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A NOTE ON A LINEAR PROGRAMMING PROBLEM

JAROMIR ABRHAM, Praha.

(Received December 23, 1955.)

This paper contains some theorems on the behaviour of the solutions
of a transportation problem in linear programming.

This paper was motivated by a transportation problem in linear programm-
ing. We give here DANTzIG’S economic formulation of this problem (see[1] —
References): ‘“A homogenous product is to be shipped in the amounts a,, ...,

.+ @y, respectively, from each of m shipping origins and received in amounts
by, - .., by, respectively, by each of n shipping destinations. The cost of shipping
a unit amount from the sth origin to jth destination is ¢;; and is known for all
combinations (7, ). The problem is to determine the amounts x,; to be shipped
over all routes (z, §) so as to minimize the total cost of transportation.”

This problem can be mathematically expressed as follows: Let a system of

m n
m + n positive numbers a,, ..., a,; b, ..., b, be given such that z a; = Z b;
i=1 =1
(m = 1,n > 1). According to NoZiCrA [2] such a system will in foll(;wing
be called an M-system and denoted by M(a,, ..., @; by, ..., b,). Two M-systems
M(ay, ..., @ by, ..., by), May, ..., a,; by, ..., b,), will be held as equivalent if
m = pu, n = v and if the finite sequences ay, ..., anand by, ..., b, are permuta-
tions of a,, ..., a,, and b, ..., b, respectively.

The M-system M(a,, ..., @y; by, ..., b,) will be said to be degenerate if there
are indices 1,79y ...,% (1< p<m), f,Js .7, (1 =<¢<n) such that
4 q
1-21%‘ :kzlbjk'

We shall call a solution of the M-system M(a,, ..., @y,; by, ..., b,) every non-
negative m X n matrix X = (x;;) satisfying the conditions

n m

Dxy=apt=12...m, >x;="0b;,j=12,...n. (1)
=1
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It can be proved that the set of all solutions of the given M-system considered
as a set of points in an mn-dimensional Euclidean space is non-empty, convex,
closed and bounded (see [2]). If M, = M(a,, ..., @p; by, ..., b,) and M, =
= M (a;,...,a;,b;, ..., b; ) are two equivalent M- systems and if X = (x;;)isa
solution of M,, then X’ (@i;), r=1,2,...,m,s=1,2,..., nis obviously
a solution of M,.

Let now mn real numbers ¢, 1 = 1,2,...,m, j=1,2,...,n be given.
The problem to be solved is to find the minimal (or maximal) values of the
m n

linear functional f(X) = 3 > c¢;x; over the set of all nonnegative matrices
iS171
satisfying (1).
Dantzig [1], Nozi¢cka [2] and others have given methods for solving the
described problem. We shall now give a short summary of Nozi¢ka’s method.
The proofs will be ommited.

We can without any loss of generality suppose that the considered M-system
is non-degenerate. If M(a,, ..., a,; by, ..., b,) is degenerate the modified M -sy-
stem M(a, — ¢, ..., a, — &by, ..., b,_;, b, — me) which is non-degenerate for
¢ (> 0) sufficiently small can be studied (see [1], [2]).

In solving the problem described above we construct firstly a basic solution
(not necessarily minimizing f(X)) as follows: At first, indices 7, j; (1 < 1, < m,
1 < j; < n) will be chosen and we put @, ; = min(a,, b;). Because of (1) the
“smaller” M-system M; = (ay, ..., @; 1, @; 1, A} bl, o by 1,050,041,
o by) or My = M(ay, ..., a;_y, a; — by, @ 1, <oy Qs by, ooy b jimts Djr1s oo
..., by) can be studied according to whether a; < b, or a; > b; (the case
a;, = b; is eliminated by the non-degeneracy assumption). For M, or M; the
whole construction will be repeated until an M-system with m = 1 or n = 1

is obtained. This will then be solved trivially.

A basic solution (i. e. a solution obtainable by the above-described construc-
tion) contains at least (m — 1)(» — 1) zero components, under the non-degene-
racy assumption exactly (m — 1)(n — 1) zero components.

From a basic solution X = (z;;) a new basic solution will be got for which
f(X) acquires a smaller value (if such a solution exists) as follows:

Let us consider a zero component of the given basic solution X, e. g. z,, and
let us distinguish two cases.

(I) There exist indices k£, 1 (1 < k < m, 1 < 1 < n) such that z,, > 0, 2, > O;
Zp > 0. If the corresponding coefficients c,; fulﬁl g1 + Crn > €y + ¢, anew basic
solutlon X" will be defined by the relations oy, = x;;for g + ¢ £ k, b + j + [,

x,, =@, — &, Ty = Ty, — &, Tpy = Lpy - &, xg,, =, + o where o = min(x,;, Z;,)-
We have obviously f(X') < f(X).



(IT) If (I) does not hold for some zero component x,, we construct the basic
solution X” in the following way: We put z,, =t > 0 and leave all other zero
components unchanged. These conditions determine X” uniquely. If f(X”) as
a function of ¢ is smaller than f(X) for # > 0 we choose # as large as possible.

If no solution X’ such that f(X') < f(X) can be constructed by (I) and if
for every zero component of the case (II) the corresponding X” is such
that f(X”) = f(X), then f(X) = min.

Every step of the above-described procedure has its geometrical inter-
pretation given in [2].

We shall now prove some theorems on the behaviour of the solutions of the
considered M-system minimalizing (maximalizing) the linear functional f(X)
if the coefficients ¢;; satisfy certain conditions.

Theorem 1. Let p, ¢ (1 < p < m, 1 < q < n) be positive integers such that
the coefficients of the linear functional {(X) = 3 > cyx,; fulfil the condition
1

i=17=

cpv+ceachv+ Cov (2)
for all p,v, 0,0 such that 1 < pu<p, g+ 1<v<n, p+1<o<m 1<
< ¢ < q and let us denote

Y4 q

]Zai—Zb,-Izr. (3)

=1 =1

Then there exists a solution X = (x;;) of the given M-system such that either

z,; =0, +=12..,p, j=q+1,..,n (4a)
and
m q
> Dwy=1 (4b)
i=p+1 j=1
or
=0, v=p+1,...m, 7=12,...¢q (5a)
and
P n
> o> =1 (5b)
i=1j=¢+1

and that f{(X) = min.
Theorem 2. If under the assumptions of Theorem 1 the condition
c/w + CQU > c/uf + Cgv (6)

holds instead of (2) for all u, v, o, o as in (2), then every solution of the M-system
considered in Theorem 1 such that {(X) = min has the properties (4a,b) or (5a,b).
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Proof of Theorems 1 and 2. First we prove that (4a) and (5a) imply
(4b) and (5b) respectively. For, let (4a) hold. Then

? m q

Z =20, 2 2% = Zb Za+r (by (3))

—~ i=14=1

Ltyﬂﬁ

and by subtracting the first equation from the second we get (4b). The implica-
tion (5a) = (5b) will be proved analogically. It therefore suffices to prove (4a)
or (5a).

In the following we shall distinguish two cases:

a) Let Za 4= Zb It will be proved that in this case (4a) holds. For,
let X' (x“) be a solutlon of the given M-system such that z,, > 0 for
some 7 < p, s> ¢+ 1 and such that f(X') = min. From Zai < Zb,- it

i=1 =1

follows that there exists an «;, > 0 with ¢ > p 4 1, u < ¢. This is clear from
the following consideration:

m 7 Pq

»
334 3 SH=3n, 5 S <5

L17—— i=1 i=1j=1 i

and if Z z x;; = 0 it follows that z b, < Z a;, which is a contradiction.

i=p+1j=1
It suffices to consider the case z,, é zy, (ln the contrary case the proof is
completely analogical). Let us now define the m x n matrix X" = (z};) as
follows:
" ’ " . . ”
vy =ay; for r+i+t, s+jF+u, x,=0,
" 7 7 " 4 7 " ! ’
Ty = Tpy — Tps s Tpg = Ty + Lpgy, Xyg = Ty + Ty

The matrix X” is obviously non-negative and satisfies (1). By direct compu-
tation we find

HX') — HX") = 2} (Crs + Cn — € — €4 - (7)

Due to relation (6) the last expression is positive, i. e. f(X") < f(X'), which
contradicts the assumption f(X') = min and therefore (4a) must hold for
every solution X such that f(X) = min. Theorem 2 is thus proved.

According to (2) the conditions f(X”) < f(X’') and f(X') = min imply
H(X") = {(X'). If for X" (4a) holds then Theorem 1 is proved. If not the whole
consideration can be repeated and we must obviously after a finite number
of steps come to a solution satisfying (4a).

Y4 q
b) From zlav,- = ‘Z1bj + v we get (5a). The proof is analogical and therefore
i= i=

will be ommited.



Remark 1. The conditions (2) and (6) are somewhat difficult to verify.
The reader may easily prove that the validity of the conditions (2) also follows
from the validity of conditions

maxc; < min ¢, 1=1,2....p, (8)
1sj=q ¢+1sisn
max ¢; < minc;, 1=p+1,...,m. 9)
¢ +1SiEn 1<jsq

If in (8) or (9) only the inequality sign << holds then (8) and (9) imply (6).
Analogically to the Theorems 1 and 2 the following Theorems can also be
proved:

Theorem 3. Let the M-system M(ay, ..., @y; by, ..., b,) have the property (3)
and suppose that the coefficients of the linear functional f(X) = 3 > ¢;y%y fulfil

i=1j=1
C,uo’ + Cop Z c,uv + Coor - (10)
for all u, v, o, o as i (2). Then there exists a solution X of the given M-system
such that (4a, b) or (5a,b) hold and such that {(X) = max.

Theorem 4. If under the assumptions of Theorem 3 the condition c,, + c,, >
> €4y + €4 holds instead of (10) for all p, v, o, 0 as in (2), then every solution X
of the M-system considered in Theorem 3 such that f(X) = max has the proper-
ties (4a, b) or (5a,b).

Remark 2. Theorems 1 and 2 apply to degenerate M-systems as follows:
Suppose that for the degenerate M-system M(a,, ..., @y; by, ..., b,) there
exist positive integers p,q (1 < p <m, 1 < g < n) such that ﬁai = qz b;

=1 j =1
(i. e. relation (3) with 7 = 0). In this case it follows from Theorem ljthat
there exists a solution X = (z;;) of the considered M-system such that f(X) =
= min and
;=0 for 1=1,..,p,j=q+1,...n
andfor 1=p+1,...m,7=1,..,q. (11)

If in the above-described case relation (6) holds, then every solution of the
considered M-system has the property (11). In these cases we can find a so-
lution X of the degenerate M-system M(ay, ..., @y; by, ..., b,) such that
f(X) = min by solving this problem separately for the M-systems M(a,, ...,
cen@p by, oo 0,) and M(a,.q, ..y @p5 byiq, -..5 by). We then obtain the value
of the total minimum by adding the minima for both “partial’’ M-systems and
we find the form of a total solution by (11). Under the condition (6) we can
find in this way all solutions, under the condition (2) only some of them (but
at least one).

Analogical rules can be formulated for finding solutions for which the linear
functional f(X) acquires its maximum.
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Peszome

3AMETKA K OJHON IMPOBJEME JINMHENHOI'O
[TPOTPAMMUPOBAHUA

APOMUP ABPT'AM (Jaromir Abrham), IIpara.
(TMocrymuio B pepakxnuio 23/XIT 1955 r.)

CucreMy m + n IONOMUTENBHBIX THCEIL Ay, ..., (y; by, ..., 0, (m 2> 1, 0 > 1)

]

m n
TaKUX, 9TO z a; = z b; mazosem M-cucremoii u obosnaunm gepes M(ay, ..

i=1 j=1
cosy @i by, oo, 0y). CraskeM, 9To M-cucrema M(ay, ..., @y; by, ..., b,) pasaoscuna,
eCM CYMECTBYIOT TaKue TIPYUILI MHICKCOB 4y, ..., 4 (1 < p < m), 4y, ..., 7,
» q
(1<gqg<mn),ur0o >a,=20b
k=1 s=1
Pewenuem M-cucmemvr M(ay, ..., ay; by, ..., b,) HazoBeM m0OGYI0 HeoTpuUUA-

TenbRyI0 Marpuny X = (x,;;) THIAa M, N TAKYIO, YTO

n m
Zx”:ai’ 7/:1,2,...,77’1, zx“:b;, j:172y-~'vn-
j=1 =1
OcHoBHON 3afadeil JMHEHOrO IPOIPAMMHPOBAHUS ABIAETCA HAXOJKICHHC

raxoro pemenns X sagaHHOR M-cHcTeMBI, JJIsT KOTOPOTO JIMHEWHBLT yHKIUO-
m n

Han f(X) = Z Z Ciii (Ciyy v = 1,...,m;j = 1,..., n — BeUleCTBEHHbLIC THCJIIA)
i=1j=1

JOCTUIaeT HA MHOjKecTBe BceX pelneHuil paccmatpuBaemoil M-cucreMsl ¢cBoero

MAHEMYyMa WU MaKCUMYyMa.

B paGore mano cykaroe usnoskenne ajropudma Hosxkuuru [2] (em. cnmcor
JITepaTyphl) AJIs PemeHUs TaHHOM 3a/a4n U OKa3aHbl TeOPeMbl, OIICHIBAOIIIE
IpH HEKOTOPHIX YCHAOBHAX OTHOCHTENBHO MATpHIBL (C;;) IOBeJeHHe TaKuX
pemeHuii 3ajganHoit M-cucremsl. B ciyuae pasmoxumoir M-cmereMBl OHU
HMHOIJA LO3BOJIAIOT PEHIMTH OIMICAHHYIO 3a7ady IS ,,9aCTHYHBIX M-cucrem
M(ay, ..., ap; by, ..., 0,) 1 M(ay,q, ... @} bgyy, ..., by) HezaBUCEMO ADYL OT
apyra.
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