k22 | Jg 3

<|E 4+ Elk+l=s.

3K 3K 3

lim [y() = H (0] = 0.

! k

IIA

IIA

Therefore

In a similar way, applying Lemma 2 (i) of [3], we get lim |y(t) — H y(t)] = 0,
which completes the proof.

We remark that the present results extend those of [ 1] as we prove here the existence
of a homeomorphism through the contraction mapping principle. In [1] the basic
tool was Schauder’s fixed point theorem.
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