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A REALIZATION OF D-GROUPS

JIRf MoCkoOR, Ostrava
(Received May 29, 1975)

T. NAKANoO [6] introduced a ring-like system called an m-ring, which differs from
the usual concept of rings by aditting a multivalued addition. In many cases, the
results concerning m-rings can be applied to the theory of rings and lattice ordered
groups.

The topic of this paper is an application of ideal-theoretic methods to the theory
of m-rings and d-groups. The main result is a theorem about a realization of a d-group
as a subdirect product of simply ordered d-groups. Since any l-group is a d-group,
the theorem of Lorenzen (in commutative case) can be derived from our result.

Finally, in Section 4 we give a new proof of a conjecture about l-groups presented
by W. KruLL. This proof is based on an approximation theorem for d-groups.

1. INTRODUCTION

In order to make this paper self-contained we repeat some basic facts about
d-groups (see [6]).

By an addition in-a set M, we mean a multivalued function assigning to every
ordered pair of elements (a, b) € M? a no-void subset a @ b of M which satisfies
the following axioms:

()a®@b=>ba;

i) a@b@®c)=(a@b)@®c, where N®K = | (a ®b), for any N,
K < M, aeN ,beK

(iii) ae b @ ¢ implies bea @ ¢
for any a, b, ce M.

An m-ring is a commutative semigroup (M, *) which admits an addition @ and
satisfies
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(iv) a(b ® ¢) = ab @ ac.

In this paper all m-rings are required to obey the cancellation law and the existence
of identity element. A d-group is a partially ordered group G which admits an ad-
dition @ such that (G, ., @) is an m-ring and satisfies

(v) a,b=cand xea ® b imply x = c.

Throughout this paper we denote by U(X) the group of units of a semigroup X.

Let (4, -, ®) be an m-ring and let Q(A4) be the quotient group of the semigroup A.
It can be easily verified that the addition @ in A can be extended to the addition
in Q(A). Then the factor group D(4) = Q(A)/U(A) can be partially ordered by di-
vision with respect to a semigroup 4 and becomes a d-group with respect to the ad-

dition
(a U(4)) (b U(4)™" @' (c U(4)) (d U(4))™" =
= ((ad U(4) @ (cb U(A)) (bd U(A))~" .

D(A) is then called a d-group relative to an m-ring A.

In what follows we assume that any m-ring contains an element O such that O e
€a @ b if and only if a = b. The element 0 is then uniquely determined.

An m-ring R is called local provided that a sum of non-units does not contain
a unit. This is equivalent to the assertion that the d-group D(R) satisfies

(vi) a > b implies a @ b = {b}.
A subset J of an m-ring A is called an m-ideal of 4, if a ® b < J, ar e J for any
a,be J, re A. An m-ideal J is called prime if J satisfies the condition

abeJ implies aeJ or belJ
for any a, b e A.

It is easy to see that every maximal m-ideal is prime. Now for any m-ring A and
a prime m-ideal P of A it is easy to see that

Ap={ab™':aed, be A — P}
is a local m-ring with the maximal m-ideal
PAp={ab™':aeP, be A — P}.

This m-ring is called an m-ring of quotients with respect to the multiplicative
system A — P.

An m-ring R is called a valuation m-ring provided that the d-group D(R) is simply
ordered. Any valuation m-ring is local.

An element p of a d-group G is called integral over an m-subring I of G, if there
exist elements aq, ..., a,€ I, n = 0 such that

rtleap ®...®a,.
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An m-ring A is called integrally closed in a d-group G provided that every element
of G integral over A is contained in A.

If H is a subgroup of a d-group G, then the factor group G/H becomes a d-group
with respect to the addition

aH @' bH = (aH @ bH)[H ,
where @ is the addition in G, and the order relation
aH > bH<a' 2 b forsome da'€eaH, b ebH

if and only if H is a d-convex subgroup, i.e. if it is a convex subgroup and G, H &
® G.H = G,H, where
G, ={geG:g=1}.

A d-convex subgroup H is called prime if the factor d-group G/H is local, i.e. (G/H),
is a local m-ring.

2. REALIZATION OF D-GROUPS

In this section we shall prove a theorem about the embedding of a d-group G into
a direct product of simply ordered d-groups in such a way that a group G is a sub-
ditect product of these d-groups.

First, we shall prove several lemmas.

Lemma 1. An m-ring A4 is a valuation m-ring if and only if there exist a simply
ordered d-group G and a mapping w: Q(A) — G which satisfy the following
conditions:

(1) wxy) = w(x) w(y);
(2) w(x @ y) = w(x) ® w(y);
(3) 4 = wi(G,)

forany x,y€ Q(A). A map w is then called an m-valuation associated with A.

Proof. Assume that 4 is a valuation m-ring and let w : Q(4) — D(A) be the canon-
ical mapping. Then we have w(x ® y) = w(x @ y) lpu, = w(x ® y) w(U(4)) =
= (x U(A4) ® y U(A))|U(A) = w(x) ® w(p). It can be easily verified that w satisfies
the other conditions.

Conversely, assume that w : Q(A) — G has the desired properties. Then the map-
ping f: g U(A) - w(g) defines an order isomorphism of D(A) onto G. Therefore,
D(A) is simply ordered and 4 is a valuation m-ring.
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Remark. If wis an m-valuation associated with a valuation m-ring A4, then the fol-
lowing conditions hold:

(4) xe a @ b implies w(x) = min {w(a), w(b)};

(5) xea @ b, w(a) + w(b) imply w(x) = min {w(a), w(b)}.
In fact, the condition (4) follows directly from the definition of a d-group. Now

assume that xea @ b and w(a) < w(b). Since aex @ b, we have w(x) = w(a)
by (4).

Lemma 2. Let G be a d-group and let I be an m-ideal of G .. Then there exists
a valuation m-ring R such that I < M(R) and G, < R = G, where M(X) is the
maximal m-ideal of a local m-ring X.

Proof. Put
& = {R :R'isanm-ring, IR" + R, G, < R' = G}.

It is clear that (s, <) satisfies the conditions of Zorn’s lemma; hence there exists
a maximal element R of 7. If we suppose that R is not local, there exists a maximal
m-ideal M of R such that IR € M = R and R < Ry, where R, is the m-ring of
quotients with respect to the multiplicative system R — M. This contradicts the
assumption on R. Hence R is a local m-ring.

Let g € G be the element which is not integral over R. By [7]; Lemma 3 there
exists a local m-ring R, which contains ¢! and R but not g and all the inverses of
non-units of R. Especially, IR, + R,. Thus we have R = R,. By [7]; Lemma 4 the
integral closure R’ of R is a valuation m-ring.

Suppose that IR" = R’. Thus we have 1 = ub for some u €I, b e R". Hence

(1) w(u) > 1,

*leabh"®... D a,,

where the coefficients belong to R and w is the canonical mapping G — D(R). (Evi-
dently, w satisfies the conditions (1), (2) of Lemma 1.) Let the number n be the smallest
that satisfies the above relation. Then

— +1 +1 +1 +1 .
1=u"""b0"""eu" " ab" ®... 0 u"" "a,;

w(u" ta) = wutt) > 1.
Thus
Lew(e,) wb)' ® ... @ wl(co),

where w(c;) > 1. Since R is local, the rule 8); [7] implies
1 e w(c,) w(b)" ©...0 w(ey) w(b).
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Multiplying by w(b)" on both sides we obtain
w(b) € w(c,) w(b)* @ ... ® w(c,) w(b)'™ .
Using (1) repeatedly, we have
w(b)" € w(d,) w(b)' @ ... ® w(do)
where w(d,b") > w(b"). Again, we have
w(b)' € w(d,— 1) w(by' ' @ ... ® w(d,)

by 8); [7]. Thus there exist pe d,_;b" "' @ ... @ d, and j € U(R) such that b" = pj;
hence we get

b e(d,-1j)b" ' @ ... ® (jdy) -

This contradicts the assumption on n. Therefore, IR" = R’ and we have R’ = R.
Especially, I = IR = M(R).

Proposition 3. Let G be a d-group and let P be a prime m-ideal of G,. Then
there exists a valuation m-ring R such that G, = R = G and M(R) nG, =P

Proof. It is easy to see that P(G,), = {pg~' : pe P, g € G, — P} is the maximal
m-ideal of the m-ring of quotients (G.)p. By Lemma 2 there exists a valuation
m-ring R such that (G, ), < R and P(G.), = M(R). Thus P(G,), = M(R) n (G, )p
and we have P = P(G,)p n G, = M(R)n G,.

In what follows, G* will denote the core of an ordered group G, ie. G* =
={gh ' :g9,heG,}.

Lemma 4. Let G be a d-group and let H be a prime d-convex subgroup of G.
Then there exists a valuation m-ring R such that G, = R = G and H* = U(R)*.

Proof. Setting
P=G,-(HnG,)=G, —H,

we shall prove that P is a prime m-ideal of G,. In fact, assume that x, y € P. Then
x, y ¢ H and since H is prime, we have x @ y = P by [6]; Lemma 6. Now assume
that xe G, and ye P. Thus xy = y = 1 and since H is convex, we have xy € P.
The condition that P is a prime m-ideal can be verified easily. By Proposition 3
there exists a valuation m-ring R such that G, < R = G and M(R) NG, =P.
Hence UR), = U(R)n G, = (R — M(R))n G, = G, — P = H,. Therefore, we
have U(R)* = H*.

A valuation m-ring R such that G, < R < G for a d-group G is called well
centred on G provided that R = G, U(R).
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Lemma 5. A valuation m-ring R is well centred on G if and only if for any
g€ D(R), there exists g€ G, such that w(q) = q, where w is the m-valuation
associated with R.

Proof. Let R be well centred on G and assume that g € D(R),. Then ¢ = r U(R)
for some r e R. Hence we have r = ug, where u e U(R), g € G,. Therefore, ¢ =
= w(r) = w(q). The converse is trivial.

Lemma 6. Let G be a d-group and let A be an m-ring such that G, < A < G.
If D(A), is integrally closed in D(A), then A is integrally closed in G.

Proof. Assume that x is an element of G such that
xX"tleax"®...® aq,

where the coefficients belong to A4, and let w : G — D(A) be the canonical homo-
morphism. Then

w(x)"** € w(a,) w(x);' @ ... ® wlap)

and we obtain w(x) € D(A) . Therefore, there exist elements g € 4, j € U(A) such that
x = gje AU(A) = A. Hence 4 is integrally closed in G.

Lemma 7. Let G be a d-group and let A be an m-ring such that G, < A < G.
Assume that a group U(R) is directed for every valuation m-ring R, G, < R < G.
Then the group U(R) is directed for every valuation m-ring R such that D(A), <
< R < D(4).

Proof. Assume that R is a valuation m-ring such that D(4), S R = D(A).
Setting

R={geG:gU(A)eR}

we shall show that R is a valuation m-ring in G containing G, . In fact, it suffices to
prove that R is closed under the addition. But we have (a @ b) U(4) < {c U(4): ce
ead @b, aealU(4), b'eU(A)} =aU(A4) ® bU(A). 1t is clear that U(R) =
= {j U(A) : j e U(R)}. Now assume that a, b € U(R); hence a = a U(4), b = b U(A)
for some a, b € U(R). Since U(R) is directed (in G), there exists an element ¢ € U(R)
such that a, b < c. Since G, < A, we have a™ "¢, b™"'c € A. Therefore a < ¢ U(4),
b < cU(A) in D(A) and U(R) is directed.

An m-ring A is called a Priifer m-ring provided that an m-ring of quotients A4,
with respect to every prime m-ideal P of 4 is a valuation m-ring.
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Theorem 8. Let G be a directed d-group and suppose that U(R) is direéted for
every valuation m-ring R such that G, = R < G. Then the following conditions
are equivalent:

(1) A factor d-group G[H is simply ordered for every prime d-convex subgroup H
of G.

(2) G is a Priifer m-ring.

(3) Every m-ring A such that G, = A < G is integrally closed in G.

(4) Every valuation m-ring R such that G, < R = G and whose group of units is
a prime d-convex subgroup of G is well centred on G.

(5) Every valuation m-ring R such that G, < R < G is well centred on G.

Proof. (4) = (1). We denote by M the set of prime d-convex subgroups of G.
Assume that H e M. By Lemma 4 there exists a valuation m-ring R such that
G, < R = G and U(R)* = H*. Now, since U(R) is directed, we have U(R)* =
= U(R) and by [6]; Lemma 6 we obtain that U(R) is a prime d-convex subgroup
of G. Hence R is well centred on G. Moreover, on the set G/U(R) = {g U(R) : g € G}
we can define two order relations. First, G/U(R) can be ordered as the d-group
relative to R; second, G/ U(R) can be ordered as the factor d-group. Hence

xU(R) £ y U(R) < w(x) < w(y),

xUR)ZXyUR)<x"<y in G forsome x'exU(R), y eyU(R),

where w is the m-valuation associated with R. We shall prove that these order rela-
tions are identical. In fact, assume that x U(R) < y U(R). This means that xi < yj
in G for some i,je U(R). Thus there exists g € G, such that x™'y = gij~' e
€ G, U(R) < R. Hence w(x) < w(y). Conversely, assume that w(x) < w(y). Then
y = xr for some r € R = G, U(R); hence there exist j € U(R) and g 2 1 such that
r = gj, y = jgx = jx. Therefore y U(R) = x U(R).

Now, since R is a valuation m-ring, the d-group D(R) = (G/H*, <) is simply
ordred. Hence we obtain that a factor d-group G/H* is simply ordered. But, since
H* c H, the d-group G/H is simply ordered.

(1) = (2). Let P be a prime m-ideal of G, and let H be the convex closure of
a group generated by G, — P in G. Since H is directed, it is a d-convex subgroup
of G by [6]; Lemma 5. Now one may easily verify that D((G)p) is isomorphic tothe
factor d-group G/H. Since (G )p is local, H is prime. Hence G/H is simply ordered
and we have that (G )p is a valuation m-ring. Therefore G, is a Priifer m-ring

(2) = (5). Suppose that G, is a Priifer m-ring and let R be a valuation m-ring such
that G, < R < G. Put

P=M(R)NG, .
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Then we have (G+)p S R and if we assume that x e R — (G+)p, wegetx '€ (G+)P IS
< R. Hence x~ ' is a unitin R, x~* ¢ M(R). Thus

x"1e(Gy)p — (M(R) N (G4)p) >
so that

x = (") e(G)pearr-mmnGan = (G+)r

and we obtain (G,), = R. Finally, assume that a € D(R). and let a be an element
of G such that a € a. Hence a = g,g; ' for some g, € G, g,€ G, — P < U(R).
Thus @ = w(g,) and R is well centred on G by Lemma 5.

(5) = (4). Trivial.

(2) = (3). Suppose that A is an m-ring such that G, S A < G and let M be
a prime m-ideal of 4. P = M n G, is a prime m-ideal of G,- and (G+)P < Ay,
Since G is a Priifer m-ring we obtain that A4 is a Priifer m-ring.

Next, denote by 4 the integral part of D(4). If P is a prime m-ideal of A, one may
easily verify that U(4,) = U(A4,)/U(4) = D(A), where

P={aeA:aU(4)eP}
is a prime m-ideal of A. Now we get
D(4p) = D(A)U(4p) = (GUA)/(U(AR)U(4)) = GIU(4,) = D(4y).
Thus we obtain that 4 is a Priifer m-ring. By [7]; Theorem N we have
A 2 {4H : He M(A4)}

where 9M(A) is the set of prime d-convex subgroups of D(4). By Lemma 7 the
implication (2) = (5) can be applied to the d-group D(A4). Thus we obtain that every
valuation m-ring R such that 4 = R = D(A) is well centred on D(4). Hence by
Lemma 4, for any H € M(A) there exists a valuation m-ring R such that R is well
centred on D(4) and U(R) = U(R)* = H* < H. We get
A2 N{4H : He M(4)} 2 N{AU(R) : Re R(4)} =
=N{R:ReR(4)} 24,

where R(A) is the set of valuation m-rings such that 4 < R = D(A) and for which
U(R) is a prime d-convex subgroup of D(4). Hence

A=N{R:ReR(4)}

and by [7]; Main Theorem A is integrally closed in D(A). Therefore A is integrally
closed by Lemma 6.
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(3) = (2). It suffices to prove that if G is a local m-ring, it is a valuation m-ring.
The proof of this part is substantially the same as that of [2a]; Proposition 13,
but in order to make this paper self-contained we repeat it.

Let xe G — G, and put
B=Ubx*"®...®by), beG,.
Clearly, B is an m-ring and x is integral over B; hence x € B. Let
Xeapx ®...®a,_1x*®a,; a;eCG,,
where the number n is the smallest that satisfies the above relation. We have
ay" " *(apx) € (apx)*" @ ... ® a,ad" *.

This means that ayx is integral over G, and by the assumption that G, is integrally
closed we obtain that a, € G .

Now suppose that n > 1. Then

2n— - -
ay" 'xedy(apx?)' @ ... ® ag" *a,_y(xa,)* ® a,a3" ",
so that
ay 'xe(apx®)' @ ... ® ay 'a,.

Since n > 1, we have a% 'x e G,. Hence

(aox?) € ay(agx?)"' @ ... ® (af " 'a, ® ay”'x)
and we obtain ayx? € G,. Now

Xx€apx*" @ ... D a, = (agx*)x* @ ... ® a,

and this contradicts the assumption on n. Therefore n = 1 and x € apx® @ a, for
aox € G. Since a, € x(1 @ aox) and x ¢ G, we have aox = 1 and we obtain x !
= ag(aox)™" € G. Therefore G is simply ordered and since G = D(G,) we obtain
that G, is a valuation m-ring.

A set {Gi :iel}is called a realization of a d-group G provided that G; is a simply
ordered d-group for any i € I and there exists an order isomorphism f of the d-group G
into a group [] G; such that

iel

2 fla@b) < fla) @ (b)),

where @' is an addition defined in [6] and the group f(G) is a subdirect product
of the groups G;. Note that for any directed d-group in which all d-convex subgroups
are directed there exists an order isomorphism into a product of local d-groups
which satisfies (2) ([6]; Theorem 6).
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Theorem 9. Let G be the same as in Theorem 8 and let all d-convex subgroups
of G be directed. Then the conditions of Theorem 8 are equivalent to the condition

(6) {G/H : H is a prime d-convex subgroup of G}
is a realization of G .

Proof. (6) = (1). Trivial.

(1) = (6). By [6]; Theorem 6 there exists an order isomorphism f:G —
- [T{G/H : H is a prime d-convex subgroup of G} which satisfies (2) and such that
f(G) is a subdirect product of groups G/H. Since G/H is simply ordered for every
prime d-convex subgroup H, the set {G/H} is a realization of G.

In Section 3 we shall show that there exist a d-group G and a valuation m-ring R
whose group of units U(R) is not directed (in G), G, < R = G, and Theorem 8
is false for this d-group.

Proposition 10. Let G be a d-group and let H be a directed d-convex subgroup
of G. Then if G is integrally closed in G, the m-ring (G/H), is integrally closed
in G[H.

Proof. Assume that

pP""'HeapH® ... ® aH,

where a;H > H and @' is the addition in G/H. From the definition of the order
relation in G/H it follows that there exist h) e H (i =0,...,n) such that

a;zh?; i=0,..,n.

Further, from the definition of the addition @’ it follows that there exist b, € agH, ...
..., b, € a,H such that

(3) p"tleph,®...@b,,

where @ is the addition in G. Since H is directed, we can find an element q € H such
that
g= ()"t for i=0..n.

Then we have a; = h'” 2 ¢~ for i = 0, ..., n. Multiplying the relation (3) on both
sides by g"*!, we obtain

) (pa)y*' e (pq) (ga,) h, ® ... ® (aoq) q"ho ,

where h; = bia,-_1 (0 <i=s n). Again, since H is directed, we can find an element
h e H such that
h

v

1, (¢'hy-))™", i=0,..,n.
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Multiplying the relation (4) on both sides by h"*1 e ge¢
(pghy*" e (pgh)* dyhh, @ ... @ doh"qrh, ,

where d; = a;q = 1, d;h" """ 'q'h,_, = 1. Since G is integrally closed in G, we have
pgh € G.. Thus we obtain pH = H and (G[H), is integrally closed in G/H.

3. APPLICATIONS

In this section we shall give some applications of results from Section 2 to the
theory of commutative integral domains and to the theory of abelian lattice ordered

groups.
First, T. Nakano [6] showed that for any integral domain A the family 4 =
= {X = {x, —x} : x € A} is an m-ring with respect to the addition

x@y={x+y x—y}

and the multiplication
X.5=xy.
Analogically, it was proved that every abelian lattice ordered group G is a d-group

with respect to the addition
a@®b={ceG:ianb=anc=banc}.

It has proved useful on occasion to phrase a ring-theoretical or lattice-theoretical
problem in terms of d-groups, first solve the problem there, and then pull back the

solution if possibleto the original situation.

Proposition 11. (See [1]; Theorem 16.5.) Let A be an integral domain with the
quotient field K. If P is a prime ideal of A, then there exists a valuation ring R
of K such that M(R) n A = P, where M(R) is the maximal ideal of R.

Proof. Let A denote the m-ring mentioned above. Put
P={xed:xeP}.

One may easily verify that P is a prime m-ideal of 4. Now, by Proposition 3, there

exists a valuation m-ring # such that D(4), < # < D(A) and M(2) n D(A).

= w(P), where w :K — K/U(4) = D(A) is the canonical homomorphism. We set
R={xeK:w(X)e#}.

Now, one may easily verify that R is a valuation ring of K and M(R) " 4 = P.
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Recall that a valuation ring R of the quotient field K of an integral domain A4
such that 4 = R is called well centred on A provided that for any a € I',. (the value
group of R) there exists a € A such that w(a) = «, where w is the valuation associated
with R. M. GRIFFIN [2] proved that there exists an integral domain 4 such that every
valuation ring of the quotient field of A is well centred on A4, but A4 is not a Priifer
domain. This fact enables us to give an example of a d-group G such that U(R) is not
directed for a certain valuation m-ring R and for which Theorem 8 is false.

First, on the quotient field K of an integral domain A we can define a preorder
relation

X §A,V¢>X/Ay,

where [, denotes the division relation with respect to A.

Next, the following proposition holds.

Proposition 12. Let A be an integral domain with the quotient field K and let
a group U(R) be directed with respect to <, for every valuation ring R of K con-
taining A. Then the following conditions are equivalent:

(1) A is a Priifer domain.
(2) Every valuation ring R of K such that A = R is well centred on A.

Proof. Let A be the same as in Proposition 11. We shall prove that U(£) is directed
for every valuation m-ring # such that D(4), < 2 < D(A). In fact, set

R={xeK:xU(A)e%}.

Clearly, R is a valuation ring of K, 4 = R and Z = R|U(4) = D(A). Assume that
y U(4), x U(A) e U(#). Evidently, x, y € U(R) and since U(R) is directed, there
exists z € U(R) such that z >, x, y. Therefore X U(4), y U(A) < z U(4) € U(Z).

Next we prove that # is well centred on D(A). In fact, assume that « € D(#), . Thus
we have

« = (% U(D) U(A),

where X U(4) € #. Let w : K > K[U(R) be the valuation associated with R. Since R
is well centred on A, there exists a € A such that w(a) = w(x). This means that
xa~' € U(R). Consequently, X .(a)™' U(A) e U(#) and we have (X U(A)) U(%) =
= (@ U(A)) U(2). Therefore # is well centred on D(A).

Finally, D(A), is a Priifer m-ring by Theorem 8. Assume that B is an integral
domain such that 4 < B < K. Put

B = {XU(A):xeB}.
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Evidently, 4 is an m-ring in D(4), D(4), < 2. By Theorem 8, 4 is integrally closed.
Now assume that

X"l =bx"+ ...+ by; b;eB

for some x € K. From the definition of addition in 4 we get
X"l =bx"+ ...+ byebX"®... D b, .
Hence

1 U(A) e b, U(A) ® ... ® b, U(A).

Since 4 is integrally closed, we obtain X U(A) € 4. But, since U(4) < U(B), we have
x € B. Therefore B is integrally closed and by [1]; Theorem 22.2 4 is a Priifer ring.

The converse is trivial.

Note that Proposition 12 can be proved directly without using the notion of
d-group.

Now, if we assume that Theorem 8 holds for every d-group, we obtain from the
proof of Proposition 12 that this one holds for every integral domain. However,
this contradicts the result of Griffin.

Proposition 13 (Lorenzen). Every abelian I-group has a realization.

Proof. Let G be an abelian l-group. As it was mentioned above, G is a d-group
with respect to the addition

a®b={ceG:anb=anrc=Dbnrc}.

Assume that R is a valuation m-ring such that G, < R = G. We shall prove that R
is well centred on G and U(R) is directed.

In fact, assume that i, j € U(R). Then we have i A jei @ j < R.Since(i A j)™' 2
2 (i""Aj')eR,wegeti A j,iv jeR. Especially,i A j,i v je U(R). Therefore
U(R) is directed.

Further, let x € R. We set

x'=xjAl,

where jis a unit of R. Since x’ € xj @ 1 = Rand (x')”' € G, = R we have x" € U(R).
Moreover, since xj = x’, there exists g e G, such that x = gj~'x" e G, U(R).
Hence R < G, U(R). The converse inclusion is trivial.

Since G is lattice ordered, one may easily verify that every d-convex subgroup of G
is directed. Now, by Theorem 9, the d-group G has a realization. Hence G has
a realization.
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4. APPROXIMATION THEOREM

W. Krull [3] conjectured:

Let G be an abelian I-group and let Ny, ..., N, be prime l-ideals of G. Assume that
a family (a,;Ny, ..., ,N,) € G/N; x ... x G|N, satisfies the conditions

aN;N; = a;N;N;; i,j=1,..,k, i+j.
Then there exists an element a € G such that
aiNi=aN,~ for l=1,,k

The first proof of this conjecture was given by D. MULLER [4]. In this section we shall
give an approximation theorem for d-groups. Since any I-group is a d-group, this
theorem may serve a new proof of Krull’s conjecture.

Proposition 14. Let G be the same as in Theorem 8 and let G satisfy the equivalent
conditions of this theorem. Assume that Ry, R, are valuation m-rings such that
G, S R; = G. Then

R, A R, = RR,, U(R;R,) = U(R,)U(R,),
where the set of valuation m-rings is ordered by the relation
R=ZR <R2R.

Proof. First, to show that R,R, = Ry A R, it suffices to prove that R R, is
a valuation m-ring. Assume that D(R,R,) = G/U, where U is the group of units
of R;R,. We denote by U; the group of units of R;. Now, since U 2 U,U, =2 U,,
the canonical mapping of D(R;) onto D(R;R,) satisfies the relation

xU; £ yU;=xU £ yU.

Hence R, R, is a valuation m-ring.

Secondly, we shall prove that U; is a prime d-convex subgroup of G. In fact,
since U; is directed, it is d-convex by [6]; Lemma 5. Moreover, since R; is well
centred on G, it can be verified analogous as in Theorem 8 that (G/U;, X) = D(R;),
where < is the order relation on the factor d-group G/U,. But since D(R;) is local,
we have that U; is prime.

Evidently, U,U, is a d-convex subgroup of G. Now the canonical mapping of
a factor d-group G/U; onto a factor d-group G/U, U, defines an order homomorphism.
Hence G[U,U, is simply ordered and we have that U,U, is prime.
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Finally, we shall prove that D(R,R,) = (G/U,U,, <), where < is the order rela-
tion on the factor d-group G/U,U,. In fact, let us assume that xU,U, = U,U,.
Then there exists an element j = j, j, € U,;U, such that x = j. Hence xj{ ' e G, .U, =
S R, and we have x € RyR,. Conversely, xU;U, A U U, = (xU; A U;) U, =
= U,U, for any xeR,. Assume that w:G — G[U,U, is the canonical |
homomorphism; then we have R,R, = w™'((G/U.U,),). Therefore R,R, =
= w™*((G/U,U,),). Now, since U,U, is a prime d-convex subgroup, by Lemma 4
there exists a valuation m-ring R such that U(R) = U,U,. From the fact that R
is well centred we obtain that a factor d-group G/U,U, is order isomorphic to the
d-group D(R). Therefore R = RyR,.

In what follows, we shall denote by 9 the set of valuation m-rings R such that
G, SRcGIfReN, g=gUR)e D(R), g + U(R), we set

R(g) = {R'e N : g ¢ UR) UR)} .

An element R e N is called weakly independent provided that for any R’ € 9t and
g € U(R) U(R’) there is an a € U(R) satisfying a U(R’) = g U(R’). It is easy to see
that R e 9N is weakly independent if and only if for any R’ € R, g € D(R’) such that
R ¢ N(g) there exists an element a € G such that a € U(R) and a U(R") 2 g.

We say that a family (g,, ..., g,) € G" is compatible with respect to (Ry, ..., R,) €
€ N provided that for any 1 < i,j < n, i #+ jit holds

gUU; = g;UU;,

where U; = U(R;). Finally, we say that G satisfies the approximation theorem
provided that for any family (g4, ..., g,) € G" compatible with respect to a family
(Ry, ..., R,) € N there exists a € G such that

gU;=aU;, i=1,..,n.

The proof of the following proposition is quite the same as that of [2]; Proposition
5. Nonetheless, we repeat it in order to make this paper self-contained.

Proposition 15. Let G be the same as in Theorem 8. Then the following con-
ditions are equivalent:

(1) G satisfies the approximation theorem.
(2) Every valuation m-ring of N is weakly independent.

Proof. (2) = (1). The proof is by induction on n. For n = 1 the approximation
theorem evidently holds. Now assume that a family (g4, ..., g,) € G" is compatible
with respect to (R, ..., R,) € N". We may assume that if i # j then R; & R;. Indeed,
if R; = R; then by induction there exists a € G such that aU, = g,U, for each k,
1 £k =n, k+j. Since (g, g;) is compatible with respect to (Ri, R;), we have
aU; = g;U; = g,;U; and the induction is complete.

310



Now there exists by € G, such that b; e U, and b, ¢ U; for i = 2, ..., n. In fact,
since U; & U, there exist b;e (U — Ui) N G, for each i, 2 < i < n. We set
by =b,... b,

By the induction hypothesis there exists a, € G such that a,U; = g,;U; for i =
=1,...,n — 1. We may assume that a,U; = g, Uy, a;U; 2 g;U;fori =2,...,n.
Indeed, if a,U, < g,U, we have g,a;'U, %= U,. Since (g, g,) and (gy, a,) are
compatible with respect to (R,, R,) we obtain that (g,, a,) is compatible. Now, since
Ry ¢ N(g,a; "), there exists aj € G, such that aj € Uy, ayU, = g,a; ‘U, in virtue of
the weak independence; letting a, = a;a; we have

a Uy = g.Uy,
a,U; 2 aU;=9g,U; for i=2,..,n—-1,
aZUn g algnaflun = gnUn .

Now a,bU, = a,U; = g,Uy, a;b;U; > a,U; = g;U; for i =2,...,n. Similarly
for each valuation m-ring R; we may find a;b; € G such that a;b;U; = g,U;, a;b;U, >
> g U, for k +i. Hence aU; = min{a;b;U;:1 <j < n} =g,U; for any ae
€eab; ®... ®a,b,.

(1) = (2). Trivial.

Now using the method used in Section 3 we shall give an approximation theorem
for lattice ordered groups.

Lemma 16. Let G be an abelian I-group. Then every valuation m-ring R such
that G, < R < G is weakly independent.

Proof. Let R be a valuation m-ring such that G, < R = G. Let R'e % and
g = g U(R’) e D(R) be such that g € U(R) U(R’). Hence g = ij for some i e U(R’),
Jj € U(R). Now we set

a=jvil.

Then ae G, cRanda ' =(jv1)"' ="' Alej ' @1 < R. Thus we have
a € U(R). Moreover, there exists an element g’ € G, such that ag™'i = g’. Hence
we obtain a U(R') = gi™* U(R’) = g U(R).

Theorem 17. Krull’s conjecture is true.

Proof. Let G be an abelian l-group and let Ny, ..., N, be prime l-ideals of G.
Assume that ay, ..., a, € G are such that a;N;N; = a;N;N;. G satisfies the approxi-
mation theorem by Lemma 16 and Proposition 15 and by [6]; § 8 any prime l-ideal
is a prime d-convex subgroup. Hence, by Lemma 4, for any N;, 1 < i < k, there
exists a valuation m-ring R; such that U(R;) = N;. Consequently, the family
(ay, ..., @) is compatible with respect to the family (R,, ..., R,). Therefore there
exists a € G such that aN; = q;N;fori = 1,..., k.

311



References

[1] R. Gilmer: Multiplicative Ideal Theory, Queens’ Papers on Pure and Applied Mathematics,
Kingston, 1968.

{21 M. Griffin: Rings of Krull type, J. reine angew. Math. 229 (1968), 1—27.

[2a] M. Griffin: Priifer rings with zero divisors, J. reine angew. Math. 239/240 (1970), 55— 67.

[3]1 W. Krull: Zur Theorie der Bewetungen mit nichtarchimedisch geordneten Wertgruppe und
der nichtarchimedisch Korper, Colloque d’Algébre S., Bruxelles, 1956, 45—47.

[4] D. Miiller: Verbandsgruppen und Durchschnitte endlich vieler Bewertungsringe, Math. Z.
77 (1961), 45—62.

[5] T. Nakano: A theorem on lattice ordered groups and its applications to the valuation theory,
Math. Z. 83 (1964), 140— 146.

[6] T. Nakano: Rings and partly ordered systems, Math. Z. 99 (1967), 355—376.

[7]1 T. Nakano: Integrally closed integral domains, Comment. Math. Univ. Sancti Pauli, (tom.
XVIII), Tokyo 1970.

Author’s address: 708 33 Ostrava, T¥ida vitézného tnora, CSSR (Vysoka $kola batiska).

312



		webmaster@dml.cz
	2020-07-03T00:54:30+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




