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Abstract: In this paper a method for the detection of initial stress tensor is
proposed. The method is based on measuring distances between some pairs of
points located on the wall of underground opening in the excavation process.
This methods is based on the solution of eighteen auxiliary problems in the
theory of elasticity with force boundary conditions. The optimal location of
the pairs of points on the wall of underground work is studied. The pairs must
be located so that the condition number of a certain matrix has the minimal
value, which guarantees a reliable estimation of initial stress tensor.
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1. Introduction

The knowledge of initial stress tensor is very important when one evaluates the
stability of underground openings like tunnels, compressed gas tanks or radioactive
waste deposits. The knowledge of initial stress tensor enables to optimize the re-
inforcement of tunnels, choose the suitable shape of underground works and their
orientation in the rock environment. The mathematical modeling of stress fields in
the vicinity of underground openings requires precise boundary conditions, which
can be derived from initial stress tensor. Extensive literature is devoted to the de-
termination of initial stress tensor. An overview of these methods can be found in
the papers [1]-[3] that describe the development of these methods to the present.
Theoretical and practical aspects of these methods are studied in [4] and [5]. These
methods are based on the installation of probes equipped with sensors that measure
deformations occurring after removal rock, overcoring, in their vicinity. Due to the
stress in the rock, the removal of a part of the rock causes deformation of the remain-
ing rock, which is transfered to the sensors. The probes are relatively small, a few
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centimeters, and the accuracy of such measurements is not high. A very interesting
method that allows to determine the whole initial stress tensor is presented in [6].

In this paper we present a new method, which is based on measuring the dis-
tances between pairs of selected points on the walls of the underground work. When
a part of the rock is excavated, the distance between these points changes and the
magnitude of these changes depends on the initial stress tensor. A procedure which
allows to determine the initial stress tensor from the measured distances is developed.
A criterion showing how to select measuring points so that errors of measurement
do not affect the results very much is presented. This method guarantees a reliable
estimate of the initial stress tensor. The procedure of optimal choice of measuring
points is based on the conditional number of the matrix corresponding with choice
of measuring points.

2. Auxiliary results

The method described in this section is based on the solution of the first boundary
problem of the theory of elasticity, e.i. only the force conditions are prescribed on
the boundary of the domain, where the problem is solved. A typical problem solving
domain is shown in Figure 1.

/v

Figure 1: Typical problem solving area.

The symbol §2 in Figure 1 is the domain that corresponds to the prism and the
symbol € is the subdomain that represents the excavated space in the domain (2.
The symbol §2; corresponds to domain Q2 —Q and I' C 02 has a nonzero measure. Let
us have a space V = [H*(2;)]?, where H'(€;) is a Sobolev space of functions having
first-oder derivatives that are integrable with the second power. We will continue to
apply the Einstein summation convention.

Let us formulate the first variational problem D; whose solution is a minimum
of the following functional on V'

1
i/cijkleij(u)ekl(u) dx—/Piui ds, (1)
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where u = (uq, ug, u3) belongs to V' and

J 2 &cj 8:131
is the tensor of small deformations. The symbol P = (P, P,, P;) represents the

forces on 9Q and P; € L*(09Q). The coefficient ¢;j; € L(4) meet the following
conditions

Cijkl = Cjikl = Cijik = Cklij- (2)
There is a constant C' > 0 such that the inequality
Cijreijers > Cejeq (3)

holds for all symmetric tensors e;;. The problem D; is solvable when the conditions

/RdSzO, /(xxP)idS:O (4)
0N o0

are met. This problem is not uniquely solvable and it has infinite number of solutions.
If uy(z) and us(x) are two solutions then

us(z) — wy(x) = Az +b, (5)

where A is an antisymmetric matrix 3 x 3 and b is a vector from R3. This problem
can be modified so that it will be uniquely solvable and this solution will be the
minimum of the functional (1), i.e., the solution of the problem Dy, provided the
conditions (4) are met.

Let us define functionals on V

Ja () :/ua ds, a=1,2,3,

' (6)
Ja () :/(3: X U)a—3dS, a=4,5,6.

Then there is a constant C' > 0 such that the following inequality

Ol ullyv< / Comsyent Az + ga(u)ga(w) (7)

Q1

holds for all u € V.
Let us formulate the second variational problem Dy whose solution is a minimum
of the functional

/cijkleij(u)ekl (u)dz + %ga(u)ga(u) — /Piui ds, (8)

951 o0

N | —
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on V. The minimum of functional (8) is unique. Moreover the following inequality
[ullv<C P 20 (9)

holds, where C' is a positive constant independent of u and P. The last inequality
expresses the continuous dependence of the solution of the problem Dy on the force
boundary conditions. Note that solving the problem Dy does not require the equi-
librium conditions (4) to be met. But if these conditions are satisfied, the solution
of Dy is a solution of D;. All these results can be found in the book [7].

Let 7;; be a symmetric tensor. We say that the force boundary conditions F; are
generated by the tensor 7;; when at every x € 92 the equation

Fi(x) = 7iyn; () (10)
holds, where n;(z) is a normal to the boundary 02 at the point z.

Lemma 1. Let 7;; be a symmetric tensor and let P; be defined by the formula (10)
on the boundary 0N, then P; satisfy the equilibrium conditions (4).

Proof. 1f we use the Gaussian theorem on the surface integral, then

87'@"
/PZ(ZL‘) dsS = /Tz-jnj(x) ds = /8—%]dx
Q

o0 o0
Since 7;; is constant, then the last integral is zero. We express the formula x x P in
the individual components, then
(x X P)y =x9T3n; — 379N,
(.CE X P)Q :.’Il'ngjnj — 3317'3]'71]',
(x X P)g =x1T2jn; — Ta2T1jN;,

where n = (n1,ng, ng) is the normal to the boundary 0 at x. If we use the Gaussian
theorem on the surface integral, then

/(.f X P)lds = /x27—3jn]’ — T3To;n; dsS = / a(xQTi’)g; xBTQj) dez.
J

9 o9 Q
Since 7;; is symmetric and constant, then the last integral is zero. The same equations
can be proved for the components (x x P)s and (x X P)s. O
The inequality (9) implies the existence of a continuous mapping

K: 8% —V, (11)

where S%™ is the set of all second oder symmetric tensors. This mapping assigns
a solution to the problem Dy to each second order symmetric tensor. Lemma 1
indicates that the value of this mapping is also a solution to the problem D;.

The following lemma will be useful in formulating the problem for determining
the initial stress tensor.
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Lemma 2. Let uy, us, x1, 22 € R? and the value

0= [[ur — us| <1
|21 — 22|

be such small that a® can be neglected, then the following equality

<U1 — U2,T1 — $2>

w1 + 21 — ug — @2|| — ||o1 — 22| =
|71 — 22|

holds approximately, where {-,-) is the scalar product in R3. Moreover, if
U1:U1+A$1+b, U2:U2+A$2+b,
where A is an antisymmetric matriz 3 X 3 and b is a vector from R3, then

<U1 — V2, T1 — $2> _ <U1 — U2,T1 — xz)
|21 — 22| |21 — 22|

The proof of this lemma can be found in [8].

3. Description of the method

The method will be described on the geometry of two intersecting tunnels, which
correspond to the real situation when the original stress tensor was determined.
The situation is shown in Figures 2—4.

35 -

X Sl
E X,

Figure 2: Underground opening in homogeneous domain (2.
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Figure 3: Detail of underground opening with highlighted three steps of the excava-
tion process.

Figure 4: The pairs of measuring points corresponding to the highlighted faces of
the tunnels from Figure 2.

Figure 2 shows the domain, where the underground opening is located, Figure 3
shows three steps of the excavation process. Highlighted faces of the tunnels indicate
the location of the measuring points. Figure 4 shows the position of the pairs of
measuring points to the highlighted faces from Figure 3. The set of the pairs of
measuring points is divided into the two subsets I = {1,2,3,4,5} and I, = {6,7, 8}.

Let ©Q be the domain that corresponds to the prism shown in Figure 2. Let
Q1, Q9, Q3 be the subdomains derived from the domain €2 by extraction of the parts
corresponding to three steps of the excavation process shown in Figure 3.

In Step1 (light gray color in Figure 3) the measuring points are installed on
the walls of the tunnel and the distances between the selected pairs [; of measuring
points are measured, see pairs 1,2,3,4,5 in Figure 4. These measuring points are
located at the ends of short steel bars, which are glued to the rock on the walls of
the tunnel.
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In Step2 (medium gray color in Figure 3) another part of the main tunnel and
a part of the tunnel oriented perpendicular to the main tunnel are excavated. The dis-
tances between the pairs [; are re-measured. The values obtained in Step 1 are sub-
tracted from the values measured in Step2 and the resulting values are marked d;,
¢ € I;. Moreover, another group of measuring points is installed on the walls of
the tunnel perpendicular to the main tunnel — pairs 6, 7, 8 in Figure 4. The dis-
tances between the selected pairs I, of points are measured.

In Step 3 (dark gray color in Figure 3) remaining part of the perpendicular tunnel
is extracted and then the distances in the second set I, of pairs of measuring points
are re-measured. The values obtained in Step2 are subtracted from the values mea-
sured in Step 3 and the resulting values are marked d;, j € I,. The procedure for
selecting the pairs of measuring points will be described below. We now explain how
to obtain the initial stress tensor from these measurements.

Let’s approach the formulation of our task. Let 7;; be a symmetric second-order
tensor that corresponds to the original stress tensor. We say that the force boundary
conditions P = (P, P, P;) are generated at the boundary of the domain by this
tensor if

Pi(x) = 7ijn;(x) (12)

holds, where n(x) is the normal to the boundary of the domain at the point x.
Assume that we know the solutions u;(x), us(x), usz(x) of the problem (1) on €2y,
Qy, Q3 with the force boundary conditions given by the expression (12) on 92 and be
equal to zero of the remainders of the boundaries 02y, 92y, 0€23. Due to Lemma 1
the solutions exist. Let the pairs of the points x;,y;, ¢ € I; in the first set and
the pairs x;,y;, j € I in the second set be selected and the calculated differences in
distances between these points are compared with numbers d;, « € I, and d;, j € Is.
These numbers represents the differences in the distances measured in the excavation

process. The differences are equal to the following expressions
[ua(x:) + % — w2(ys) — yill = [lw(xi) +x —wily:) —yil =di, i€ I, (13)
s (%)) + %5 — us(y;) =yl = l[w2(x)) + x5 —wa(y;) —y;ll =dj,  j € b

In geo-mechanical practice, the displacements ||[u(x) — u(y)|| is much smaller than
|x —y]||. Under these assumptions and Lemma 2, the relations (13) can be rewritten
into the following form

(Wa(x;) —wa(yi), % —yi)  (wi(xi) — wi(yi), % —yi)

- :di, Z c Il,
“Xi _yi” ||Xi_Yi|| (14>
(us(x)) —ws(yy),x —y;)  (wa(x) —w(y).x—y;) _ , .
—d], J € IQ,
1% — ;i 1% — ;i

what is proved in [8]. Moreover the equations (14) are more suitable for further anal-
ysis and all mathematical aspects are also explained in [8]. The symbol (x,y) = z;y;
in the expression (14) is the scalar product in R3.

113



Now let’s focus on finding the original stress tensor and consider the following
six stress tensors.

100 000 000
wm=000 |, f=(010], 75={000],
000 000 0 01
010 001 0 0O
=100/}, m5=1000], 7o=(001
000 100 010
Next, let us denote uf(x), u§(x), uf(x), k = 1,...,6 the solutions of the boundary

value problems of the theory of elasticity on the domains €2y, {29, €23 with the force
boundary conditions given by the tensors Ti’; using the relation (3) on 9€2. The forces
prescribed on 0, — 09, 0Qy — 092, 0023 — 02, which corresponds to the walls of
the gradually excavated tunnels, are zero.

As far as we use linear elastic model, we assume, that resulting displacements are
linear combination of the displacements induced by auxiliary problems. So, the so-
lution to our problem is the vector z = (z1, 29, 23, 24, 25, 26) such that the functions

w(x) = 2 (x), w(x) = zub(x), us(x) = zub(x)

satisfy the relations (5) and the tensor

Tij = szi];» (15)
is the original stress tensor. To simplify further analysis, we will use the following
designations

Bk — (uf(xi) — uf(yi), i — yi) _ (uf(x:) — uf(yi), %; — yi) iel
l i~ il vl 16)
. (ui(x) —ui(yy) % —yj)  (a(x) —waly)), X —y;) el
i I . ) J 2
1% — il 1% — 5l

which are connected with the relations (14). It is possible to use the least squares
method that was proposed in [8], but now we will use a simpler method. Let us
choose the set J = J; U Jy such that J; C I, Jo, C I, and the number of elements of
the set J is six. The vector z is a solution of the system of linear equations

Hz =d, (17)

where the elements of 6 x 6 matrix H = (hg‘?), 1 <k <6, 7€ J, wecan find
according to (16) and the components of the vector d are results of the measuring
process described in Step 1-Step3 for 5 € J.

After solving the system (17), the initial stress tensor can be expressed in the
form (15). It is very important to install pairs of measuring points so that the
matrix H has favorable properties for solving the problem. Note that in the case
of an insulated tunnel that does not intersect another tunnel, we could not find
the location of the measuring points so that the matrix H has favorable properties.
We will deal with this issue in the following section.
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4. Optimal choice of measuring points

In this section, we will deal with the question of how to select pairs of points so
that the system (17) has good properties from the point of view of the solvability of
the problem. We select a pair of measuring points so that the matrix H, which is
constructed using formulas (16), has the property that a small change of the vector d,
the right side of the system (17), does not have much effect on the solution. This
property is connected to the condition number x(H) of the matrix H, which is
expressed by the following formula

i (HL) = || H[[[ELH), (18)

where ||H|| is the matrix norm of the matrix H and H™! is the inverse matrix to H.
Then the relationship between the change of the solution 0z of the system (16) and
the change of the right side dd can be expressed by the following formula

5zl o]
< k(H)———.
ST

The last inequality implies that for the reliability of the solution of the system (17) it
is necessary that the condition number (18) is as small as possible. These results can
be found in textbooks of linear algebra, for example in [9]. When we look at the way
the matrices H are constructed using the expressions (16), we find that by a suitable
choice of pairs of measuring points we are able to influence the condition number.
The optimal distribution of measuring points is achieved by solving several auxiliary
problems of the theory of elasticity and choosing a finite set of measuring points at
the boundary of the underground opening. Then we select different sets of pairs of
measuring points and check the value of the condition number of the matrix H com-
posed of these pairs. As an optimal selection, we choose the set of pairs of measuring
points for which the conditional number of the matrix H is the smallest. The selec-
tion of this set is based on mathematical modeling and specific cases will be analyzed
in the next section. Note that if we can find the pairs of measuring points so that
the conditional number of the corresponding matrix is less than 10 and we are able to
guarantee a measurement accuracy of 1%, then the original stress tensor obtained by
the methods described above will differ from the actual original stress tensor by 10 %.

We can say that the optimal selection of pairs of measuring points eliminates
the effect of measurement errors. When applying the above method, we proceed as
follows. We approximate the domains, shown in Figures 2-3 by finite element mesh
and solve 18 auxiliary problems as described in Section 2. Then we select six pairs of
points — nodes of the finite element mesh, compile the matrix and calculate the con-
ditional number of this matrix. It is necessary to choose six pairs of points as far as
the stress tensor has six independent components. We are looking for pairs of points
on the walls of the underground opening so that it is possible to measure the distance
between these points. We pass all suitable pairs of points and select the six pairs of
points for which the conditional number of the matrix H is the smallest.
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We will test this procedure on a pair of perpendicular vertical tunnels in the fol-
lowing section. We selected eight pairs of points as shown in Figure 4 and from this
set we selected six pairs of points to show that the conditional number of the matrix
depends on this selection. This procedure can be applied to various shapes of under-
ground openings and mining operations. The shape of the underground opening and
the excavation process were chosen in accordance with the research plan at the Bukov
locality in the Czech Republic. This site serves as an underground laboratory and
model repository for radioactive waste and is described in the report [11]. If we
know the future shape of the underground opening and the progress of the mining
work, we can use mathematical modeling, as described above, to select six pairs of
measuring points in a suitable way and determine the tensor of the original stress.

We tried to apply this procedure to a direct tunnel and two steps of mining opera-
tions, but we were unable to find six pairs of measuring points so that the conditional
number of the matrix H would be less than 60.

5. In situ experiment

The above-mentioned underground laboratory is located in a metamorphic rock,
which is considered isotropic and homogeneous in the vicinity of the underground
opening. The elastic properties of this rock are known from laboratory measure-
ments, namely Yong’s modulus £ = 60 GPa and Poisson’s ratio p = 0.25. The
expected shape of the underground opening and the progress of the mining works
were known, which corresponds to Figure 2. Block €2, into which two intersecting
tunnels are nested, has dimensions 110m x 100 m x 70 m. The diameter of the tunnels
is 4m. The tunnel in the x; direction is long 70 m and the tunnel in the z5 direction
is long 30 m.

The GEM program, see [10], was used for analysis of the planned in situ ex-
periment. The program has been developed at Institute of Geonics for solving
geomechanical problems and allows solving elastic problems with force boundary
conditions. The program has been used to solve 18 auxiliary problems as described
in Section 3. However, it is possible to use any commercial program that allows you
to solve such tasks.

A MATLAB program was written that tested all six possible pairs of points that
were on the walls of the underground opening and the points were nodes of the finite
element mesh used to solve the auxiliary problems. To demonstrate that the condi-
tional number strongly depends on the selection of six pairs of measuring points, we
selected six pairs of points from a set of eight elements, as shown in Figure 4. Six
pairs from an eight-element set can be selected in twenty-eight ways. The results of
this analysis are shown in Table 1. The selection is realized by two subsets J; C [y
and Jo C I, , as described in Section 3. The configurations of the pairs of measuring
points c1 and c2 correspond to the results with the two smallest conditional numbers
of the matrix H and the configurations ¢3 and c4 correspond to the results with
the two largest conditional numbers. The values of the conditional numbers are on
the last line of Table 1.
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cl c2 c3 c4
Jl J2 Jl JQ Jl J2 Jl JQ
1231678 125|678 1,234 |6,7|34,5]|6,7,8
4.43 4.95 393.16 839.21

Table 1: Selection of subsets Ji, J> and corresponding conditional numbers x(H).

dy dy ds dy ds dg dy ds
-2.88 | -0.60 | -2.46 | -5.32 | -1.04 | -1.75 | -3.90 | -2.79

Table 2: Measured differences in deformations in excavation process in [mm].

After this analysis, measurements were performed on selected pairs of measuring
points in the corresponding steps of the mining process, as shown in Figures 2-3.
The results of these measurements are shown in Table 2. The indexes at the num-
bers d; correspond to the indexes of the pairs of measuring points as shown in
Figure 4. The measuring points were placed at the ends of 60cm long steel an-
chors, which were fixed in the rock with LOKSET ampules with polyester resin.
The distances between the points were measured with a tape extensometer. This
extensometer makes possible to measure distances between points with an accuracy
of 0.0l mm. Considering the measured values in Table 2, the resolution of the ex-
tensometer guarantees a measurement accuracy of 1%.

The calculation was then performed, and the components of the original stress
tensors 7;; with the main stresses A; are shown in Table 3. The tensors thus obtained
are shown in the principal stresses in Figure 5.

T11 T22 733 T12 723 713 A A2 A3

cl | -69.1 | -95.6 | -64.5 -70.0 10.7 13.3 -156.6 | -61.7 | -10.9
c2 | -70.2 | -94.8 | -69.5 -63.1 -12.2 12.8 -146.8 | -74.9 | -12.8
c3 | -125 | -85 | 306.0 | -47.7 -68.6 | -100.8 -94.6 36.3 343.4
c4 | -182.5 | -12.6 | 143.0 | -6362.7 | 588.6 | 656.9 | -6576.3 | 258.3 | 6266.0

Table 3: Original stress tensor 7;; and principal stresses \; in [MPa).

The directions of the principal stresses in the form of the unit eigenvectors ny,
ny, n3 of the matrix H are shown in Table 4.

From Figure 5 and Tables 3-4, we can see that the tensors corresponding to
the configurations c1 and c¢2 differ by about 10%, which is consistent with the hy-
pothesis formulated in Section 4.

The configurations of pairs of measuring points c¢3 and c4 leads to very un-
likely results, which corresponds very well to the fact that the conditional number
of the matrix is large, as can be seen from Table 1.
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Figure 5: The original stress tensors in principal stresses and directions obtained by
analysis of the configurations cl—c4 of measurements. Bold lines — full precision of
measured differences from Table 2 is used. Thin lines — measured values rounded to

milimeters are used.

cl c2
n; no ns n; ns ns
-0.630 | 0.063 | 0.773 | -0.630 | -0.240 | -0.730
-0.750 | 0.179 | -0.630 | -0.770 | 0.176 | 0.609
0.178 | 0.982 | 0.066 | -0.010 | 0.955 | -0.290
c3 c4
n; 11D) 3 n; 145) ns
0.721 | 0.646 | -0.250 | -0.706 | 0.088 | -0.703
0.630 | -0.760 | -0.152 | -0.696 | 0.096 | 0.712
0.289 | 0.048 | 0.956 | 0.130 | 0.992 | -0.007
Table 4: Principal stress vectors.

The dependence of the stability of numerical solutin on the condition number
we can see from the Figure 5 and from the Table 5. When we round the measured
values in Table 2 to whole milimeters, tensors for configurations c1 and c2 changed
slightly and tensors for configurations c¢3 and c4 changed significantly, which is also
in line with the hypothesis formulated in Section 4.

Table 5 shows the differences

Ad

_Jd—d|

dl

AT =
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cl c2 c3 c4
Ad | 0.11 | 0.09 | 0.10 | 0.08
A7 10.131]10.14 | 6.78 | 0.45

Table 5: Sensitivity of the value of resulting stress tensor to input data.

where d are the approximated values form Table 2 rounded to the milimeters and 7
is the stress tensor for these approximated values for the configurations cl-c4.

At the Bukov site, it was impossible to use the over-coring method or the cone
probe method, which are described in [1], [6]. The rock in the Bukov locality is
granular with a grain size of several millimeters, which is comparable to the size of
the sensors on the probes in the above-mentioned. The individual measurements
performed by these methods showed completely different results. The method pro-
posed in this article shows stability of tensors for configurations ¢l and c¢2, while
the resulting tensors for configurations c¢3 and c4 are not applicable. At the same
time, the reasons for this behavior were explained.

In addition, the principal stress directions for tensors in configirations c1 and c2
coincide with the principal stress directions obtained by the hydraulic fracturing
method, see [11]. The tunnel is located 550 m below the surface and at the specific
rock mass 2700 kgm ™3 so the component of the initial stress tensor 733 should be
equal to 14.8 MPa. The Young’s modulus £ must be changed so that the component
733 of the original stress tensor is equal to this value. In Table 6, the original stress
tensors for configurations ¢l and c2 are recalculated, and the corresponding Young’s
modulus values are in the last column.

T11 T22 733 T12 T23 | T13 A1 A2 )\3 E
cl | -15.8|-220 | -148 |-16.1 | 25 | 3.1]|-36.0|-14.2 | -2.5 | 13.8
c2|-1541|-209 | -14.8 | -13.9 | -2.7 | 2.8 | -32.3 | -16.5 | -2.8 | 12.8

Table 6: Modified original stress tensor and principal stresses in [MPa] and reduced
Young’s modulus E in [GPal.

The Young’s modulus values were measured in the laboratory on a completely
homogeneous sample, so such a reduction in value is acceptable. Note that in our
case, the z; axis is oriented west-east and the original stress tensors are in natural
coordinates and need not be transformed. Given the previous discussion, we can
accept tensors for configurations ¢l and c2 in Table 6 as the original stress tensor.
These tensors differ by 10%.

6. Conclusion

In this paper, the authors presented a new method for determining the origi-
nal stress tensor. This method is based on measuring the distance between pairs
of selected points located on the walls of the underground work in the process of
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the excavation. Part of the method is a procedure for selecting pairs of measuring
points so that the estimate of the original stress tensor is reliable. This method is
applicable to coarse-grained and anisotropic rocks, where other methods are not so
successful. The measurements themselves are easy to carry out and the main work
is connected with the selection of pairs of measuring points and the evaluation of
measurements, which is based on mathematical modeling.

The authors believe that this method will find application in the construction of
new underground openings.
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