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DaviDp J. HALLENBECK, Newark

(Received March 23, 1973)

Introduction. In this paper, we first apply a simple geometric lemma to obtain
some inequalities for functions which are starlike and convex of order « where o« > %
Let 4 denote the unit disk {z : |z| < 1}. Let S consists of the functions F that are
analytic in 4, univalent and satisfy F(0) = 0 and F’(0) = 1. The family of starlike
functions of order « denoted by St(x) and the family of convex functions of order «
denoted by K(a) were introduced by M. S. ROBERTSON in [5]. A function F analytic
in 4 belongs to St(«) if F(0) = 0, F'(0) = 1 and Re (z F'(z)/F(z)) > afor0 £ o« < 1.
We remark that St(0) = St the starlike univalent functions and St(a) = S. A func-
tion F analytical in 4 belongs to K(a) if F{0) = 0, F'(0) = 1, and Re (1 + z F'(z) :
:F'(z)) > a for 0 < o < 1. We note that K(0) = K the set of convex univalent
mappings. We recall the result of A. MARX in [4] that if F € K, then Re (F(z)/z) > 1.
In [1] L. BrickMAN, T. H. MACGREGOR, D. R. WILKEN, and the present author prove
that if FeK(x), then Re (F(z)/z) > (2**7! — 1)/(2 — 1) for 0 £ o < 1. We use
that result in this paper. Another consideration in this paper deals with the class
K(c, B) which is a subclass of the close-to-convex function of order o and type f
introduced by R. J. LIBERA in [3]. A function F analytic in 4 and normalized to satisfy
F(0) = 0 and F'(0) = 1 belongs to K(x, f) if there exists a function g in St(f) so that
Re (z F'(z)/g(z)) > e for zin A where 0 S ¢ < 1 and 0 < B < 1.

A final result deals with the class of convex mappings which are also K-fold sym-
metric denoted by K;. A function F(z) analytic in 4 is said to be K-fold symmetric

o0
if its power series has the form F(z) = Y ap, 25+, We also recall the definition
M=0

of the class of starlike K-fold symmetric functions. In [1] the authors determine
that every function F in Sty has a representation

He) = [ o)

where yu is a probability measure on X = {x : |x| = 1}. We will use this result in the
proof of theorem 5.
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1. Geometric Lemma. Lemma 1. If Rezgy > ox and oy > 0 for K =1,2,....n

then,
Rel/(z125 ... 2,) > V(agoy ... ) .
Proof. We note that Re z; = rg cos 0 where zy = rye® for K = 1,2, ..., n.
We find that

0,+0, +... +0,
n

Rel/(zz, ... 2,) = (ryr; ... 1,) cOS
by proper choice of the n-th root. We note that by hypothesis Re zy = ry cos 0 > oy
forK =1, 2,..., n. We conclude that

Fi¥p...F,cos0,cosb,...cos0, > o0, ...0,
since o > 0 for all K. Hence, we see that

(s ..o 1,) Y(cos 0y cos 0, ... cos 6,) > (o0, ... 0t,)

We finish the proof by showing that

S6,+02+...+0
n

co

2 2 1/(cos 0, cos 0, ... cos 0,)

from which the lemma follows. The above inequality is an immediate consequence
of the fact that the function ¢(0) = log cos 6 is concave on the interval (—3in, i7).

2. Inequalities for St(x) and K (o) where o > . Theorem 1. If F € St(a) and o = 4,
then Re \/(F'(z)) > /(2) (3)* ~* for z in A.

Proof. We know that Re(z F'(z)/F(z)) > «. Furthermore, it is a simple con-
sequence of known result of I. S. JAcK [2, p. 472] that Re (F(z)[z) > (3)*~** where
o = 4. Hence, by previous lemma when n = 2, we have

e JEFOID) - e yira) > v ()1

where o = 1.

Remarks. By examining the proof of the lemma and the known conditions for
equality in Re (F(z)/z) > (1)*~?% we may conclude that theorem 1 is sharp for each z
in 4. It is also possible to prove that /(o) (3)'™* = « for 1 > o = } with equality
only for a = }. Finally, since g(z) € K(«) if and only if z g'(z) € St(a). Theorem 1
implies that when F € K(x) and o = 4, then Re \/(F'(z) + z F'(2)) > /() (3)' =

Theorem 2. If F € St(«)) and o = } then

re [ JEEEE) > e g

for z in A.
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Proof. It follows from a known result [2, p. 472] that Re /(F(z)/z) > (3)'*
when o = 4. We proved in theorem 1 that Re \/F'(z) > /() (})' ™* when o > 1.
Hence, by lemma 1 when n = 2 we conclude that

re JJFEED) > ey

Remarks. By examining the proof of the lemma, the known conditions for equality
in Re (F(z)/z) > (£)*7?*, and the proof of theorem 1, we conclude that the above
result is sharp for each & > 1 and 2| < 1.

Theorem 3. If F € K() and o« = 4, then
’ 1-a 20—1 __
Re F(z) F'(2) - 1) 2 1
z 2 200 — 1

Proof. It follows from a known result [2, p. 473] that Re F'(z) > (4)*~** where
o = 4 for all z in 4. In [1] L. Brickman, T. H. MacGregor, D. R. Wilken, and the
present author proved that if F e K(«), then

2a—1 __

for z in A.

z 200 — 1

for 0 < o < 1 so in particular for 4 < o < 1. Hence, the desired result follows by
lemma 1 where n = 2.

Remarks. It can be shown that
1 1-2 22fz~1 _ 1
o) = (- JE—
=) Y=
1
5

satisfies

1
P(x) > %\/lnz >

We remark that this technique does not yield the result for Re \/(z F'(z)[F(z)) since
we now have only Re (z/F(z)) > 0 for all « satisfying 0 < o < 1.

Theorem 4. If F(z) e K(o, f) and p = %, then Re \JF'(z) > /() (3)' ¥ for z in A.

Proof. We have Re(z F'(z)[g(z)) > « for |z] <'1 where g(z)e St(f). Since
B = 4, it is known [2, p. 472] that Re (¢(z)/z) > (4)*~?. Hence, by lemma 1 we
conclude that

ReJ[F(2)] = Re j(g—i()l ﬁ—)) N (;)
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Remarks. We notice that since St(x) = K(a, o) the above result includes theorem 1
whena = 1

We next prove a simple lemma which is necessary in the proof of theorem 5.
We remark that theorem 5 generalizes the result of STRGHACKER [6, p. 373]
that Re (F(z)/z) > 4= for a convex odd mapping F. Our result also generalizes the
result of Marx [4] that Re (F(z)/z) > 1 for a convex mapping F. It is clear from
known results that F € Ky if and only if zF" € Stx. Hence, the representation theorem
3 [1] for Sty mentioned in the introduction yields the following representation for F’
whenever F € K:

PO = [ e 9
where u is a probability measure on X the unit circle.

Lemma 2. If

F&) = i

where |x] =1,K=23,...,and ]z] < 1 then

1
Re F(z) 2 W

for z in A.

Proof. We see that F(z) = (1 — ¢(z))” % where ¢ is analytic in |z| < 1 and
satisfies ¢(0) = 0, |¢(z)| < 1, and |¢(z)| £ |z|*. It follows by arguments based on
subordination, conformality, and the fact that 1/(1 — z) is convex for |z| < 1 and
0 < ¢ < 1that Re F(z) = (1 + |z[¥)™%% for |z| < 1.

Theorem 5. If F € Ky, then

Re FC) 5 o(k) Er d

0 (1 + tK)Z/K
forzindand K =2,3,....

Proof. As remarked in the previous paragraph, it follows from theorem 3 [1]
that for F € K we have

FE) = | s

where p is a probability measure on X the unit circle. Hence, by lemma 2 we have

(z) = e»——lm u(x ;
ReF () = [ Re G 09 2 (e
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for |z| < 1. In general, we have

F(z)_—lj' (@) dor

We choose the path of integration to be the straight line w =tz for 0 < ¢t < 1.
Then, it follows that
1
Fk} = J‘ F’(fZ) dt
Z 0

and consequently,

1 rl
e FG) _ ‘[ Re F'(tz)dt = o
z 0

o (1 + [2* )%

by direct application of lemma 2. So, we have

F(z) J‘ dt & dt

= P(K
- (1 +| |K K)2/K o (1 + ’K)Z/K ( )

Y

since 0 < |z] < 1.

Remarks. We note that #(2) = in is the result of Strohacker [6, p. 373]. The
numbers &(K) increase monotonically to 1. We remark that this theorem can be
proved by first obtaining the lower bound on the derivative through known results
on subordination avoiding reference to the representation theorem for F’ and then
proceeding as above through integration.
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