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YexocaoBalkmii MaTeMaTHIeckuii :EypHad, T. 9 (84) 1959, lpara

ON THE CLOSED GRAPH THEOREM

VLASTIMIL PTAK, Praha
(Received November 28, 1958)

A theorem on closed subspaces of a product- E x F of locally convex
spaces is proved which contains as special cases both the closed graph
theorem and the open mapping theorem.

In the present remark, which forms a continuation of the author’s analysis
of the open mapping theorem [1], [2], we present a result concerning closed
subspaces of a Cartesian product £ X F of two convex spaces. This result
includes both the open mapping and closed graph theorems and elucidates the
substance of both by eliminating inessential complications. The formalism of
the theory of duality enables us to give a proof which is even simpler than the
proofs of both results mentioned. For a discussion of the notions used below,
consult [1] and [2].

1. Terminology and notation

We use the term “convex space’ instead of “‘locally convex Hausdorff topo-
logical vector space over the real field”. Let E, F' be two convex spaces. The
points of the Cartesian product £ X F will be denoted [z, ], where x ¢ E, y e F.
Forevery [z, yle E X F,we put Pglz, y] = x, P, y] = y. Thespace (E X F)’
consists of all couples [2', y'] where 2" € E’, y’ ¢ F', the scalar product being
defined by

<[£U, yl, [, y’]> = {x, $'> + <y, Yy .
Let G be a fixed linear subspace of £ X F. For every A c E let
Ge(d) = Po(P5Y(A4) 0 @), G(4) = P5(4) 0 @.

2. A property of closed subspaces of £ x F

We intend to prove the following result:

Theorem. Let E, F be two convex topological linear spaces, let G be a closed
subspace of B X F such that Py(G) = F. Let E be B-complete. Suppose that the
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following condition is fulfilled: For every neighbourhood of zero U in E, the closure
of Gp(U) is a neighbourhood of zero in F. Then Q(U) itself is a neighbourhood of
zero in F for every U.

Proof. Let us denote by Z the annihilator of ¢/ in ' X F’. Let us denote by
@ the set of all 2" € E' such that [2’, y"] € Z for a suitable y" ¢ F'. Let X be the
set of all x € £ such that [z, 0] ¢ G. We intend to show now that % = X°. If
2" e Q and x e X, we have [z, 0] € G and [2', '] € Z for some y’ whence (z, "> =
= ([, 0], [2', ¥']> = 0. It follows that @ c X° On the other hand take an
x € @ and let us show that x e X. Suppose not. We have then [z, 0] non € (. The
set. G being closed, there exists an [2', ¥']e€ Z such that ([z, 0], [z, ¥']> * 0.
Since [2', ¥'] € Z we have @’ € @ so that (x, 2’> = 0. This is, however, a contra-
diction since <z, z") = {[w, 0], [2/, ¥']> + 0. We have thus @° c X; this, to-
gether with ¢ c X°, gives Q% = X°.

Let U be a fixed neighbourhood of zero in £ and let us denote by W(U) the
set of all 2’ € B’ such that [z, y'] € Z for a suitable y’ e G(U)°. Clearly W(U) c @.
Let us show first that, for every y' € G(U)?, there exists an x’ ¢ £’ such that
[#', y'] € Z. To see that, take an arbitrary y’ e Gx(U)°. Since Gx(U)° c G5(0)°, we
have ¥’ € Gp(0)°. If v € PL((), y, € Gp(x) and y, e Gp(x), we have y; — y, € G(0),
whence

Yuy> =+ W — ¥ ¥ = Yy’ .

We see thus that, for every x ¢ Py(G), the value of 4 is constant on the whole
of G(x). Let us denote it by f(x). We have thus a linear form f defined on Py(@).
Clearly

U o Pe(@)] = KGu(U), gy =1

so that f is continuous on Pg((). There exists an @’ € B’ such that {(x, ") = f(z)
for every x e Py(G). Clearly [— 2', y'] € Z. Let us show further that W(U) is
o(E’, E)-closed in E’. Let » be a natural number, x,, ..., z, € Pg(G), By, ..., B
arbitrary real numbers and ¢ an arbitrary positive number. We denote by
K(xy, ..., Zn; Py - - -, Pu; €) the set of all ¥’ € Gx(U)° which fulfill the inequalities

[Ge(@:), y'> — Bl = ¢
for i = 1, 2, ..., n. Suppose now that z,e B’ belongs to the o(E’, E)-closure of
W(U). It follows that, for every z,, ..., z, e P5(@) and every ¢ > 0, the set

K@y, ooy s {20, 0Dy v ey (T, ToD; €)
is nonvoid. The sets K are o(E’, E)-closed in G(U)° and possess the finite
intersection property. According to our assumption the set Gz(U)°? is o(&’, E)-
compact. It follows that there exists a 7 ¢ Gx(U)? which belongs to every K so
that

(x, 2y = {Gr(@), Yoy
for every x € Py((). We have thus 2y ¢ W(U) so that W(U) is closed in E'.
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The inclusions
QoUcWU)cQ
are obvious. We have then @ n U° = W(U) n U°so that Q@ n U%is closed in £’
for every U. The space E being B-complete, we have @ = @ whence @ = X°.
(We may remark here that the assumption of B,—completeness is sufficient
it X = (0).)
To complete the proof of our theorem it is sufficient to prove the inclusion

C:‘;TU) c 2G;(U) forevery U. Let y, e Gx(U) and suppose that y, non € 2G5(U).
There exists an x, such that [, ¥o] € G. It follows that the sets 2U and z, + X
are disjoint. There exists an 2" € U such that {(x, + X, ") = # > 1. Hence
' ¢ XO. Since X° = @ we have [2', y'] € Z for some y’ ¢ F'. We have thus

KGe(U), y'>| = KU 0 Pg(G), 2> = 1

and <{y,, y'> = — B. This is a contradiction since yye G'x(U). The proof is
complete.

Corollary. We have seen during the proof of the preceding theorem that the
assertion remains valid under the weaker assumption that E is B, -complete if
Py(G 0 PF'(0)) = (0).

Théorem 2. Let E be a B-complete convex space and let F be a convex space.
Let f be a linear mapping of a subspace E, c E onto F, the graph of which is closed
m B x F. If f is nearly open, then f is open.

Proof. This is an immediate consequence of the main theorem. Take ¢ as the
graph of f; it is then sufficient to note that G'x(U) = f(U) for every U.

Theorem 3. Let F be a convex space and E a B,-complete convex space. Let f be
a linear mapping of F into E the graph of which is closed in E X F. If f is nearly
continuous, then f s continuous.

Proof. Take @ as the graph of f; it is then sufficient to note that Gz(U) =
= fYU) for every U. Clearly P4(G 0 Pz'(0)) = (f(0)) = (0) so that we may
use the corollary to the main theorem.

3. Some remarks

In the proof of the main theorem, we have used the fact that,if @ c E X Fis
closed, the annihilator of G has a certain property. It is easy to see that this
property is characteristic for closed @'s. Indeed, we have the following

Lemma. Let B and F be two convex spaces, let G be a subspace of E X F such
that Pp(G) = F. Let X be the subspace of those x e B for which [z, 0]e Q. Let
Q be the subspace of all x' € B’ such that [x', y'] annihilates G for a suitable y' e F'.
Then @ is closed if and only +f Q° c X.
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Proof. Let Q° c X and suppose that [z, ¥o] non e G. There is an z; ¢ E such
that [, ¥o] € G- It follows that x, — x, non € X. It follows that x, — x; non e Q°
so that there exists an '€ @ with (x, — %1, > =+ 0. Since 2’ € ), there is an
y' e I' such that

@[,y =0.
We have

<[x0’ yO]’ [.’L", ?/']> = <[131, :1/0], [.’12', y’]> + <[x0 — 2y 0]5 [.’L", y,]> =
={wy —x,2") £ 0

so that [z, ¥,] does not belong to the closure of G.
The other implication is contained in the proof of the main theorem.
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Peswome
TEOPEMA 0O BAMKHYTOM I'PAOUKE

BJIACTUMUJI IITAK (Vlastimil Ptdk), IIpara
(Hocrymmno B pepaxmmo 28/X1 1958 r.)

B nacrosimeil 3aMeTKe aBTOP IPOJOJIKAET CBOM aHAJM3 TeOPeMbl 06 OTKpHI-
TOM OTOOpa’sKeHUH M IIPUBOJAUT Pe3YJIbTAT, KAacCAOIUICA B3aMKHYTHIX MO~
HPOCTPAHCTB JIEKAPTOBA HPOM3BEJEHHA ABYX JIOKAIBHO BBIIYKIBIX JIMHEHBIX
IPOCTPAHCTB. JTOT PE3YJIBTAT CONEPIKUT KAaK TeopeMy 00 OTKPHTOM 0ToGpa-
WKEHVHM, TAK M TeOpeMy O 3aMKHYTOM I'pauKe, U IOsCHIET UX CYI[HOCTH IyTeM
yCTpaHEHUsI HeCYIIeCTBEHHBIX YCJIOKHeHHN (opmasibHOro Xapakrepa. [loka-
3aTeIBCTBO JTOTO pe3yJIbTaTa IIPOINe, YeM HOKa3aTeJbCcTBA YKAa3aHHBIX JIBYX
treopeM. Mcmoms3oBaHHBIE B cTaThe HOHATHA # 00O3HAYEHUS COJEPIKATCA
B [1] u [2].

IIycrs B, F — nBa nOKaIbHO BHIIYKJIBIX JIMHEHHBIX npocrpaHcTBa. OGosna-
uyM BJIEMEHTH ieKkaproBa npousBenenuss B X F uepes [z, y], rie x € B, y e F.
s mo6oro [z, y]le B X F nonosmm Pglz,y]l =z n Pglz, y] = y. Ilycrs
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G — QuxrcuposaHHOe smHeiiHoe nojgmpocrpancrBo B B X F. Ilna wamoro

A c E nonoxum
Gr(4) = Py(P5'(4) n @)

(umrarests Ges TpyHa yscHuT cebe reoMerpudueckuii cmbicyi Gr). I'masusii pe-
3yJIBTAT, KOTOPHIA MBI JOKa3BIBaeM, MOKHO cOPMYIMPOBATH TAK:

Teopema. [Iycmv E, F — 0sa 10ka1bH0 86INYKAVL AUHEIHBLT NPOCMPAHCIER
u nycmv G — samrrymoe nodnpocmpancmeo ¢ E X F makoe, umo P (G) = F.
Hycmy E sgasemes B-noanvim npocmparncmeom. Ipednosoncum, wmo euinoarns-
emces caedyowee ycaosue: 0as kancdoti oxpecmmuocmu nyas U ¢ E zamvikanue
muoncecmea Gp(U) asasemesa okpecmuocmoio nyan ¢ F. Tozda u camo Gg(U)
6ydem oxpecmuocmuio Hyas 6 F daa awboeo U.

HoxasarenbcTBO OCHOBAHO HA MCCIEOBAHMM AHHUTHIIATOPA MHOKECTBA
G. W3 9T0il TEOpEeMBI HEIOCPEJCTBEHHO BBHITEKAEeT TeOPeMa O 3aMKHYTOM TIpa-
¢uxe 1 Teopema 06 OTKPEITOM OTOOpaskeHUN, eci B KavecTBe G B3ATh rpaduk
paccMaTpuBaeMoro 0To6payKeHus.
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