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1. Introduction. Let G be a graph with vertex-set ¥ and edge-set E. All terms
undefined in this paper have their meaning in [1]. Thus, the graph G has no loops or
multiple edges. It may be finite or infinite. If G is infinite and each vertex of G has
finite degree, then G is called locally finite.

A matching in G is a set M of edges of G such that each vertex of G is incident
with at most one edge in M. A matching M in G is called perfect if each vertex of G
is incident with exactly one edge in M. A perfect matching in G is also called a 1-factor
of G. A matching M in G meets a vertex v of G if v is incident with an edge in M.
If d is a positive integer and if M is a matching in G which fails to meet exactly d
vertices of G, then M is said to have defect d.

In this paper we prove several theorems concerning the existence of matchings
in infinite graphs. In section 2 we obtain a general result and apply it to squares and
line graphs of infinite graphs. In section 3 we give new proofs of two known results,
and in section 4 we extend a result of PLESNIK on finite regular graphs to infinite
graphs.

2. Squares and line graphs. We use the following version of Rado’s selection
theorem: it is proved by modifying only slightly the proof of Rado’s theorem in
[5, p- 52].

Let (A, : e € E) be a family of nonempty finite subsets of a set S. Let {E; :iel}
be a collection of finite subsets of E such that if i, j €I then there exists k € I such
that E; UE; € E,, and E = U{E, :i€l}. For each i€l, let f; : E; > S be a map-
ping such that f(e) e A, for each e € E,. Then there exists a mapping f:E —» S
such that

(a) f(e) e A, for each e€E, and
(b) for each i €l there exists j €I such that E; < E; and f | E; = f; | E..
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If H is a subgraph of G, we denote its vertex-set by V(H) and its edge-set by E(H).
If F € E, we denote the set E(H) n F by H n F. Note that if M is a matching in G,
then H n M is a matching in H.

Theorem 1. Let {H; : i €I} be a collection of finite subgraphs of G, each without
isolated vertices, such that

(*) if i,j el then there exists k €l such that E(H;) U E(H;) c E(H,), and E =
= U{E(H)):iel}.

For each ie€l, let M; be a matching in H;. Then there is a matching M in G such
that for each i €I there exists j € I such that H; is a subgraph of Hyand H; n M =
= H;n M;. Furthermore, let d be a nonnegative integer and A a set of vertices
of finite degree of G. If M, fails to meet at most d vertices in V(H;) N A for each
iel, then M fails to meet at most d vertices in A. In particular, if M; meets all
vertices in V(H;) ©\ A for each i €I, then M meets all vertices in A.

Proof. We apply the selection theorem with 4, = {0, 1} for each e € E, and E; =
= E(H,) for each iel. Note that each E(H;) is nonempty, since the vertex-set of
a graph is always nonempty and H; has no isolated vertices. For each igl, let
fi 1 E(H;) - {0, 1} be defined by fi(e) = 1 if ee M; and fi(e) = 0 if e ¢ M;. By the
selection theorem there is a mapping f : E — {0, 1} such that for each i€/ there
exists j el such that E(H;) ¢ E(H,) and f| E(H;) = f; | E(H;). Since H; has no
isolated vertices, it is a subgraph of H;. Let M = {e:ec Eand f(e) = 1}.If e;, e, €
€ E, e, + e,, then there is an i €I such that e,, e, € E(H;). With j eI as above, we
have f(e,) = f(e,) and f(e,) = fj(e;). Thus, if e, and e, are adjacent we cannot
have both f(e,) = 1 and f(e,) = 1. Therefore, M is a matching in G.

Now let iel, and let jel be as above. If e E(H;) then f(e) = f,(e). Thus,
eeH;nMifand only if ee H; n M;. Hence, H; n M = H;n M;.

Finally, suppose that d and A4 are as in the statement of the theorem, and suppose
that M fails to meet d + 1 vertices in A4, say vy, ..., v54;. Then, these vertices and all
their incident edges belong to some H;. If j €I is such that H; is a subgraph of H;
and H;n M = H; n M;, then M; fails to meet vy, ..., v54,, all of which are in
V(H;) N A.

We denote by G* the square of G [1, p. 46]. It was proved in [3] and in [6] that
if G is a finite connected graph with an even number of vertices, then G? has a perfect
matching. Our next results show that this holds for locally finite graphs, but not for
all infinite graphs.

Theorem 2. If G is a connected infinite graph, then G* has a matching which meets
each vertex of finite degree.

Proof. Let {V; : i €I} be the set of all finite subsets of ¥ with an even number of
elements and which induce connected subgraphs of G. Let H; be the subgraph of G
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induced by V;, and let K; be the subgraph of G* induced by V;. Then {K;:iel}
satisfies the condition (x) of Theorem 1 relative to G*. Since H7 is a spanning sub-
graph of K;, and H? has a perfect matching, so also does K. Therefore, this theorem
follows from Theorem 1.

Corollary. The square of a connected locally finite graph has a perfect matching.

The following is an example of an infinite graph whose square has no perfect
matching.

Example 1. Let G be the graph with vertices vg, vy, U5, ..., Uy, U,, ..., and edges
u,v, and vyv,, n = 1, 2, .... The graph G? has the additional edges vou,, n = 1,2, ...,
and v,v,, m,n = 1,2, ..., m £ n. The set {u,,v,, n=1,2, } is a matching of defect

one in G, and in G2. Let M be a matching in G> which meets v,: ther for some m,
either vyu,, or vyv,, is in M. If M meets u, for all n £ m, then u,v, € M for all n % m:
hence, either u,, or v, is not met by M. Thus, M is not a perfect matching, and we
conclude that G has no perfect matching.

We denote by L(G) the line graph of G [1, p. 182]. It was proved in [3] and in [6]
that a finite connected line graph with an even number of vertices has a perfect
matching. This also can be extended to locally finite graphs, but not to all infinite
graphs. First we note a more general result.

Theorem 3. If G is a connected infinite graph with no induced K(1, 3), then G
has a perfect matching which meets each vertex of finite degree.

Proof. Let {H; : i eI} be the same collection of subgraphs of G used in the proof
of Theorem 2: it satisfies condition () of Theorem 1. Since G has no induced K(1, 3),
and since each H; is an induced subgraph of G, each H; has no induced K(1, 3).
Hence, by [6, Corollary 2], each H; has a perfect matching. Thus, this theorem
follows from Theorem 1.

Corollary 1. A connected locally finite graph with no induced K(1, 3) has a perfect
matching.

Corollary 2. A connected infinite line graph has a matching which meets each
vertex of finite degree.

Corollary 3. If G is a connected locally finite graph, then L(G) has a perfect
matching.

Corollary 2 follows from the fact that a line graph has no induced K(1, 3). Corollary
3 is a consequence of the fact that the line graph of a connected locally finite graph
is itself connected and locally finite. In fact, these are the only connected infinite
graphs with locally finite line graphs. The next example shows that the line graph of
a connected infinite graph need not have a perfect matching. '
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Example 2. Let P be the path with three vertices and for n = 1,2, ..., let W, be
K(l, 3): we assume that P and the W,’s have mutually disjoint vertex-sets. Let v,
be the middle vertex of P and let v, be the center of the star W,. Let u be a vertex of
none of these graphs, and let G, be constructed by joining u to each of vy, v, v, ... .
The line graph L(G,) consists of a complete graph K with a denumerable number
of vertices, a complete graph C, with three vertices, and complete graphs C,, n =
= 1,2, ..., with four vertices. The graphs C,, C,, C,, ... have mutually disjoint
vertex-sets, each has one vertex in common with K, and each vertex of K is a vertex
of exactly one of them. The set of edges of L(G,) consisting of a maximum matching
in each of Cy, Cy, C,, ... is a matching of defect one in L(G,). A matching in L(G,)
which meets all vertices of Cy, C,, ... cannot meet all three vertices of C,. Therefore,
L(G,) has no perfect matching.

Note that it is not simply the existence of a vertex of infinite degree in a connected
infinite graph that causes its square or line graph to fail to have a perfect matching.
For, both L(G,) and G} have perfect matchings.

3. Locally finite graphs. The two theorems proved in this section are due essentially
to BRUALDI [2, Theorems 4 and 5}: he stated them in the case d = 0, but his proofs
can be adapted to the more general case. Brualdi’s proof of Theorem 4 used Rado’s
theorem applied to sets of vertices. Our proof makes use of Theorem I, i.e., it makes
use of Rado’s theorem applied to sets of edges.

Theorem 4. Let A be a set of vertices of finite degree of a connected infinite
graph G. Let d be a nonnegative integer. Suppose that for each finite subset A’
of A there is a matching in G which fails to meet at most d vertices in A’. Then,
there is a matching in G which fails to meet at most d vertices in A.

Proof. For each finite subset A’ of A, let H(A’) be the subgraph of G induced by
the set of edges of G incident with vertices in A’. Then H(A') is a finite subgraph of G
without isolated vertices. Now consider all subgraphs of G which can be obtained by
adding a finite number of edges of G not incident with vertices in A4, and their incident
vertices, to H(A') for some A’. The collection {H; : i eI} of subgraphs of G so ob-
tained satisfies condition () of Theorem 1. If a vertex v in 4 is a vertex of H,, then
every edge of G incident with v is an edge of H; Hence, by hypothesis, H; has
a matching which fails to meet at most d vertices in V(Hi) N A. This theorem follows
now from Theorem 1.

If X = V, then G — X denotes the graph that remains after the vertices in X and
their incident edges have been removed from G. An odd component of a graph is
one with an odd number of vertices. Let A < V. For a finite subset X of V' we denote
by pg 4(X) the number of odd components of G — X all of whose vertices are
contained in A. We write p; for pg y.

Theorem 5. Let A be a set of vertices of finite degree of a connected infinite
graph G. Let d be a nonnegative integer. There is a matching in G which fails to
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meet at most d vertices in A if and only if pe 4(X) £ IX} + d for every finite subset
X of V.

When G is locally finite, d = 0, and A = V, Theorem 5 is a result due to TUuTTE [9].

Theorem 5. A connected locally finite graph G has a perfect matching if and only
if pa(X) = [X!for every finite subset X fo V.

We shall prove Theorem 5 using Theorem 4 and the finite graph version of Theorem
5. The latter was proved in [4] to be a direct consequence of the finite graph
version of Theorem 5’, which is also due to Tutte [8]

Proof of Theorem 5. Suppose that there is a matching M in G which fails to
meet at most d verticesin A. Let X € V. Let Cy, ..., C, be odd components of G — X
all of whose vertices are contained in 4. Each C; has at least one vertex, say v;, not
met by an edge in M having both end-vertices in V(C;). At least 1 — d of the vertices.
vy, ..., b, are joined to distinct vertices in X by edges in M. Hence, t — d < |X|, ie.,
t < IXI + d. This proves the necessity of the condition.

Conversely, suppose that the condition holds. Let A" be a finite subset of A4, let B
be the set of all vertices of G adjacent to vertices in A’, and let H be the subgraph
of G induced by A" U B. Then H is a finite subgraph of G. If we show that there is
a matching in H which fails to meet at most d vertices in A’, then we will have verified
the hypothesis of Theorem 4, and the required matching in G will exist.

Let X < A" U B and let C be an odd component of H — X with V(C) < 4'.
If a vertex of G — X is adjacent to a vertex of C, then it is in B, Hence, it is a vertex
of C, and so we conclude that C in an odd component of G — X with V(C) c A
Therefore, py 4(X) £ pe.4(X) < ]X‘ + d. Consequently, by the finite graph version
of Theorem 5, there is a matching in H which fails to meet at most d vertices in A’.

Corollary. Let G and A be as in Theorem 5. There is a matching in G which
fails to meet only a finite number of vertices in A if and only if

sup {pe.4(X) — [X[ :X < Vand X finite}
is finite.

4. Perfect matchings in infinite regular graphs. The finite graph version of the
following theorem was proved by PLESNIK [7].

Theorem 6. Let G be an (r — 1)-edge connected infinite regular graph of degree
r>0.IfF < Eand IF] = r — 1, then G has a perfect matching M withM n F = 0.

Proof. Let G’ be the graph with vertex-set V and edge-set E\F. Let X < V, X finite,
and let Cy, ..., C, be odd components of G’ — X. Let k be the number of edges of G
having exactly one end in X: then k < r[XI since G is regular. Let Y = V((X V]
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UViu-Y V,), where V; = V(C;), i = 1,...,n. Since V is infinite, ¥ #+ 0. For
i= 1.0 let

s; = the number of edges of G with one end in V; and the other in X,
t; = the number of edges of G with one end in V; and the other in V\(X U V}),

g; = the number of edges of G with one end in V; and the other in Y,
and let

g = the number of edges of G with one end in Y and the other in X.
If d; is the sum of the degrees of the vertices of C;, then since G is (r — 1)-edge
connected,

di= V) = ot ) V] = = ) = V] - 1+ 1.

The number on the right is odd, while d; is even: hence r — 1 <'s; + t;, i.e., r =
< s; + t;. (This part of the argument is due to Plesnik.) Thus, rn < Y (s; + t;)
(all summations are from 1 to n). It follows also from the fact that G is (r — 1)-edge
connected that r — 1 < q + Y g

Now let us estimate Zt;- All edges of G with one end in some V; and the other
in V\(X U V) are in F. Some of these edges have one end in some V; and the other
in Y: they are ) g; in number. Some of these edges have one end in some V; and the
other in some V; with j = i: they are at most r — 1 — Zq,- in number, and they are
counted twice in determining the sum of the t;’s. Thus,

YEYai+2r—1-Yq)=2r—-1) - Yaq.
Then,
k=q+Ysi=q+y(si+t)—Yt;2q+rm—=20r—1)+%q 2
z2m—=2r=1)+r—1=rm—r+1. '
Thus, le >n—1+ 1/7‘ >n—1,ie., le > n. Therefore, by Theorem 5', G has

a perfect matching, which is also a perfect matching in G and which contains no edge
in F.

Corollary. Let G be as in Theorem 6. If e € E, then G has a perfect matching M
with ee M.

Proof. Let v be the vertex at one end of e, and let F = {¢’ : ¢’ € E, ¢’ is incident
with v, and ¢’ # e}. Since G is regular of degree r, F[ = r — 1. By the theorem, G has
a perfect matching M with M n F = 0. Since M meets v, we must have e € M.

W
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