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SEMINAR UNIPOHM SPACES 1975-76 

Conea and proxiaally tine apacee 
Miroslav Hušek 

M.D. Rice announced in hia preprint {B] tbat for any
zero-dimenaional proximally tine apaoe X w:hicll ia not precom­

pact one can fioi a proximally fine apace Y auelll tlaat X>< Y 
1a not proximally tine. Thia result uaea and extende tlae aut-

, 

lllor s example f'roa t Hl where X waa asauaed to be unitormly 
diacrete. z • .Frolík aaked whether �lle asaumpt ion •zero-diaen­
aional" in the Rice'a �esult may be ollitted. Tae uin taak ot

this paper ia to show that it may be. 
V. Km-ková, having read _ th.e preprint [ Rl in our seminar,

indicated a i:robable proof' of' the Rice'a result: X containa 
a countable uniformly discrete subspace I aa a retract; taking 
Y f'roa [Hl aue:b that N,<Y ia not proxim.ally tine, we have thetu 
alao X ,c, Y is not proximally f'ine because N� Y ia ita retract. 

In our generel caae we can t1Di a countabl e unitormly 
diacrete aubapace Not a non-preco■pact space X aa:l a proxi­
mally f'ine spaee Y such that R x Y is not proxillally f'ine, but 
the proot that X x Y ia alao not proximally f'ine ■uat be coap­
letely ditterent. We know that there 1a a proximall.y cont1-
nuoua map ping t: N ,c. Y _. M which is not unit'oraly continuoua. 
To prove thet X><Y 1a not proximall.y fine it auttioee to ex­
tend f on a proxi.Jlally cont inuous mappinc t detined on X>< Y. 

- . . 

We cannot require the rance of' f to be M; alao, it A 1a a eub-

apace ot a unitorm spece B, g: A� C 1s • proxiully oonti­
nuous mapping, there· need not be a unif'orm space D containin& 
C aa a subapace and a proximally continuous g: B� D extend­
inc 1 (e.g., it Bi s and A is not proximally t1ne, a 1a not

uniformly continuoua - for tlle existence ot sucb A, B see 
[H],tTl). Thus in our approach, we .■uat use special teatures

ot our case, namely thet R 1s unitormly diacrete in X. 

Det1n1t1on. Let I be the unit interval LO,lJ . wl.th the 
standard metrie miitormity. We shall denote by Con X and call 
eone over a unitorm space X tlle quotient ot- X)( I alonc X>< (O)• 
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flae pointa ot Con X are paira < x,y > , x·E X, y • I - (O), 
and tlle point O; eo11etiaee we sqll write <�,o>, xEI, tor 
o. 

Propoeition. Con X has tlle followin« co,era 'Uf( f/l, 1/) 
for• base of its uniforllity: 

'U, 1s a ani form oover of ,: , 11' = i v·
lc 

� : is a Wliform 
cover ot I such that O E V O - y vk,

'IP'<1.l,'II) = { U.KV
k 

I U 6 'IJ, ,k+O ! V 
v -t < x, y > E Con r ( y E. V O J •

Pro�. To prove that W'"s are a base for a uniformity 
it •�:tioes to show that they have star-retlnements. Let 1//, 
'tf' be star-retine•nta crď 'U , 11' am let 11' = í'. V� t : , 
o� v� - ý' vk , st

1/'
, v;c: V

0
• For < a, b > e Con x,_ u b ♦v;,

at
-.,

, acU• QL , a�
'lf

' bcVk then atwcft�11''><a,b>c U.,cVk,
and U b� v; tllen st 11t'lt�1t'> < a, b > c-t<x,y > E Con r I 7 E. V

0 
J •

To pro9e tlaat · 'IJ/' a :tom tlae uniformity of Con X we •�t re­
alise that the canon1cal mappinc f: X ,r. I --,. < Cón x, i 'IV] ) 
1a �ormly conttnuoue (clearly) and ia alao .quotient aince 
•� . 'lQ'( 'U, ff') ref'inee the atar fď t [ 1/1, "' 1f.1 •

Conaequencea. (1) If' tor f: X� r •• de:tine (Con t) 
<x,7 ') •- < 'h,7), then Con 1a a .tunctor Unit� Unit. 

(2� Tlae •PPiDC ix • .f X-+< x,l >} : X ➔. Con I i•
an embe4cl1q. 

(3) U p 18 tlae preeoapact 110dUication, then po Con s

• Coa• P•
'1'lle tlair4 aeeert1on f'ollows tro• tlae tacta thet p(r >< I) =

• pXx I and thet p commutes witb quotienta.
Row we return to our case • 

. ftaeorem. A proximally f'1ne apace X 1a preeoapact it'f' 
X >< Y 1• proxi11all7 f'1ne apace f'or any proxi■ally ti:ne apace 
Y. 

Proot. !'lle neceaaity 1a proved in [Hl. Suppoae now tllat 
Z 1• proxillally flne non-preeompact.and Ria a unU'ormly d1e­
cret• eoantable aubepace o'f X. By tB) there exiate a ( count• 
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able, topological�y fine, �th a unique acCWllllation·point) 
proxima�ly tine apace Y such . that l·_K � ia not proxillall7 fi­
ne. Let t: N 71- Y--+ ·y be prox�i1y but ··not unif'orml.y cont1�
nuous (hence t': N,,.. Y � pM 1s unit.ormly cont irmoua). It fol­
lows trom Proposit ion ·that the tollowinc two. mappiDIS are 
unitormly continuous: 

"'· = {( x,z,y) � < x,y,z > l :- (Con R),<I� COL (BxY), 

_ . . / Q. if ·cl < � t n > � 1 �o.r. _all n � �
k: r � Con N, kx • . · . · . · · 

'-. < n,1- - d. < :x:,11 >>.·= U' d (x,n): c:: l 

(here d is a uniformiy continuous pseudometric on X eue� tbat 
d <n,m> � 2 for 'different n, at_H - thus k is the usual up­
pinc into hedgeboga) • We may put now· 
'l = Con t' o .L o ( k � iy,> : r " r � Con ( pll) • s ince .· 
Con (pM) = p Con M, -we have received a proximal_ly continuous ·. 
mapping _1: X J(· Y ➔ Con JI which is not u�torml.y oont 1nuoua
(since its restriction -r. ia not -unif'ormly_ continuoue)_. To ·see 
the situation, loolc at the diagram · 1n Unif ·lexcept ti.a· dot--· 
ted arrowa being in Prox): 

R><Y _ . . > ,»- . 
. /. -;-,- -!a.I(/ 

. X,<Y . · · 
. i 

· · . . ·""- iw>tY ,..-,.Coll • 
J,=(k>(ly) � .-�� -- " . 

· Con(N,cY)· _ _ > Con_p)I • p Con M 
Con f 

One ean �ee from tbe. proot of ·Theore� that we may use _anot­
her concrete fůnctor F instead ot p with the property that 
the-identity map.pine Con ·n-----·1 ·con lf ia uniformly ·oonti-­
nuoua (1.e. that Con o F<F o Con) md F:,lun1i-•. TJde eondi� 
tion is .fulfilled it, ·for instm�, F�lunu-_and ftl,c.I.::.
· ,. FCM ><I) for any .Cmet�·�zable) M .Ce.,., it F ia an upper mo- ·
dificat ion). In such a case we obtain:. 

It ,ae. is the ·tiret· cardinal such that ··. � >< Y. 1e not . 
�:ti.ne . for Sl F-fine' space Y, then XxY i.a not ·.r-tine when.;,. ' 
ever the co•erinc character o�• X · is at �east te, • 



Cl.early it may bappen that no aucb se exieta even 1f 
F 1a a re:tlection Ce.g. a zero-dimensional modirication) 
beeauae the correepondinc coref'l.ecti•é aubcategory � er

.P..i1ne apacee eons.iats only ot uniformly diacrete spacee. 
Bu� U UnU i � :::, � topolopcally fine apacee J , ( 1r 

lUDif * ,� p), then such � always exiata· - t'lae proo:t ia

t�e same aa for P =pin [H]. In particular, the above &ene-
ralization of 1'heorem can be applied to F • o

aG 
• the modi-

fication assoeiat in« to X the. finut uniformity containinc 
J.,..-u:niform eovera of cardinali ties smaller than oG ; in 

thie case, the eorrespondin« �19<, equals to oe,, • 

Re�arenoee 
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