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SPLITTING PROPERTY OF LATTICE ORDERED GROUPS

JAN Jakusik, Kosice

(Received February 20, 1973)

Let A be an archimedean linearly ordered group. In [7] it was proved that A is
a direct factor of each archimedean lattice ordered group that contains it as an /-ideal.
CONRAD [3] defined an archimedean lattice ordered group G to have the splitting
property if G is a direct factor of each archimedean I-group H such that G is an I-ideal
of H; he proved that if G is an archimedean I-group then the I-group ((G%)*)' has
the splitting property (for any archimedean lattice ordered group X we denote
by X% X" and X' the divisible hull, the Dedekind completion and the lateral com-
pletion of X, respectively). In this note it is shown that a complete lattice ordered
group G has the splitting property if and only if it is laterally complete, i.e., if
G = G'(§2). In particular, we obtain the result of Conrad as a corollary. It is proved
that every archimedean orthocomplete I-group [1] has the splitting property.

In §3 there is investigated the splitting property of singular lattice ordered groups.
We prove that each laterally complete singular I-group is complete and hence that it
has the splitting property.

In §4 we show that every laterally complete I-group G contains an [-subgroup which
is the greatest I-subgroup of G with respect of being convex in G, complete and having
the splitting property. Further it will be proved that if G is archimedean and ortho-
complete, then its Dedekind closure G* is laterally complete (hence G* has the split-
ting property). Theorem 8 dealing with subdirect products of I-groups G, that have
the splitting property enables one to construct examples of /-groups which have the
splitting property without being laterally complete.

1. PRELIMINARIES
For the terminology, cf. BIRKHOFF [2] and FucHs [5]. Let us recall some notions
we shall use in the sequel. Let A be a lattice ordered group. A subset M < A is disjoint
if [m,| A |m,| = 0 for any two distinct elements m,, m, € M and m > 0 for each

m € M. The lattice ordered group A is said to be laterally complete (or orthogonally
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complete) if each disjoint subset M = G* has the least upper bound. For any set
Z < A we put

Z2’={aeA:|a| A |z| =0 foreach ze Z}.

Z? is called the polar of the set Z in A. Each polar is a convex I-subgroup of A4 (cf.
[12]).

Let B and C be I-subgroups of A such that (i) the group A is the direct product of B
and C in the group-theoretical sense, and (ii) for be B, ce C we have b + ¢ = 0 if
and only if b = 0 and ¢ = 0. Under these assumptions the lattice ordered group A4
is said to be the direct product of the I-groups B and C and this is denoted by writting
A = B ® C. The I-subgroups B, C are called direct factors of A. The direct factor B
is uniquelly determined by A4, namely, B = A°. For a € A we denote by aB the com-
ponent of the element a in the direct factor B. If A is a complete l-group, then by the
Theorem of Riesz ([2], Chap. XIII) A = M? @ M? for each M < A.

From the definition of the direct product of lattice ordered groups and from the
fact that any two direct decompositions of G have a common refinement (cf. [2])
follow the assertions: If G = 4 ® B and C is a direct factor of G, then C =

=(An C)® (Bn C). If P, Q are direct factors of G such that P n Q = {0}, then
there is a direct factor R of G with G = P ® Q ® R. For each x € G and any pair
of direct factors A, B of G with A = B we have (xB) A = xA.

For each g € G, the principal polar [g] of G generated by the element g is defined
to be the set {g}*. The I-group G is called orthocomplete [1] if it is laterally complete
and each principal polar of G is a direct factor of G.

An element 0 < se A is called singular if ¢t A (s — 7) = 0 for each te 4 w1th
0=t <s(cf [4]). The lattice ordered group A is said to be singular if for each
0 < a € A there is a singular element s € A such that 0 < s < a. :

2 ORTHOCOMPLETE LATTICE ORDERED GROUPS

In this paragraph we assume that G + {0} is an archimedean lattice ordered group
and that G is an l-ideal of an archimedean lattice ordered group H. We denote by H*"
the Dedekind completion of H. The lattice ordered group H" is complete and we
can suppose that H is an I-subgroup of H"; for each element 0 < ke H" there is
a subset M = H* such that sup M = k.

For M = H" and N = G the symbol M? or N?, respectively, denotes the polar
of M in H" or the polar of N in G For ye H" resp. xe G we put {y}*’ = [y]

(x) = [x].

Lemma 1. Assume that each principal polar of G is a direct factor of G. Let
0<eeG, yeH",0<y=<e e =e[y]. Then e, €G.
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Proof. Let E be the set of all elements x € G such that (i) 0 < x < e, and (ii)
x A y = 0. At first suppose that E = {0}. Then {y}* = {e}’ hence ee[y] and so
e[y] = ee G. Now assume that E + {0} and let E, = {x;:iel} be a maximal
disjoint subset of E. According to the assumption, {x;}*# is a direct factor of G; let
e; = ¢[x;]". Then the set {e;} (i €I) is disjoint and because G is laterally complete
there exists the least upper bound e, of the set {¢;} in G. Obviously e; < e, hence
Ve; = e; does exist in H” and e; < e,.

We have 0 < e3 < eand y A e; = 0, hence e5 < ¢[y]°. Assume that e; < ¢[y]°.
Consider the interval

[0,e] ={teH":0<t<¢}.

The lattice [0, e] is distributive and for each i eI, the element e([x;]’) is a com-
plement of e; in the lattice [0, e], thus e; belongs to the center C of [0, e]. Moreover,
the lattice [0, e] is infinitely distributive and hence C is a closed sublattice of [0, €]
(cf. [6]), therefore e; € C. Clearly e[ y]° also belongs to C. Because C is a Boolean
algebra there exists 0 < e, € C such that

esne, =0, e3ve,=e[y]’.

Since 0 < e, € H", there is a subset M = H* with sup M = e,, hence there is 0 <
< xo € H such that x, < e,. With respect to e, < e[y]° < e we have 0 < x, < ¢;
because e € G and G is an l-ideal of H, we infer that x, € G. Further we havee, A ¢; =
= 0 and hence e, A x; = 0 for each i € I. In fact, from x; < e it follows

x; = x[x;] S e[x;] = e,

therefore 0 < e, A x; < e, A e;. In the same time, e, < eand e, A y = 0 because
e, €[0, e[y]°’] = [»y]° thus x, € E. This is a contradiction with the maximality of the
set {x; :iel}. Therefore e; = ¢[y]°. Because e; < e, < ¢[y]’ we obtain e[y]’ =
= e3 = ¢, € G. From this it follows e; = e — e[y’ € G.

An element 0 < e of an I-group X is.called a weak unit of X if e A x > 0 for each
0 < xeX.If0 < yeX, then y is a weak unit of [ y] and for each weak unit z of [ y]
we have [z] = [y].

Lemma 2. Let G be orthocomplete, 0 < k € H. There exists 0 < g, € G such that
g A (k—go)=0foreach0=<geG.

Proof. By the Axiom of choice, there exists a maximal disjoint subset M of G.
Because G is laterally complete, sup M = e exists in G. It is easy to verify that e is
a weak unit of G. Denote

(e—k)yvo=y,.
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Then 0 £ y; < e. Because H" is a complete lattice ordered group, [yl] is a direct

summand of H". Put ¢; = e[y,]. According to Lemma 1, e, € G. The element e, is
a weak unit of [y,]; in fact, if 0 < x € [y,], thene = x A y, = x; > 0, hence x, €

e [y,] and therefore

esAxZe Axy=¢ey ] Ax[y]=(nx)[y]=x[y]=x,>0.

From this we obtain

1) [y:] = [e]-

For any element ¢ of a lattice ordered group we have (t v 0) A ((—f) v 0) =0,

hence
(k—e) vOoel[y,]
and therefore ((k — €) v 0) [y,] = 0. Thus according to (1),
0=(k—-e)v 0) [e.] = (k[es] —e) v O
and hence
(2 k[e;] < ey .
Further we have e = e[e,] + e[e,]’, thus
(3) e[e; ]’ =e—e, .
Since y, € [e,], from y, = (e — k) v 0 we get

0= yl[el]a = (e[el]a - k[el]a) v o,
therefore

(4) ) efe,]’ < k[e,]°.

Assume that for a positive integer n we have constructed elements e, ..

such that for each ie {1, ..., n}

(5) e;ne; =0 for je{l,..,n}, i#+j,
(6) e; = ¢e[e],

™ k[e:]
(®) ilei] < K[elT’,

where

A

ie;,

(8a) e =e v..ve, ei=e—cel.
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For n = 1, the relation (5) holds trivially, (6) follows from the definition of e,
(7) is fulfilled because of (2); the relation (8) is implied by (3) and (4). If ¢) = e, we
put e; = 0 for each positive integer i > n. Suppose that e’ < e. Define

9) (n+1)ep—k)yvO=y,.
We have 0 £ y,4q < (n + 1) e,. By using Theorem of Riesz we obtain
H* =[e] ® [e]’

for i = 1,...,n. From (5) it follows [e;] N [e;] = {0} for i,je{l,...,n}, i +j
and therefore

H" =[e,]®[e;]®...Q[e,] ® P,

where P = [e¢,]’ n[e;)’ N ... n [e,]’. The element e} is a weak unit of [¢;] ®
® [e:] ® ... ® [e,], whence [¢,] ® ... ® [e.] = [en] and P = [¢7]’. Thus

e[ed] =efes] + ... +efe] =€+ ...+ e, =¢,

fel]P =e—e[en] =e,.
Therefore ¢ A e, = 0 and from this it follows
(10) e Ay =0.

Put ¢,+1 = e[yn+1]~ By Lemma 1, e,,, € G. Then e,,, is a weak unit of [y,.],
hence [Yny,] = [es+1] and so

(61) €pr1 = e[en+1] .
From (10) we obtain

(5" e;ne =0 for i=1,..,n.

In view of (9) we have
(k—(n+1) ARY Oe[yn+1}5 = [e,+1]°,
0=((k— (n+1)e v 0)[e1] = (Klens 1] — (n + 1) efe,s,]) v O,
(1) klens1] = (n + 1) elensa] -

Since ¢,=e—(exVv...ve)=e—(e+ -+t e,) and efe,.,] =0 for i=
=1..--n because of (5’)’ we get e”'[e,,+1] = e[en+ 1] = €,4+;. Thus by (11),

(7) Kei1] S (n+ 1) ey
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From 0 = Yus1[as 1]’ = yus1[ens:]° and from (9) We obtain

0 = ((n + 1) eifens1]° — klenes]) v O

5
(12) (n + 1) efens1]? < k[enr1]-
o _ ©_,— e . Since 0<e,, <
Denote e,+1 =€ Ve, V...V ey, €y =€ n+1 = €ty = Gt
we have

0 O
and therefore for each xe H",
(x[en+11") [ens1]?
Hence it follows from (12)
(13) (n + 1) e[ess]

The element o, is a weak unit of [¢,] ® ... ® [e,+1] and hence [e,] ® ...
... ® [egs1] = [0+ 1]; from this we infer that e[eg+1] = ey+1 and hence e[e],,]* =
= e,,. Thus

et P =(e—(e; + ... +e)[elsi) =elenis]’ = ensss
because ¢; € [y, ] for i = 1,..., n. By (13),
(8) (n+1)e < k[e,?+1]a~

Thus we can construct the elements e;, e, e;€ G (i = 1, 2, ...) such that the relations
(6)—(8) and (8a) are valid for each positive integer i, and e; A e; = 0 for any two
distinct positive integers i, j. Let t; = ie; A k. Thent; A t; =0fori + jand ;e G.
Because G is laterally complete, the set {ie; A k} (i = 1.2,...) posesses the least
upper bound g, in G. Since G is a convex subset of H", we have

go=Vl(ie;n k) (i=1,2..)

in H*. Clearly 0 < g, < k. Let j be a positive integer, g/ = V(ie; A k) (i # j).
Since (ie; A k) A (jej A k) = 0, we have g’ A (je; A k) = 0 and so

x[e.?+ ljl's .

Kl

I\

go =9’ v (je; A k) =g’ + (je; A k).
Further we have g/ A e; = 0 and so g’[e;] = 0, hence

golej] = je; Ak,

IIA

for each positive integer j. Put k — go = k" and let 0 < g, € G; 91 k'. Assume

that 0 < g,. If ie; A g, = g, > 0 for some positive integer i, then
k[e;] = go[ei] + k[e;] = go[ei] + gz[ei] = (iei A k) + g2 > ie; A k.
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Since k[e;] < k, it follows from (7) that k[e;] < ie; A k; this is a contradiction.
Hence ie; A g, = 0 for each i = 1,2,... and thus ¢; A g, =0 for i =1,2,...
Because G is laterally complete there exists the least upper bound e° of the set {e;}
in G. The elements e; belong to the center C of the lattice [0, e] N G. Since this lattice
is infinitely distributive, C is a closed sublattice of [0, e] N G. Further C is a Boolean
algebra, the complement of e; being e[e;]’ = e — e;. If €® = e, then g, A e =0,
which is a contradiction, since e is a weak unit of G. Let ¢® < e and let ' be the
complement of e° in C. Then e! > 0. Because the complement of ¢! is ¢; and e} < e°,
we obtain e} = e for each positive integer i. Hence we have according to (8)

ie' < k[ef]° <k

for each positive integer i, which is impossible since the I-group G is archimedean.
The proof is complete.

Theorem 1. Each archimedean orthocomplete I-group has the splitting property.

Proof. Let G be an archimedean orthocomplete I-group and assume that G is an
l-ideal of an archimedean I-group H. Under the same denotations as above consider
the I-subgroups G and G° n H = G’ of H. By Lemma 2, each element k€ H* can
be expressed in the form k = g, + k' with 0 < g, € G, 0 < k' € G'. Because each
element of H is a difference of two positive elements of H, we obtain H = G + G';
since G N G' = {0}, H is the direct product of G and G’ in the group-theoretical
sense. If k=g, + g; with g,€G, g;€G’, then g, =g, =0, g3 =k"=0.
Therefore H = G ® G'.

Corollary [7]. Every linearly ordered archimedean group has the splitting
property.

Theorem 2. Let G be a complete lattice ordered group. Then the following con-
ditions are equivalent: (i) G has the splitting property, (ii) G is laterally complete.

Proof. Since each complete and laterally complete /-group G is orthocomplete,
it follows from Thm. 1 that (i) is implied by (ii). Conversely, let G % {0} be a complete
lattice ordered group having the splitting property. There exists a complete and
laterally complete /-group G such that G is an l-ideal of G and for each 0 < he G
there exists a disjoint subset {g;} of G, 0 < g; with h = Vg (for the construction of G,
cf., e.g., [8], §2; in fact, G = G’ (cf. [3])). Thus G° = {0} in G (the symbol & is con-
sidered with respect to G). Since G has the splitting property, G = G ® G° =
= G @ {0} = G. Therefore G is laterally complete.

Remark. A particular case of the assertion of Thm. 2 (concerning divisible com-
plete I-groups) was proved by Conrad [3].
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Corollary. Let A be an archimedean lattice ordered group. Then (A")" has the
splitting property.

In fact, let G = A. Then (under the same denotations as in the proof of Thm. 2)
the I-group (4")" = G has the splitting property.

If G is an archimedean I-group and G? is the divisible closure of G, then G* is
archimedean as well; hence, by the Corollary, ((G%)*)" has the splitting property.

(Cf.[3])

Theorem 3. Let V be an archimedean vector lattice that is laterally complete.
Then G has the splitting property.

Proof. According to [13], Vis an orthocomplete lattice ordered group. Therefore
according to Thm. 1, V has the splitting property.

From Thm 2 and Thm. 3 we obtain:

Corollary. (Cf. [3]). Let V be a complete vector lattice. Then the following con-
ditions are equivalent:

(i) Vis laterally complete;

(i) V has the splitting property.

Remark. If Vis not complete, then (i) is not implied by (ii) (cf. Example 2 below).

3. SINGULAR LATTICE ORDERED GROUPS

Let G be a lattice ordered group. It is easy to verify that an element 0 < se G is
singular if and only if the interval [0, s] of G is a Boolean algebra [9]. Hence if s is
singular and s’ € [0, s], then s’ is singular as well. G is called conditionally laterally
complete if each bounded disjoint subset of G has the least upper bound.

Lemma 3. Let G be conditionally laterally complete. Let {e;} (i €I) be a disjoint
set of singular elements of G, e = \e,. Then e is singular.

Proof. Let yeG, 0=y =<e, f;=¢; Ay, g; = ¢; — f;. Because e; is singular,
fi A g; = 0. Since G is infinitely distributive, we have y = V/f;. In view of the con-
ditional lateral completeness of G, Vg; = z does exist in G, since 0 < g; < e; L e
and so the set {g,} is disjoint and bounded. Then

ynz =(\/Ifi)A ('\/Igj)='v‘l(fi ng)=0,
yv Z=.Vl(fiVgi)’_‘_\/l(fi‘*'gi):ylei:e,

hencee =y v z=y+ zand y A (e — y) = 0. Therefore e is singular.
The following theorem generalizes the implication (i) = (i) of Thm. 2 12, [9].
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Theorem 4. Let G be an archimedean l-group that is conditionally laterally com-
plete and singular. Then G is complete.

Proof. The case G = {0} is trivial; assume that G + {0}. Let =+ A = G,0 < g€
€G, 0 < a < g for each a € A. Let G, be the convex [-subgroup of G generated by
the element g; hence

Gy =U[-ng,ng] (n=1,2,3,..).

For proving the completeness of G it suffices to verify that sup A exists in G and this
is equivalent with the condition that sup A exists in G,. Since G is singular, the /-group
G, is singular. From the Axiom of Choice it follows that there exists a disjoint set {g i}
of singular elements of G, such that, if k is a singular element of G, and k A g; = 0
for each g;, then k = 0. Let 0 < h e G; and assume that h A g; = 0 for each g;;
because G is singular, there is a singular element 0 < g, € G{ with g, < h, and then
0=go A g;=h A g;=0 for each g;, hence g, = 0 and this is a contradiction.
Thus {g;} is a maximal disjoint subset of G,. Put ¢; = g A g;. The elements e; are
singular, e; < g and {e;} is a maximal disjoint subset of G,. Moreover, since G is
conditionally laterally complete, G, is conditionally laterally complete. Thus ac-
cording to Lemma 3, e = Ve; is a singular element of G,. Since {e;} is maximal dis-
joint in Gy, e, is a weak unit of G,. According to 2.11, [9], the l-group G, is complete
and hence sup 4 exists in G,. Thus sup A4 exists in G and so G is complete.

Theorem 5. Let G be a singular I-group that is laterally complete and archi-
medean. Then G has the splitting property.

Proof. According to Thm. 4, G is complete and hence by Thm. 2, G has the
splitting property.

Let us remark that a singular I-group that has the splitting property need not be
laterally complete (cf. Example 1 below).

4. LATERALLY COMPLETE /-GROUPS

Theorem 6. Let G be a laterally complete I-group. There exists a convex l-sub-
group G, of G with the following properties:

(i) G, has the splitting property and is complete;

(1) if Gy is a convex l-subgroup of G such that G, has.the splitting property and
is complete, then G; < G,,.

Proof. In [10] it was proved that for every lattice ordered group G there exists
a convex [-subgroup G, of G such that (a) G, is complete, (b) if 0 < g € G and if the
interval [0, g] is a complete lattice, then g € G,. From (b) it follows that H = G, for

265



each convex I-subgroup H of G that is complete. Thus (ii) is valid and it remains to
verify that G, has the splitting property. Let {x;} be a disjoint subset of G,. Since G
is laterally complete, there exists x = Vx; in G. Let y;€G, 0 < y; < x (jeJ).
Because the lattice [0, x;] is complete for each i €, there is

zZ; = V(xi A J’j)
JjeJ

in[0, x;] = G,. The system {z,} is disjoint, thus there exists z = Vz; < x. Foreach y;
we have

yj=xij=(v1xi)ij=V(xiij)é\/lzizz'
ie iel ie

Letve G,v < x,v = y; for each j e J. Then

v=vAx=V(@Ax)=2Vz=z.
iel iel
From this it follows that z = V y;. Therefore the lattice [0, x] is complete and hence
JjeJ
by (b), the element x belongs to G,. Thus G, is laterally complete and so according
to Thm. 2, G, has the splitting property.

Lemma 4. Let G be a conditionally laterally complete I-group such that each
principal polar of G is a direct factor of G. Then each polar of G is a direct factor
of G.

The proof differs from the proof of Thm. 3.6, [9] only by the fact that we need not
to use Lemma 2.2, [9].

Theorem 7. Let G be an orthocomplete I-group. Every polar of G is a direct
factor of G. If G is archimedean, then G" is laterally complete and so it has the
splitting property.

Proof. The first assertion is a consequence of Lemma 4. Let G be archimedean;
then G" exists. Since G" is complete, we have to show that G" is laterally complete.
Let {y;} (i €I) be a disjoint subset of G. For each i e[ there is an element z;€ G
and a subset X; of G such that 0 < x; for each x; € X; and the relations

yi=supX;, y; =z

hold in G*. Let 4; = X?° where the symbol & is taken with respect to G. Every 4;
is a direct factor of G. Because the set {y;} is disjoint, for any two distinct elements
i,jel and any x;€X,, x;€X; we have x; A x; = 0. Therefore 4; N A; = {0}.
Put t; = z;A;. Since

x; < z; foreach x;eX;,
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we infer that
x;=x4; S z,4;, =1

holds in G and therefore we have in G*

lIA

t

i

yi = sup X;

From A; n A; = {0} for i = j it follows #; A t; = 0 and so, because G is laterally
complete, the element ¢ = sup {#;} exists in G. Hence the set {y;} (i I) is bounded
in G" and thus y = Vy; exists in G". We have proved that G" is laterally complete
and so by Thm. 2, G" has the splitting property.

Corollary. Let G be a a-complete lattice ordered group that is laterally complete.
Then each polar of G is a direct factor of G and G" has the splitting property.

Proof. From the o-completeness of G if follows that G is archimedean and that
each principal polar of G is a direct factor of G (cf. [11]), hence G is orthocomplete.
Now it suffices to apply Thm. 7.

The complete direct product of lattice ordered groups G; (i €I) will be denoted
by nG; (i €I). Let i be a fixed element of I. We denote by G; the set of all elements
g € nG; (i €I) such that g(j) = O for eachjel,j + i. Let G be an I-subgroup of nG;
(iel) such that U G; = G. Then G is called a completely subdirect product of
l-groups G,. iel

Theorem 8. Let G; (i eI) be lattice ordered groups having the splitting property
and let G be a completely subdirect product of I-groups G; such that for each
0 < fenG; (i €l) there is g € G with f < g. Then G has the splitting property.

Proof. Assume that G is an Il-ideal of an archimedean I-group H, 0 < k€ H.
Let i € I. Then the I-group G; is an I-ideal of H and because G; is isomorphic to G,
we obtain that G, has the splitting property; therefore G, is a direct factor of H.
There is f € nG; (i € I) such that

fG, = kG; foreach iel.
According to the assumption, there exists g € G with f < g. Put ¢ A k = g,. Then
90G; = gG; A kG; = gG; A fG; = (g A f) G; = fG;
for each iel, hence f = go€G. Let 0 < g’ € G, g' < k. For each i eI we have
9'G; £ kG; = fG,,

thus g’ < go. Let g, = k — g,o. If there is 0 < x € G, x < g4, then for g’ = gy + x
we have go < go + x £ k and g, + x € G, which is a contradiction. Hence g, € G°
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where the symbol 6 is taken with respect to the I-group H. Now we can use a similar
method as in the proof of Thm. 1 and we obtain H = G ® G°.

Corollary. If G is the complete direct product of lattice ordered groups G; such
that each G; has the splitting property, then G has the splitting property.

Theorem 9. Let G; (i eI) be lattice ordered groups having the splitting property
and let G be a completely subdirect product of l-groups G; such that G is convex
in nG; (i €I). Then G has the splitting property if and only if G = nG, (i el).

Proof. If G = nG, (iel), then G has the splitting property according to the
Corollary. Assume that G has the splitting property. Then nG; (ieI) = G ® G°. For
each i el there is g € G with g(i) > 0 and hence G’ = {0}, thus G = nG; (iel).

We conclude by two examples showing that there exist lattice ordered groups that
have the splitting property without being laterally complete.

Example 1. In this example we construct an archimedean lattice ordered group G
such that (i) G has the splitting property, (ii) G is singular, (iii) G is not conditionally
orthogonally complete, (iv) each polar of G is a direct factor of G.

Let I be an infinite set and for each i eI let G, be the additive group of all integers
with the natural linear order. Let E be the set of all even integers and let G be the set
of all elements g € nG, (i € I) with the property that the set

S(g) = {iel:g(i)¢E}

is finite. G is a completely subdirect product of I-groups G;. Let 0 < fenG; (i €I).
There exists g € nG; (i €I) such that g(i) is even for each i €I and f < g. Because
g € G, according to Thm. 8, G has the splitting property. Let e; € G such that ei(i) =1
and ei(j) = 0 for each j €1, j + i. The element e, is singular and foreach 0 < g€ G
there is i € I with e; < g; therefore G is singular. The set {¢;} (i €I) is bounded in G,
disjoint and it has no least upper bound. Hence (iii) is valid. For A = G we denote
s(4) = {ieI: there is a e 4 with a(i) + 0},
s(A) =1 — s(4).
Then we have
A* ={geG:g(i) = 0 for each ies(A)},
A% = {ge G :g(i) = 0 for each ies'(4)}.

Obviously, G = A° @ A%,

Example 2. Let G be as in Example 1 and for each i € I let H; be the additive group
of all reals with the natural order, H, = nH; (iel). If fe H, and « is a real, then
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af € H, (where of has the usual meaning). Let H be the set of all h e H, with the
property that there exist a real « and an element g € G such that h = ag. Then H
is a vector lattice fulfilling the conditions (i), (iii) and (iv) from Example 1 (with G
replaced by H).
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