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YexocaoBANKMi MaTeMaTHICCEHH xkypHanx, T. 8 (83) 1958, Ilpara

OB MHOAEKCE UMIPUMUTUBHOCTHU
HEOTPULATEJIbHBIX MATPUIL

BJTACTUMUJI IITAK (Vlastimil Ptak), Hpara
n UPKUN CEIIJIAYER (Jifi Sedladek), Ilpara

(IMoerynmo B pepaxipro 31/1T1 1958 1.)

B macroameil 3amMeTKe JAlOTCA HEKOTOphle KOMOWHATODHBIE Xapak-
TCPH3AIMN MHICKCA MMIPUMHITHBHOCTY HCOTPHIIATE/ILHON MATPHILI.

B pa6ore [2] Gnura mcciemoBaHa KOMOMHATODHASL CYIMHOCTH HEKOTOPBIX
cBOMCTB HEOTPHIATENLHBLIX MAaTpPHUI. B mpejaraemoil 3amMerxe MBI Xaparrepu-
3yeM TaKyKe MHIEKC MMIIPIMATUBHOCTH HEOTPHNATETIHHON HEepPasIoKuMOR
MaTpHUIBL, HOJB3YSACh HECJOKHBIME KOMOWHATODHEIME paccy:kpgeHmamu. Oc-
HOBHBle TOHATHSA W 0003HavYeHHs cofepskaTcsi B paGore [2]. B mepBoit wacru
HacTOSAMeH CraTbH TPMBOMUTCHA TIABHHI KOMOMHATODHBIA pe3ynbTar, BO
BTOPOM YacTH MBI OTMedaeM ero 3HaueHHe JJIs TeOPUH HEeOTPUIATEIbHHIX Ma-
TPHI[ X JaeM IIPOCTOH ¢1ocol onpeeseHNs HHACKCA HIMIPAIMATABHOCTH JaHHOIM
MaTpHIIHL.

O6osnavennn. Illycrs n — marypampnoe wmeso, N = {1, ..., n}.%) Ilycrs

@ — HepasJIoKUMoe aJiuTuBHOEe oToOpaskenue exp N B exp N. Ml ckaskeM, 910
muoxectBa Py, Py, ..., P,_; o0pasyior yukiuyeckoe pasnodcenue MHOMKECTBA
N (oTHOCHTEJNBHO @), eciiu OHU 06pa3yIOT pasiokeHHme MHOKecTBa N U ecim
oputoM P;=@(P;_))j=1,...,s — 1), Py = @(P,_,). Yncsno s Hazosem dau-
HOU BTOr0 HUKIMYECKOTO pasioenusa. HaumGoibmylo BO3MOKHYIO IUTHHY
OUKJINYECKOTO Pa3yIojKeHMs, KOTOPOe MOYKHO IOCTPOMTH IpH faHHOM N u ¢,
obozraumm cuMBosioM 7(@). Ecam (@) = 1, MBI cKaykeM, YTO @ NPUMUMUGHO.

(1,1) ycmb s — Oauna yukauueckoeo pasroncenus. Ilycmy j — namypaavroe
wucao, € N; nyemov x € ¢?(x). To20a s asasemea Oeaumenem 4ucaa j.

1) Bee pesysbraThl nmpeasiaraeMoi padorsi (3a nckiaodenneM (1,3)) cipaBeyIBE I B TOM
caydae, Korga MHOMecTBO N GeCKOHEUHO.
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Howrasarenscrso. llyers Py, ..., P,_, — HNURINYECKOE pABIOMKEHNC;
MOKHO IPeANoJIoXATE, 9T0 % € Py. ITonmosum j = ks + ¢ (0 =< ¢ < s). Nmeem
2 € gi(x) C gI(Py) = @U(¢F(Py)) = U(P,) = P,, caenosarenbHo, ¢ = 0.

1,2) Ilyemv Py, ..., P,_, — yukauveckoe pasaoscenue; nycmv @ = g*.
To20a omobpancenue P mepazaomcumo mna awbom us mmomcecme P;. Ecau
Q cN, Q) c Q, mo Q pasro coedunenuio nexomopux P; (u, caedogameavno,
D(Q) = Q). Ecau s = r(p), mo omobpascenue @ na a1060s U3 mroxmcecms
P, npumumusno.

Horasarenncrso. lycrs @ = R c Py, ®(R) c R; nonomum R; = ¢i(R)
(t=0,..,8—1), N¥=Ryu...u R_,. Ouesnguo, ¢(N*)c N*, cuegona-
tenpEO, N* = N; rar kaxk R, c P,, UR; = U P;, 6yner R, = P,. Mu Bunum,
uyro @ nepasmomumo Ha Py, a, smaunt, n Ha T06om P;.

Ecmn @(Q)c@ umw ectu P, n Q@ =@, + 0, ro

Q) cDP) nDQ)c P, 0 Q=0

u, cieposarenbHo, ; = P, Ms BmamM, 9ro ¢ paBmO coefmHCHUIO TeX P;,
st Kotopeix P; u @ + 0. '

ycrs, naxonen, @, ..., @,_; — HUKIHYECKOE PpasiokeHye JUIHHLI v > 1
MuOkecTBa P, (oTHOCHTENBHO OTOGpaskenms P); ofpasyem MHOmecTBa @) =
=¢"Q;) (k=0,...,s—1,7=0,...,v—1). Torga

Qo Qo Q0 L QL Q7 @)y, @30T

Oyler IMKIMYECKNM pasjo;KeHWeM MHO;KecTBa N UIMHOH sv > 8, TaKk dYTO
s £ 7(g).

1,3) IIycmv s = r(p), k — yenoe wucao, k =1 + (n — s)2, x e N. Toeda
Z € gFs(x).

Hoxasareascrro. llycrs Py, ..., P,_; — OUKIAYECKOE PA3JIOKEHHE MHO-
skectBa N; mycrs P, comepsur n; snemenroB. OueBupgmo, n; = n — s + 1;
TaK Kak @ = ¢° mo IpeAbIyHiell TeopeMe IPUMHTHBHO Ha Jjwbom P;, To 1o
Teopeme 1 us paborsr [2] 6ymer x € DF(x) s mo6oro x € N u moboro k = 1 4
+ (n — s)2

(1,4) Hdauna Ea»cdo20 YuKIUNECKO20 DPAZAONCCHUS HEAACMCL  OeUmenem
qucaa r{(@).

HoxrasarenbcrBo. Ilo teopemam (1,1) u (1,3) gnuEA HPOM3BOJIBHOTO IH-
KIIMYECKOTO PABJIOKeHHA ABIIACTCA JAEJIUTeIeM KaykIoro HOCTATOIHO GOJIBIOIOTO
9mcsa, KpaTHOTO 7(®).

3ameuanue 1. I3 Teopemsl (1,2) caeayer, 9To B cyIIHOCTH HMeeTcs He Goiee
OJHOTO IUKIMYecKOTO PA3JIOKeHHs IJIMHOI0 §; Jelo B ToM, 410 P, sBusatores
HAMMEHBIIMMI HellycTHIMI MHo;xkectBamm M, mnsa wotopux ¢*(M) = M (unm
@"(M) c M).
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3ameuannme 2. Teopema (1,4) nonmycraer obpamenme: Kamasii mosmomxu-
TEJIBHBI JieuTeb umenia 7(®) ABNAerca MIMHOM MUKIMYECKOTO Pas3IoiKeHHsA.
Heiicrpuresnsno, ecmu 7(p) = ks (k, s — marypampmble wmena) u ecam P, ...,
ooy Prpy-1 — DUKIMUecKoe Padmoykenue, To MHEOkecrBa I'; = P; U Py U ...

U P (=0, ..., 8 — 1) o6pasyor, 09eBUHO, NUKINICCKOE PA3IIOIKe-
HUe JJINHEL S.

O6oz3uavenusn. Komeunyio nocieoBaTelbHOCTD
Tgy Ty, vy T4 (1)

5J1eMeHTOB 13 N MBI Ha3oBeM ncegdoyuraom, ecin ;€ p(r;_,) (1 =1,...,q),
%y = %, Ecom, kpome roro, xz; + z;, re 0 = ¢ << § < ¢, TO MBI HA30BEeM HOCJIe-
noBaredbHOCTE (1) yuraom. Yneno ¢ MbI Ha30BeM J.4uHOU TCEBIONMKIA (COOTB.
mnkia) (1).

Teopema. Yucro r(p) ssasemes obwum navbosvwum deaumenem OAumn 6cexr
YuKa08.

Hoxasarenscrso. llyers d > 0 ecth 06umit HANGOABINMI EIUTEND AJIAH
Bcex muxioB. U3 reopemnl (1,3) ciemyer, 9T0 Kaskaoe AOCTATOYHO Gojbmoe
qICcI0, Kparioe 7(¢), ABIAETCS AJIMHON ICeBIONUKIIA; OJJHAKO, JerKo o0Hapy-
FKATH, 9TO JUIMHY KarKIOTO ICeBIOIMKIIA MOKHO BHIDA3UTH B BH/E CYMMBI [JIMH
mukioB. Orcioma ciefgyer, 4to d siBisercs peiuresiem umeia (). CorsacHo
teopeme (1,1), omnako, u (@) ABIdercsa meiaureseM umciaa d, Tak 9T0, AEHCTBH-
TenbHO, d = r(p).

Sameuanne 3. Mrtak, KaskaoMy HepasiIOKUMOMY OTOOPAKEHUIO ¢ OTHECEHO
HEKOTOPOE YHUCIIO 7(®), KOTOPOE COIIacHO IOJyYeHHBIM BBIIIE Pe3yJIbTaTaM
XapaKkTepus3yer HEKOTOpPble CBOHCTBA cremeHeil oToOpaskeHus ¢. Bpuay cBAsm
¢ Teopueil HEOTPUNIATEIHHBIX MATPHUI[, KOTOpPAas OACHSIETCS BO BTOPOH dacTh
aroll paboTsl, mpepcTaBaAeTcd Iejeco00pa3HEIM Ha3BaTh 3TO UHCIIO UHOEKCOM
UMIPUMUMUBHOCINU. OTODPAKEHUT . ‘

O6paTnMcs Tenepb K HeoTpunaTeldbHHIM MaTpumaM. CBs3b TeOpHU HEOTPH-
IaTeJIbHEEX MAaTPHUI] C TeOPHeH aJIUuTHBHBIX 0TOOPasKeHUI W3JI0KeHa BO BTOPOM
yactu paborsr [2]. Cmeicn ymena 7(@) ML HEOTPUOATEILHBIX HEPABIOKAMBIX
MaTpHI TOT/Ja HeTPYAHO BHIsACHHUTH M3 3aMedyaHus 3 u u3 reopeMmsl (2,5) pabort
[2]. MBI BajiuM, 9TO 9TO HOHATHE COBIAAaeT ¢ TeM, YTO OOBIYHO B yIeOHHKAX
ompependeTcsa (IPH MOMOIM CHEKTPAILHBIX CBOWCTB MATPHEI), KaK HHEKC
AMOPAMHATUBHOCTH MAaTpuO. fInpo Hame# Hacrosmell 3aMeTKH ABIAETCA KOM-
OMHATODHOM CYIMHOCTBIO pe3ydbraTa, KOTOPHM OBUI, cOOCTBEHHO TLOBOPH,
napecteH yxe @pobenmycy [1].
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IMoar3ysichy mpemsIAymAMI paccy;KICHIAMA MO;KHO 0e3 TpyJAa HAWTH HHAEKC
VIMIDEMUTHBHOCTH JaHHOH HEOTPUIATENILHON HepasiommMmoll marpuubl 4 =
= |leullr. Ecim xors 6Bl OMH Hi1eMEHT TVIaBHOW AuaroHasm mMatpuusl 4 moio-
sRuTesieH, 10 A npEMUTHBHA (TAaK Kak WA HoxXojsimero x € N Oymer e (x)
", ciemoBareibHO, (@) = 1). Kcmm ke Bce dJeMeHTHL IJIaBHOM IuaroHAJIX
Marpunsl A paBHB HYJIIO, TO MBI HOCTaBUM MaTpune 4 B cOOTBETCTBIE OPHEHTH-
POBaHHEIL rpad) ciemyouuM 06pa3oM: BO3BMEM 7 Pa3jIMYHEIX BepmuH 1, 2 ..., »
M COEIMHNM CTPEJIKOM TOUKY % ¢ TOUKOH & TOTJA M TOJILKO TOTJa, KOTHA ¢y + 0.
ITo sromy rpady omnpepmenuMm JUIMHBI Cj, Cy, ..., C, BCEX BO3MOYKHBIX IMKJIOB
¥ BBIYKCIUM OOHMT HAambOJIBIIMI ACITUTENb YHCes ¢; JT0 U OyaerT MCKOMBIIL
MHJIEKC HMIIPUMUTUBHOCTH MaTpuitsl 4.
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Summary

ON THE INDEX OF IMPRIMITIVITY OF NONNEGATIVE
MATRICES

VLASTIMIL PTAK and JIRI SEDLACEK, Praha
(Received March 31, 1958)

In the present remark we complete the investigations of the first author [2]. It
turns out that the methods of [2] may be refined so as to obtain a quantitative
description of the decompositions treated in [2]. In this manner we obtain
a simple combinatorial characterization of the so called index of imprimitivity
of nonnegative matrices.

Let N be a given finite set.!) Let ¢ be an irreducible additive mapping of
exp N into exp N. The sets P, P, ..., P,_, are said to constitute a cyclic
partition of N (with respect to ¢), if P; = @(P;_;) forj=1,2,...,8 —1 and
Py = ¢p(P;_,) and if Py, Py, ..., P,_, is a partition of N. The number s is called
the length of the partition.

(1,1) Let Py, ..., P,_, be a cyclic partition of N. Let j be a natural number,
let x ¢ N and suppose that x  ¢?(x). Then s|j.

1) With the exception of (1,3), all results (and proofs) are valid even without the
assumption that IV is finite.
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Proof. Clearly we may suppose that xe P,. We have j = ks + q¢ where
0= q < s, whence weqix) C g/(Py) = gU(gH(Py) = ¢o(Py) = P,. Tt follows
that ¢ = 0.

Especially, it follows from (1,1) that, among all possible cyclic partitions of N
there exists one of maximum length. This length will be called the index of
imprimitivity of ¢ and will be denoted by 7(p). If 7(p) = 1, the mapping ¢ is said
to be primative.

(1,2) Let P, ..., P,_, be a cyclic partition of N, let & = ¢*. Then @ is irredu-
cible on every P;. Every @ such that ®(Q) c @ may be expressed as the union of
some P;, so that D(Q) = Q. If s = r(yp), the mapping D is primitive on every P;.

Proof. Let 0 + Rc Py, D(R) c R. Let R, = ¢*(R) for + = 0,1,...,s — 1,
N*=R,u ... u R,_,. We find that p(N*) c N* whence N* = N. Since R, c P,
and U R, = U P;, we have R, = P,. The mapping @ is thus seen to be irredu-
cible on every P,;.

Suppose now that, for some ¢ c &, we have @(Q) c Q and @, = P, n Q + 0.
It follows that

DQ) cDP)nDP@Q)cP, 0 Q=0
whence ; = P;. Hence @ is the union of those P; for which @ n P; + 0.

Suppose further that v > 1 and @,, ..., @, is a cyclic partition of P, with
respect to @. If QF = ¢*(Q;) for k =0, ..., s — 1 we find easily that the sets

Qg’ Q:(l]’ MRS | Q3~1? Qg’ M Qi“l’ tr Qg—l’ “"v Qf}:i

form a cyclic partition of N with respect to ¢. The length of this partition being
s.v > s, we have s +.7(p).

(1,3) Let s = r(p) and let k = 1 4 (n — s)2. Then x € g*5(x) for every x.
Proof. Let Py, ..., P,_, be a cyclic partition of N. Clearly every P, has at
most n — s + 1 elements. Since @ is primitive on every P;, it follows from
theorem 1 of [2] that x e @*(x) for every x ¢ N and every k = 1 + (n — s)2.
A finite sequence
gy Xq, ..oy Xy (1)

of elements of IV is said to constitute a pseudocycle of ¢ if x; € p(x;_,) for 1 =1,
2,...,q and zy = x4 If x;, + z; for every ¢,j such that 0 =<7 < j < ¢, the
sequence (1) will be called a cycle of p. The number ¢ will be called the length of
the pseudocycle (cycle). Since clearly the length of every pseudocycle may be
expressed as the sum of the lengths of suitable cycles, it is easy to see that the
greatest common divisor of all lengths of pseudocycles of ¢ coincides with the
greatest common divisor of all lengths of cycles of ¢.
The main result is the following:

Theorem. Let d > 0 be the greatest common divisor of all lengths of cycles of ¢.
Then r(p) = d.
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Proof. According to (1,1), the number r(¢) divides the length of every
pseudocycle of ¢. Hence r(¢)|d. Take now an arbitrary xe N and put P =
=z U pHr)ug?(z)u... If P = N,wehavez e p(lV) = ¢(P), whence x ¢ p7¢+1(z)
for a suitable j. It follows that d|jd + 1 so that d = 1. We have thus r(p) =
= d = 1. Suppose now that P is different from &N. We show first that P has
the following property: if 0 & P’ c P and ¢%(P’) c P’, then P’ = P.To see that,
consider a nonvoid P’ c P such that ¢?(P’) c P’. Take a ze¢ P’. We have
z € ?%(x) for some p and x € ¢*(z) for some k. Hence x € ¢**?%(z), so that d|k +
+ pd. It follows that & = md for some m so that x € p™4(z) c P’. Hence P c P'.
It is easy to prove (see the second part of the proof of the main theorem in [2])
that ¢%(P) = P and that any two of the sets P, = ¢/(P) (j = 0,1, ...,d — 1)
are either disjoint or identical. Let ¢ be the least integer for which ¢*(P) = P.
We have then z e pt+id(z) for some j, whence d|¢ + jd so that ¢ = d. The sets
P, ..., P, are thus seen to constitute a cyclic partition of length d. It follows
that d < r(p). This, together with »(p)|d proves the equation r(¢) = d.

(1,4) The length of every cyclic partition is a divisor of r(p) and, to every divisor
s of (), there exists a cyclic partition of length s.

Proof. According to (1,1), the length of every cyclic partition is a divisor
of d. We have d = r(p) according to the main theorem. To prove the second
part of our assertion, consider an arbitrary divisor s of (@) = d. We have thus
d=1Fk.s If Py, ..., P, is a cyclic partition of length d, it is easy to see that
the sets

T;=P;0P; i U...U0P; g =01,...,8—1)

constitute a cyclic partition of length s.
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