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sErl AR u TI.t-URI. SPACbS 1975-76 

Universal metrie spac s

Pel nt J n 

Cornet-sp, c0s·eiven in [PJ ar XBrnples or uniform spa

cr;s oi rbitrnrily L,rc point ch3rac"er. We will not repeat 
n ťull dc.fini ti on o.!.' these spaces; we only ment ion the f'ol-
lowing: to ench rerul· r cordinals oe , f.> , a m trizable uni-
r'orm sp:1ce U(o< ,ťl) is c.i·Jen su·ch that point-cha1•acter of

u( oe ,[>J ) is gre3ter tlrnn m (m is ny rcgulnr éardinal < /J ) 
:md e:=1ch unií„orm spnce X whosc point-char8cter is nót great­
-::r th[m (3 .:mu cov �rinJ_., ch rncter is less or equal to O(; 

is homconorrhic to c 11c subsp�cc or 3 suit�lble cartesi�n pro­

duet of U( DC , (3). Howcvcr, thcrc is 3n aes thetic0l dex·e ct in

thc l:1s t ass ert j on: i t is not truc in ee ncr -1 t hat U ( oe , (!, ) 
satis�ies thc uamc conditj_on on ch-ractcrs as an embedded X, 
us u�lly point-ch9ra c t cr ci: U( °' , f3) is gre at er than f., and

covcring charactcr :i.s greater than oe, (exceptions are e.g. 
couolcs where /3 = W 0). The desired resul t of the present
note is to save an aE:sthctice Universal· metrie spaces are 
givcn 3nd they s houl_J help in a ·continu.3tion o:f an investi­
eDtion o:f charact0rs ar uni.forrniti„s. 

Construction: Let a, b be infinite cardinals. N =

10 1. / + . )=,. , 1 ,2, ••• ,. Put H0 = a x i O .J , K0 = m�n "a , b 
Hn = ( � ( card Hn-1.) /3 ) )(. .( n � , Kn = min,J„card H0) +:, bl

�eK�-� 

Pl1t A = sup card H0•
n 

Put X = AN . 
We shall employ thc following notation: 

�(M) ·= �LcM \ L+�� 

�d { M) == � L e � (r�J) j car d L c::: d } •

Cle'.)rly, card Pb(a) h A. Chaos n mapping Cf :r."'ro ú. onto 
�b(H0). ·:v.: dc -- inc a J?eL'Jtj.on � c X)( H by:

o_ . o 
( x , h) PO if f h E C, ( x O) , x = e,,., 0 , .. .. , • 2., � • ,J 
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Choose a one-to-one lll3pping p1 :ťrom H1 onto 9lb(H
0

) .• We 
de:ťine a relation P

0
c:H1"-H

0 
by: (h1,h

0
)� P

0 
iff h0E p1Ch1) 

For M � !13 b ( H
0

) -choose a mapping v-M :ťrom A ont o 
'J>{M). Let M.::>Q be elements of :Pb {H

0
). We put CM,�Ll= 

=,{hEH1 I Qcp1(h)c MJ, card a;> C (rt.QJ )'=-A. We choose a 
map ping tM Q f;rom A ont o - :P ( [ M, Q l ) . Now we are prepared, -

to define a re lat ion R1 c X,<. H1: 
(x,h)E. R1 iff h 6 tM(x) ,Q(x) (x2) where M(x) = ':S' (x

0
) and Q(x

- 11' <:,<xo) (xl) •

We put �l =--tJc. H1 \ card J� b and R
j 

Ri
l(j):+ 01 =

= U i. 'Pb [ M,Q l \ Qc M E a->b(H0) � card �l = :E. ( card li
(l<Ko 

Suppose Rk-l and � k-l are defined. We shall deťine Rk a 

� k• We choose a one-t o.;..one mapping pk ťrom Hk ont o :l: k· 
We define a relution pk c Hk-l ,< Hk by: ( hk, hk-l) E Pk iff 
h

k
-lE pk(hk). For ME �k-l we choose 11'� í"'rom A onto !JJ(

For Q c M e ,Z k-l we put C l\'1,Q] = -Í h E Hk \ M.::, pk(h)::, Q j and 

we choo·se a mapping t� Q ťrom A onto g=>b( C M,Q l ) • We defi 
- ' 

a- relation Rkc X�- Hk by: 

( x,h)E Rk i:ťf h� t�(x) Q(x) Cx2k) where M(x) = Rk-l (x), Q(x) 
k 

' 

= 'V M(x) (x2k-l) 

We define �k = ,(Je Hk l.[e'
J 

Ri/ ( j) 4= 0 J. card �k =

- � card Hf
fJ< K,tt„1 

Now we define a pseudometric uniformity U(a,b) on X� For 
h E Hn, we put 'S'= -{xE: X I (x,h)� R0 J • We define a cover f/J. 
of y by. 'ltn = -{ 1í J hE�•

1')1 � n, Claim: ""'-n � ·a..n-l' n = 1,2,3, •••

A Hausdor:ťf reflection of (X,U(a,bl) will be denoted by 
M ( a , b) • W e put M ( a , b) = (X, U (a, b) ) • 

Explanation: Being a:ťraid that the very simple 
idea of Construction has lost in a not very cultured fores 
of mathem3tical symbols we add a few human words: the basic 
idea is to represent a system o:ť subsets of a set X- by it 
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incident e -- ·aph (the iaea well-known to all who are í'amiliar 
wi th hypergraphs); rel�,t ions R' s are yielded by incidence 
rel9tions of covers 1L

i
; relJt ions p' s describe which mem­

b�rs of '2l1_1 contsin some element of Ui; the choice of
p. assures th· t th uni1ormity of M(a,b) is involved as
1

�uch 3S possible (on ncccssnry); oť course, the complexity
oť Ivl(a,b) is ,iven °1s0 by th. choice· o1' ,zrM's· and tM Q.
(it is mnpping t{�,Q, whic}, gives th t U

k 
� U k-{).

It sh.ould be me nt ioned th it Kn 's were introduced only �·or
te chnica l ne-eds o . .C t hc proc dure us _d be low. 

Dcfinition 1: Let X be 3 s0t. Let j) be a cover of X. 
A point-ch :racter pc � oí' 'J.l is defi.ned as the least car­
dinal (3 such t hnt c rcl -4. P \ x � P nnd P t= ffe} < P, for each 
X� X. 

Definition 2: Let (X, 'U,) bc a uni.form spacc. Covering 
chnrocter tc (X,'U,) (point-chcirDctel" pc (X,Ql) of (X,U-)) is 
dcfincd as follows: t c (X) � oe, ( pc ( X) � (3 . resp.) iff thc­
:."c is a ha.se .13 of (X, 'll ) s uch that 1' or e ach [}' E � card 'J'.c:

< oC. ( pc $J é (3 , resp.) , 
V c ( X , 'U,) = oc, if V c ( X ,'U ) = °' a nd v7 c ( X , 1l ) .f: # 

ťor each (3 � �-- · ( V = t or p). 

The following asscrtion which generalizcs ( V] seems to 
bc useful. 

Proposi t ion 1 :· Let X be a uniťor:n spacc. Ií' 
tc (x, 'U.,) � oG + , then pc (X, 11,) � oc •

PI•oof: let fJl be an X-uniťorm cover·. Take an X-uniform 
covr:: V' whi.ch d uble star-refines f/l i.e. 1/'� 1l

-1nd card 1t � oe, • Suppose 1t is we 11-ordered by � in
such a way th,s,t ( 1/' ,�) !:::! (3 = oC. • 

For each Ve 1r choose Uv e 1/l such th3t-
st 4 V, 'LY 3, c Uv• .i:"'or V� 1r , dc.fin iv = UV -
- U .{ v1 e 11' I W -S V J • It is c asy to ch ck t t { .2 ly 6 

V' ,
is an .1--uni.form cover rrhich re1incs U

r-md card -íFv \ .rE v�� oG for .ac'·1 x6X ( "'o ) t E.c, l)l.1 t 
V

x 
=: min{Ve V l xe:VJ; then xeF

v 
fr v�v_.:). 

For V 6 1/ , put .'Iv � 1.in '\ f.•, e 1f I 'I I\ V .:f=- � j • �l �(· 
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Remark: 0ne can derive from Proposition 1 th-';it iť th, 
+density of a topological space X is less th3n a , thcn e))c• 

uniformity inducing the topology of X has point-character 
less than a. 

Defini tion 
rizable uniform 
and pc (V)� b, 
pc (X)� b can 

3: Let a, b be infinite cardinals. A m�t 
space is called (a,b)-univcrsal i:ťf tc (V) 

and each uni.ťorm space X with tc (X)é a and 
be embeddcd in a suitable product of V.

The orem 1: Let a, b be inf'i nit e c3rdi nals. If cf' a .:> 
> c..> 

0 
then there is no (a, b)-universal space.

Proof: A metrizabl� uniform space V has a countabl�
se � o.f uniform covers. Suppose tc (V),6 a. As c:f Ca) :>­
there is a cardinal d such that sup card :J'< d <a which 

'J>E � 
shows that V cannot bc (n,b)-universal for 3ny b.

Remcirk: The quite di.ffercnt situation occurs if' we 1 
ve the condition 01· mctrizability of universol spnces. 

Theerem 2 : Let a, b be in:finite c3rdinals . 
1) If a = d 3nd atd= d for cGch (3 � b, then
Ca,b)-universal s pa ce V ( a , b) • 
2) If a is

(.:4() 

a limit cardinal, cf a = 

c;.>o and

� f., 
/3 .c tm.<in. Coe. -t; .6- ) oc: -< a .for e 3 ch

then there is an (a,b)-universal space V(a,b). 

there is an 

Proof: 1) In this case, PropoOtion 1 implies thJt 
can suppose that b�d. Consider a spGce M(d, b). As �. d 

�<i, 
= d v;e gain that card Hn in Construction is equal to d. Hen
tc (M(d,b))� a. Clearly, pc (M(d,b))�b and we put V(a,b): 
= M(d,b). 
2) Take an increasing sequence -l °'n 3- ndf of cardinals co
verging to a,(;+=.) implies th,:lt tc (M(«n,b)).6a for eachn
We put V( a, b) - ,n.."fl N M( oe n' b).

Rem:;;rk: Under Generalized Continuum Hypothesis, thcre 
an <a,b)-universal space for each couple (a,b) such that a 



-53-

on isolated cardinal or of a = C4l
0

• 
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