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YEXOCJIOBAIIKNN MATEMATUYECKUN JKYPHAJ

Mamemamu Yexoc. 4 Axademuu HAY®
T. 8 (83) IIPATA 15. XII. 1958 r., No 4

OB OJTHOVI KOMBUHATOPHOI TEOPEME M EE
INPUMEHEHUN K HEOTPUIIATEJIbBHBIM MATPULIAM

BJIACTUMUIJ IITAK (Vlastimil Ptédk), ITpara
(Hoctymmiro B pemakmmio 22/11 1958 r.)

HOKBSHB&CTCH upocrasg KOMGHH&TOPHHH TeopeMa, JierRaluas B OCHO-
BEe MHOTHX CBOWCTB HEOTpHUIATEJIbHbIX MAaTPHIL.

Ilpm wmccseloBaHMA HEKOTOPHIX NPOGJIeM, HaXOMAMUXCA B CBA3H ¢ He-
OTPHUIATEJIbHLIMI MATPHIAMM, cO3[aeTcA BIedaTiieHIe, YTO MeJbli PN CBOMCTB
HEOTPHUIATEJLHBIX MATPUI, HOCUT YMCTO KOMOMHATOPHBII Xapaxrep. ABTOP
3aHUMAJICA STHM BONPOCOM M €My YAanoch HafiTwm MPOCTOH KOMOMHATOPHBIMA
IIPUBINH, JIGKAIMUH B OCHOBE MHOI'MX CBOWCTB HEOTPHUIIATEJIBHBIX MATPHUIL.

9dra KoMOHHATOpDHAs TeopeMa IPHBOAWTCS B HepBOM Haparpade, BO BTOPOM
maparpade HosAcHsAETCA ee CBSA3h ¢ TeOpHell HeOTPUIATEIbHBX MATPHIL.

06o3navennda. IlycTs # — mamHoe HarypaibpHOe 4HCIO0; Yepe3 N o6o3HAYHM
MHOJKECTBO BCeX HAaTYpaJbHBIX wncel 1, 2, ..., n. Ilycrs F o3Ha49aeT MHOIKECTBO
BceX 0TOOpaykeHH @, 00IaJAIOKNX CIeYOMUME IBYMs CBOHCTBAMHE!

1° oroGpaskeHHe @ CTaBUT B COOTBETCTBHME Kaykaomy MHOKectBy A c N
OLATH HEKOTOpOe,MHOKecTBO ¢(4) C N,

2° orobpaskeHme @ aJUTHBHO; uMeeT MecTO paBeHcTBO @(0) = 0, m musA
mo6six nByx A, ¢ N, 4, c N — paBeHCTBO

p(4, v 4,) = p(4,) v p(4,) .

B ToM cayuae, Korjga oro0paskeHHe @ CTABHT B COOTBETCTBHE Ka;KIOMY MHO-
skectBY A ¢ N mycroe MHOKeCTBO, MBI OymeM mmcats ¢ = 0.

Orobpaskenne ¢ € ' Ha30BeM paA30dCUMbLM, €CIIH CYLIECTBYET HOMHO-
sxectBo P c N, ormuusnoe or 0 m N, takoe, uro ¢(P) ¢ P. Orobpaskenne ¢ € F
MEL Ha30BeM HePaA3L0ONCUMBIM, €CITH ¢ He SABIISAETCS Pa3iIoKUMEM. Ecia n = 1,
T0 Kaskmaoe @ € F' Hepasilo)RKEMO, B 9YACTHOCTH, HEPasIOKUIMO OTOOpaskeHme
@ = 0. lnss » > 1 orobpaskenue ¢ = 0 Gyjer, 04eBUIHO, pasioxuMo. B mans-
HelimeM MBI BCIOLY IpejiliojiaraeM, 410 7 > 1, Tak 4910 HIA d060ro Hepasio-
JKEMOT0 @ umeeT mecTo @ =+ 0.
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(L,1) IIyemo ¢ € F nepasaoncuso; moeda g(N) = N u p(A) == 0, ecan moad-
wo A &= 0.

Hdoxasarenbcrso. Obosnaunm B = ¢(N). Torga nmeem ¢(B) c p(N) c B,
TaK 910 JOKHO ObiTh uin B = 0 win B = N. Ecan 661 B = 0, 651710 051, 09e—
Bupiao, ¢ = 0. ITycrs 4 % 0. Eciu 651 ¢(4) = 0, Gouto 06t p(4) ¢ 4. Tar rar
A # 0, 6p110 661 4 = N, 3uauur, 65110 651 1 @(N) = 0, Tax uro ¢ = 0.

(1,2) IIycmv @ € F nepasaoncumo, A == 0. Toeda 6ydem
Aovgpd)u...uve(4)=N.
Ecau v — npouseoavroe nHainypasbioe wucLo, mo
e'(A) U gt (4) U ... v T (4) = N .

HoxaszarenncrBo. Muoseersa Fo= A4, F, =4 v ¢pd), F,=4vu
U @(4) u ¢¥4), ... ynopamouensl mocpefcTBOoM BHRIoueHns. Jomxmo cyme-
¢TBOBATL HaTypaibuoe yucio k < » raxoe, uro ¢*(4) c F_;, u60 B n1poTHBHOM
ciywae F, comepskao Oul Mo KpaiiHeil Mepe IBa djeMeHta, F, — xors 6B TpHm
HIIEMEHTA 11 T. ., 4T0 HeBo3MoskHO. Torma 6ymer k — 1 < n — 1, 1 MBI HOTyd9uM

¢(Fi) = [p(4) v ... v gFH(A)] v ¢H(4) c Fry .

Tax wax 0 #+ A c Fy_,, oymer F,_, = N, a rem Gosee F,_; = N. Bropas
YacTh HAIEro YTBEP:;KIEGHUsI JIeTKO BHITEKAeT M3 IepBOil II0 METONy IIOJIHOM
HMHJLYKITHH, ecil HCIoIb30Barh paBeHcTBO @(N) = N.

1. Tlepeiimem remeps K riaBHOI Teopeme. Ecam ¢ € ' uw p — HeroTopoe Ha-
TypasbHOE YMCIIO, TO TOBTOPHOE OTO0pajkeHue @P, OYEBUIHO, TAKIKE BXOTAT
B F. Crenyromasi TeopeMa IOKasblBaeT, 4TO Bee HEPa3JloKMMble 0TO0pasKeHMs
@ € I' MoskHO TOJpa3esnTh Ha J(Ba Kiacca B 3aBUCHUMOCTH OT IIOBeleHWsd MX
crerneHeit.

Teopema 1. ITycmov ¢ € F nepasaomncumo. Toeda mozym nacmynumsv 0Osa
CAOYIOWUL CAYHAL:

1° gce omobpaoscenus @, @, ..., QF HEPABLONCUMBL, M020A @ HePABAOHCUMO
das ecex v u gP(A) = N das 106020 nenycmozo A, ecau moavko p = (n— 1) + 1,

2° cywecmeyem k < n mak, umo ¢* paszsomcumo; moeda cyuecmseyem Oecko-
HeYHoe KOAUMECMBO ¥ MAKUL, 40 ¥ PABLONCUMO; eCAU dHce PP PABLONCUMO, TRO
cywecmeyem wucao d > 1, seasiowyeeca deaumenen v, u nenycmoe mrodicecmso P
maxkoe, umo muoncecmsa P; = ¢i(Py das j = 0, 1, ...,d — 1 no-napro ne ne-
pecekaromes y obaadawm caedyoWumL C6OUCMBAMU;

(1) PouPyu...uPu =N,

(2) p4P,) = P; 8aa i = 0, 1,...,d — 1, mak umo mem 6oaee ¢°(P;) = Py,

(3) ecau @ c N u ¢*(Q) c Q, mo Q ssasemes coedunenuenm Hexomopuxr Py u,
caedosamenvro, umeem mecmo dasce coomnowenue ¢HQ) = Q.
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Hoxasarenberso. IlpemmosmoskuM Ipe;ae Beero, 4To0 Bee OTOOpPaKeHHs
@, ¢% ..., ¢" nepasnomumel. Ecmu w — marypainnoe 9meio, To uepes @(w)
0603HagNM MHOKCCTBO BeeX x e N rawmx, uto % € ¢(x). Uepes v oGosznadnm
HAUMEHBINee HATYpaIbHOE umeso, i Koroporo @Q(v) % 0. Ouesummo, Oyner
v < n. Ilyers « € Q(v); o6osHaumm wepes X, MHOMKECTBO, COCTOsIITICE U3 eIHH-
crBeHHOTO anemenra x. Ofosmaunm X; = @iv(X,), tak uro X,c X, c X, ...
Tax rar X, c ¢*(X,), T0 31ech He MOKET HMETh MECTa PABEHCTBO 34 MCKIIIOYE-
HueM ciydasas X, = N. Orcioga caepyer, aro ¢-09(Xg) = N. [lycrs, mainee,
maHO mHemycroe MHO3KecTBO A ¢ N. OGosHauum uepes S HamMeHBIIEE IEJI0e He-
oTpHUIATebHOE YHCo, A Kotoporo @A) n @(v) + 0. Bosbmem p € ¢*(4) n
N @(v) n o6osmaunm uepes Py MHOMECTBO, cocToAIee W3 efUHCTBEHHOTO 3JIe-
MeHnTa p. CorjracHo HpeNbIiyieMy IMeeM

(ps+(n——l)v(A) o) (p(n—l)v(PO) = N .

Msr Gymem pasnuyarTh fBa CIydas:

(1) v=m— 2. Tak wax s = n, 10 Oyuer s +(n — v <n 4+ (n—1).
.(n—2)=1+4(n — 1)

(2) v =2 n — 1. BossmeM Py € Q(v) u o6osuaanm P, = ¢(p,), Py = ¥*(Py), - -
BosemeM TOURY P,_3 € P,y TaK, 9T00H P, € p(P,_;), [aTE TOUKY Py—s € Py_y
TaK, 9TOOB Py_; € @(Py_g), U T. IT.

Hoxraskem upesie Bcero, 4ro Bce TOYKH Py, Py, - - -5 Py—y OTIWIHEL APYT OT
npyra. Ilycrs, naobopor, cymectBylor uncia 0 < 4 << § << v, TaK, 4T0 P; = P;.
Torpma Gymer p, e @*(p;) = ¢°7(p;), oTkyma p; e p**=i(p;). Onmaro ¢ + v —
— § < v, 4TO HPOTUBOPEYNT BHIIIE cKasaHHOMY. [lis1 mmo6Goro p; (0 = ¢ < v — 1)
HMeeT MecTO P; € ¢i(Py), Do € ¢*~4p;), ciemoBarenbuo, p; € @(v). Ilycrs remepn
v =n — 1, n nycrs maHo Hemycroe MHO3KecTBO A. Tax Kak B Q(v) comepKurcs
1o MeHbIIeii Mepe n — 1 asementos, 6ymer (A U p(4)) n Q(v) *+ 0. Urak, s < 1,
tak 4To omATh § + (n — 1) v = 1 + (n — 1)2

IoxasarenbcTBO OyAeT 3aBepIIeHO, €clIH MBI IOKajKeM, 9TO cillydail v = n
HeBo3MoOsKkeH. B arom ciyuae @(v) = N. Bpemem eme oGosmadenme P, = P,
U OKasKeM, 9T0 JJIs jio6oro ¢ (0 < ¢ < n — 1) uMeer MeCTO PABEHCTBO ¢(p;) =
= p;,,- [Ipegmomnoxum, naoGopor, 9ro cymecrsyer ¢ (0 = ¢ < n — 1) Tax, 9ro
MHOKECTBO @(P;) COMEPsKUT KpOMe BDIIeMEHTa P;,, elle KakoH-mumbo mpyroi
sement p;. Ecaum § > ¢ 4 1, To mmeem

Do € "(p;) C g (py) C @I, -
Opmmaxo n —j + 1 + 4 < n, 9ro asuserca uporusopedueM. Ecam j =4, T0
i € 9(p;), ;€ ¢~(p;) cmemoparensHO, P; € i—iti(p;); ommaKo ¢ —j + 1 < m
3a HCKIIIOYeHMeM ciiydas ¢ = n — 1, § = 0. Ho Torna p; = p,. Orcioga cienyer,

qaro ¢™(x) = & Ia moGoro x € N, Tak 9TO @™ PABIIOKAMO, YTO HPOTUBOPEUHT
TIPeIOJIOFKEHHUIO.

HpennonomnM, BO-BTOPHIX, UTO CYIIECTBYET HaTypPaJIbHOE YUCJIO ¥ M He-

489




nycroe coberBenHOe noamuOKecTBO P ¢ N tak, uro ¢¥(P) c P. Bosbmem P na-
CTOTPKO MAJBIM, 4YTO HHE [JIfi KAaKOW HeIycTod cobcTBenHoM dwactm P’ mmuO-
mectsa P me mmeer mecta coorHomenme ¢°(P’) c P’

O6ozraunm V = ¢°(P), rax uro V c P. Cormacro (1,1) Gymer V = 0. Umecem
¢*(V) c ¢*(P) = V u, cieposareibuo, momxuo 0sirs V = P. Urak, ¢*(P) = P.

O6osmauum P, = P, P, = ¢(P), P, = ¢*P),... Hdna wmuomectBa B =
= Pyu P, u...u P,_, umeer, ouesujino, mecto ¢(B) c B, Tak 4T0 IOIHKHO
6ot B = N. [Janee, ¢*(P;) = ¢%(¢i(P)) = ¢i(¢*(P)) = ¢{(P) = P;. Ilora-
JKeM Teleps, uro Jioboe P; mmeer ciepyiomee cBoiicTBo: Ecmm @ ¢ P, memycto
u ¢°(Q) c @, to Q= P, [eiicrBurennuo, ¢~i(Q)c ¢*=(P;) = P. [lamnce,
@°(p"~(Q)) = ¢*~H¢*(Q)) c ¢*~{(Q). CremoBaTesabHO, TOMKHO OBITH @Y~i(Q)) =
= P, otryna P; = ¢(P) = ¢(¢"4Q)) = ¢"(@) ¢ @, max uro P; = Q.

W3 T0IBKO YTO [OKA3aHHOTO CBOMCTBA HEMOCPEICTBEHHO CJEILYeT, 4T0 JiBa
00X MHOKecTBA P, u P; min JW3BIOHKTHB WM TOKAecTBeHHB. leiicru-
reipHO, ecim P, 0 P; & 0, 1o ¢"(P; n P;) c P, n P; u, ciemoBaTeiibHo, 310
rmepeceveHne JOJKHO OBITH TOSECTBEHHO ¢ P, mw ¢ P;.

ITycrs Temeps d — mamMenbIee HATYPaIbHOE YUCIIO, JUiA KoToporo Py = P,.
Hoxrasxem, uro d asusercs menmresem v. IleficTBurennuo, myers b — mHamGo-
BN OOIWH AeJIATehb Juces d 1 v; nycTh, fgasee, k > 0. Torga cymecrByior
HaTypaJIbHBIE 4ucia P, ¢ Takue, uro pd — qv = h. Teneps Py = Pq = P,y =

=P,y = ..., otkyna Py=P,;, = P, = P,. Tak rax 0 < h =< d, nomxuo
6bit d = h. Ecnin H = Py u P, u ... 0 Py, 10 p(H) = H, rax uro H = N.
IMoxaskem eme, uro muOskectBa Py, P, ..., P, | no-mapHo me IepeceranTcsd.

Ecnu 6351, maoGopor, cymecrsoBanu dmeia 0 < r < s < d rag, uro P, = P,,
65110 661 P, gy = Py, ommako r +d —s =d — (s — r) < d. Ecim @ — me-
IMyCcTOe MHOKECTBO, IS ROTOPOro ¢¥(Q)) C @, To Bo3bMeM Upom3BoiLHOE P
Umeem ¢*(P; n Q) c P; 0 @, m nosromy mwiu P, n Q = 0 wim P, c Q. Muo-
MKECTBO () sIBIIAETCH, CIIEOBATENIFHO, COEIWHEHWCM HEKOTOPHIX P;, oTKynma
Q) = Q.

2. IlepeiifieM Temeph K 3HAYEHMIO HPEIBJIYLIeHl TEOPeMBl B TEOPUH HEOTpPU-
narenbubX Matpun. Eciam A — panHasi HeOTpWNATENIbHAS MATpPUIA MOPALKA
7, TO IOCTaBUM €H B cOOTBETCTBUE OTOOpaskeHme ¢ € F ciepyomum o6pasoM.
ITycrs ¢(0) = 0. Ecanm P ¢ N wenycro, 10 0603naunm wepes ¢(P) MHOKECTBO
Beex TeX j e N, s KOTOpHX cymectByer ¢ € P Tak, uto a;; + 0. Herpymno
BHMETH, 4TO ¢ € F'. flcHo, uro marpuna A mepasiokmMa TOTA M TOIBKO TOTHA,
ecanm oTobpaskeHme ¢ Hepasiomkumo. [lo mMeTomy mosHON WHAYKINE HETPYTHO
IoKazaTh, 4To cremeHn A? coorBercTBYeT O0TOOparKeHme ¢v.

I'maBHast TeopemMa TOrja AOIYCKAaeT CJIEYIONIYIO MHTEPIPETAINIO:

(2,1) IIycmv A — neompuyamenvnas mepasroncuman mampuya. Ecau ece
wmampuyse A2, A3, ..., A" mepasaomcumvi, mo A® mepasaomcuma 0an 4106020
v,adanv =1+ (n — 1) mampuya A? noroycumenrvua.
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Ecau kakas-aubo cmenenv Av pasaomcuma, mo cywecmeyem Oéiumend
d > 1 qucaa v mar, umo cmenenv A% MoxcHO NPU NOMOWU Hadaexcawell nepe-
CMAHOBKU CMPOE U 00HO8PeMEHHO cMmoabyos npusecmu k 6udy

B,0 0...0
0 B,0...0
0 0 0...B,

¢ KBAODAMHBIMU HEDAAONCUMBLMUI MAMPUYAMU 6 2aasHoill Ouazowmaau. Ilpu
mom mce pazbuenuu Ha 6A0KU MamMpuyy A MONCHO NPU NOMOWU MOTL dsce camoll
nepecmawnosku npueecmu k 6udy

0 A,0 ...0
0 0 Ay...0
0 0 0 .44,

A4, 0 0 .0

9dra teopema Bocxomutr kK @pobenmycy [1], onnaro Ppobenunyc moKasai
B IIePBOH 9acTW TEOPEMEI HeCKOJbKO 6osee ciaboe yrBepsxierne: CymecrByer
1OKa3aTedb v, Wi Kotoporo A® nonoskurensaa. HusxHIO TpanuIy AIA 5TOTO
nmokasarejist npumBogur 06e3 morasareldbcrBa Bumampr [2]. Ppammma 1 4
~+ (n — 1)? He JonyCKaeT AaJbHENIIero IOHVKeHUs, KaK IOKa3hBaeT IpUMep
[2] maTpunsl, onpemeseHHON paBeHCTBAME

iy = Qog = ... = Ay g = Uy = Bpg =1

n TpeGoBaHIeM, YTOOBI OCTaJIbHBIC HIEMEHTH PABHAINCEH HYJIIO.

Hamerum Temeps cmocol, Kak IPERBIAYIIYI0 TEOPEMY MOKHO HCIOIH30BATh
B TEOPUY HEOTPHUIATENLHBIX MAarpum. Mel OyleM IOIb30BATHCA TONBKO CIIELY-
IOIUM Pe3yIIbTaTOM:

Ecmm A — m\eorpumartelpHasi HepasIoskEMasg MATPHNA, TO CYMECTBYeT
yuesno ¢ > 0, ABJIAIOmIeecs IPOCTHIM COOCTBEHHBIM 3HAaUYeHHeM MaTpmubel 4,
npugeM |o'| = ¢ mus mo6oro JasibHeRIero coOGCTBEHHOINO 3HAYEHUs o' MaTpH-
ust A. Ecim A nonoskurensra, o mame |o’| < o muma mo6oro nanbHeimero
cobcTBeHHOTO 3HaYeHms1 o' MaTpuusl A.

Msr Ha3oBeM HEOTPHIATENbHYIO HEPA3JIOKMMYK MATPHIY NPHMUTABHOH,
ecim Ha OKPYIRHOCTH [2| = @ He JIeKAT HE OJHOH TOUKH ee CIIeKTpa, KpoMe o.

Hawm momamoburcs emie ciegyiomas HeTpyAHAsA JeMMa.

(2,2) ITycmv M — mampuya yurausecko20 euda

0 M0 ...0
0 0 M,...0
0 0 0 .. M,
M,, 0 0 ..0

)
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¢ Keadpammupimu Oa0KamMu 6004b esagmoil duazonasu. Ilycmv npu mom e
puasbuenuu Ha 6a0ku edurnuunas mampuya E umeem eud

E,0 0 ...0
0 E,0 ...0
E={00 E .0
000 ..k,
ITycmy, daace, & — npoussoavroe uucao, 04 komopozo e* = 1. Obosrauum
e, 0 0...0
0 &H,0...0

Toeda eM = D-MD, mak umo cnekmp mampuyvt M uneapuarnmen omHocu-
MeAbHO NOBOPOMA KOMNAECKCHOU NAOCKOCMU HA Y204 2—;:

IloxasareascTBO HENOCPEICTBEHHO.

W3 reopemsr (2,1) u meMmbr (2,2) JerKO BBHITEKAIOT CJIENYIONINE pe3yJIHTATHL:

(2,3) Iycmv mampuya A neompuyamesvra u Hepasroncuma. Tozeda caedywo-
wue 6HICKA3LIBAHUS IKGUBANCHMHYL OpYye Opy2y:

1° mampuya A npumumusha,

2° ¢ce cmenenu mampuyst A HepasLoMcuMsL,

3% ece mampuywm A, A2, ..., A" nepassomcumsl,

4° cmenenv A® noaoscumeavna das v =1 + (n — 1),

5° cywecmeyem wucao p maroe, umo A? noA0MCUMENbHA.

(2,4) IIycmv mampuya A Heompuyameavna u mepaszsoncuma. Ecau A npu-
mumusna, mo A? npumumusna 04a 4106020 v.

(2,6) ITycmv mampuya A neompuyamesvna u Hepasaoncuma. IlIycmv A umeem
6 mounocmu h coGcmeennvx wucen, pasHyx no abcoaiomuot seanwnune o. Toeda
6ecv cnekmp mampuyst A nepeiidem ¢ cebs npu nosopome KOMNAEKCHOU NAOC-

9.

KOCMU 60KpY2 HAuaAQ4 KOOPOUHAM HA Y204 :hz . Bce cobcmeennvie snauenus,
pasHvle no abcoaiomuoil eeaunune o, ssasiomes npocmuimu. Qucno h asasemcs
HAUMEHDWLUM NoKasamenem, 0as komopozo A pacnadaemcs 6 npumumusHsle
mampuysl. Jucao HepasoMmcumpls Mampuy, Ha Komopsle pacnadaemcs cmenend
A*, pasro nHauboavwemy obwemy Oeaumento wuces v u h.
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Summary

ON A COMBINATORIAL THEOREM AND ITS APPLICATION
TO NONNEGATIVE MATRICES

VLASTIMIL PTAK, Praha
(Received February 22, 1958)

In many investigations concerning nonnegative matrices the idea suggests
itself that many of their properties are of a purely combinatorial character,
in other words that they depend on the distribution of zeros and ‘nonzeros”
in the matrix only regardless of the actual values of the positive entries. In
the present paper we present a combinatorial theorem which contains the
combinatorial substance of the behaviour of iterations of nonnegative matrices.

Notation. Let n be a natural number, » > 1 and let N be the set of natural
numbers 1, 2, ..., n. Let F be the set of all mappings ¢ with the following two
properties.

1° the mapping ¢ assigns to every set 4 ¢ N some set p(4) c N,

2° the mapping ¢ is additive; we have ¢(0) = 0 and ¢(4, U 4,) = ¢(4,) U
U @(4,) for any twosets 4, c N, A, c N.

We write ¢ = 0 if ¢(4) = 0 for every A c N. A mapping ¢ ¢ F is said
to be reducible if there is a set P ¢ N different from 0 and N such that ¢(P) c P.
A mapping ¢ € F is said to be irreducible if ¢ is not reducible.

(1.1) Let ¢ € F be irreducible. Then ¢(N) = N and ¢(4) % 0 whenever 4 + 0,

Proof. Let B = ¢(IN). We have then ¢(B) c ¢(N) = B, so that either B = 0
or B = N. The case B = 0is impossible, since B = 0 implies ¢ = 0. Let 4 £ 0
and ¢(4) = 0. Then ¢(4) c 4 whence either 4 = 0 or 4 = N. Since 4 + 0,
we have 4 = N whence ¢(N) = 0 which is impossible.

(1.2). Let ¢ = F be irreducible, A + 0. Then

AuegA)u...uer(4)=N.

Proof. Let Fy=A, F, = A u ¢p(4), Fy; = A v ¢(4) u ¢*4), ..., so that
0% FycF,cF,c... There exists a natural number £ < » such that ¢*(4) c
C Fy_,. Indeed, if this were not the case, F'; would contain at least two elements,
F, at least three elements etc. which is impossible.

It follows that ¢(F}_;) c Fy_,. Since 0 & A c Fy_,, we have F;,_, = N and,
a fortiori, F,_;, = N.

If p e F and p is a natural number, clearly ¢? ¢ F as well. The following
theorem shows that the class of all irreducible mappings ¢ € F' may be divided
into two subclasses according to the behaviour of the iterated mappings.
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Theorem. Let ¢ € F be irreducible. Then the following two cases are possible:

1° the mappings @, @2, ..., ¢" are all irreducible; then ¢* is irreducible for every
v and p?(A) = N for every A + 0 and every p =1 + (n — 1)2,

2° there exists a k < n such that ¢* is reducible; then ¢® is reducible for infinitely
many v. If v is reducible, there exists a divisor d > 1 of v and a nonvoid set P
such that the sets P; = ¢i(P), j = 0,1, ..., d — 1, are mutually disjoint and
posses the following properties:

(1)Pyu Pyu...uP; =N,

(2) pUP;) = P; for e = 0, 1, ...,d — 1 so that, a fortiors, ¢*(P,) = P;,

(3) tf @ c N and ¢*(Q) c @, then Q is the union oj‘ some P; so that ¢%(Q) = Q.

Proof. Suppose first that ¢’ is irreducible for j = 1,2, ..., n. For every
natural w let Q(w) be the set of all ¢ N such that 2 € ¢*(x). Let v be the least
natural number for which Q(v) # 0. Clearly » < n. Let z ¢ Q(v) and let X, be the
set consisting of the point z. Let X; = ¢(X,) so that X,c X, c X,c....
Since X, c ¢*(X;), we cannot have equality here unless X, = N. Hence
g-1(X ) = N. Take now a nonvoid A c N. Let s be the least nonnegative
integer for which ¢%(4) n @(v) & 0. Let P, be a one-point set contained
in ¢3(4) n @(v). We have then

(ps-k(n—l)v(A) ) (p(n—l)'v(Po) =N .

We shall distinguish two cases:

(1) v =<n — 2.8inces < n,wehaves + (n — 1)v=n 4+ (n — 1)(n — 2) =
=144 (n — 1)2,

(2) v =n — 1. Take a p, € Q(v) and put P, = ¢(p,), P2 = #*(Py), .... Take
a point p,_; € P,_, such that p, e ¢(p,_,), then a point p,_, e P,_, such that
Py—y € P(Py—2) and so on. We show next that the points Pos P1s - - +» Py are differ-
ent from each other. To see that, suppose that there exist two numbers 0 =
=< i< j<v such that p, = p;. Then p,e ¢*7(p;) = ¢*7(p;), whence p, e
€ g**v=i(p;) which is a contradiction since 7 + v — j < v. Clearly p; e @(v)
for every 7, 0 < ¢ < v — 1.

Now let v = n — 1 and let 4 be a nonvoid subset of N. Since @(v) contains
at least » — 1 elements, we have

(4 v e(d)n Q) +0.
Hence s < 1, so that
s+m—1Dv=1+4 (n— 1)2.

The proof will be concluded if we show that the case v = n is impossible.
In this case we have Q(v) = N. Put p, = p,. It is possible to show then that
o(p;) = Py, for every ¢ (0 < ¢ < n — 1). It follows that ¢*(x) = x for every
x € N so that ¢" is reducible, which is a contradiction.
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To prove the second part of the theorem, suppose there exists a number v
and a set P c N different from 0 and N such that ¢*(P) c P. Suppose that P
has been chosen small enough so that no nonvoid proper subset P’ of P fulfills
¢*(P’) c P’. It follows that ¢*(P) = P.

Define P, = P, P, = ¢(P), Py = ¢*P),.... For B=P,u P, u...u P,
we have clearly ¢(B) c B whence B = N. Clearly ¢*(P;) = P, for every i.
We show next that every P; has the following property: if 0 + @ c P; and
(@) c @, then @ = P,. Indeed, we have ¢~i{(Q) c ¢*~i(P;) = P. Further

P(P(Q) = ¢~ (#°(@) c 9°~(@Q)
whence ¢v=i(Q) = P so that P, = ¢¢(P) = ¢i(¢"~#(Q)) = ¢*(Q) c Q. We have
then P, = Q.

We may show now that any two of the sets P; are either disjoint or identical.
Indeed, if P; n P; & 0, we have ¢°(P; n P;) c P, n P; so that P, n P; must
be equal both to P; and P;.

Now let d be the least natural number for which P, = P,. We intend to
prove that d is a divisor of v. Indeed, let m > 0 be the greatest common divisor
of d and ». There exist natural numbers p, g such that pd — qv = m. We have
Py=P,=Py;=Py;=...s50 that P=P,;, = Py, n = P,

Since 0 < m < d, wehavem = d. Wehave ¢(H) = H forH = P,u P, u ...
...u P,_,, whence H = N. If there were two numbers 0 < r < s < d such
that P, = P,, we should have P,,;_, = P, which is a contradiction since
r4d—s<d. »

Lef  be a nonvoid set such that ¢*(Q) c @ and let a P, be given. Clearly P;
is either contained in @ or disjoint with @. The set @ is thus seen to be union
of some of the Q; so that ¢4(Q) = @. The proof is complete.

2. We proceed to explain the meaning of this theorem for nonnegative
matrices. If 4 is a nonnegative matrix of degree n, we define a ¢ € F' in the
following manner:

Put ¢(0) = 0. If P c N is nonvoid, we define p(P) as the set of those j e N
for which there exists an ¢ € P such that a;; & 0. The fact that ¢ € F is easily
verified. Clearly ¢ is irreducible if and only if A4 is indecomposable. It is easy
to see that the mapping ¢* corresponds to A4°.

We refer to the main text for the exact formulation of the results on non-
negative matrices which may be obtained from the preceding theorem; they
are collected in the second section.
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