1973-1974

Vojtéch Rodl
Fineness in the category of all 0-dimensional uniform spaces

In: Zdenék Frolik (ed.): Seminar Uniform Spaces. , 1975. pp. 139-143.

Persistent URL: http://dml.cz/dmlcz/703123

Terms of use:

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents strictly for
personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and stamped with
digital signature within the project DML-CZ: The Czech Digital Mathematics Library
\J http://dml.cz


http://dml.cz/dmlcz/703123
http://dml.cz

-1 - .
Fineness in the category of all O-dimensional uniform

‘spaces

V. Rodl

Let o¢ be an infinite cardinal. Let (X,’u,). be a uniform
space. Define p*U cl by p*U = v lvoe % &
£ (3 {v,3%GcU VXV, 120,1,2,...) &
& (card Vy < o , 1 =0,1,2,...)3 . Clearly p® defines a
reflection from UNIF into UNIF .

‘Definition: Let 3 be a subcategory of UNIF , o be an
infinite cardinal.
1) A uniform space (X,%) € H 1is said to be ¥ - o¢ -simple
if for each uniform space (X,%)e X , p*U =p=<7 imp-
lies that ddg: (X,L) — (X,7) 1is uniformly continuous.

2) A uniform space (X,%U) e H 1s said to be H- « -fine
if for each uniform space (Y,7) e K a mapping f: (X,%)—
—> (Y,7) 1is uniformly continous if snd only if f£:

t (X, pXU) —> (¥, p* ¥ ) 1s uniformly continuous.

Convention: We shall write ¢ -simple ( oc -fine) instead
of UNIP o¢ -simple (UNIP oc~fine resp.).
o =fineness ( o.-simplicity) implies K - o -fineness (H - oc -
simplicity resp.) for any J < UNIF . Obviously a uniform
space (X,2%) 18 K - ot -simple if it is K — ¢ -fine.

Theorem [25 B 227 in 1) asserts that the converse is true.
for o = W, « This theorem is extended im (2] to all inac-
cessible cardinals o . The question what situation ococurs for
other cardinale o¢ remains open. As I know there is a conjec-
ture due to Frolfk, Bulek, Hager, Kirkovd and others that for
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o not inaccessible such a theorem fails to be true. A possib-

le example which could support this feeling for o = cc,, was

mentioned in[2). Using the method of this construction we are
going to construct spaces (X, U ); * > @), not inaccessib-
le which are not (¢ - o> -fine but they are 0(- o -simple

(' is a category of all zerodimensional uniform spaces).

Construction: Let et , (3, y be infinite cardinals such
that o >{3 > 9 and .,TsTd“g' <o for cach J'< 5 and
{ €91 < & .We define a uniform space X, 3,23,
Uy B ,7)) by the following way: X(«,f3,7) = x=xf3
and U (L ,[3,7) 1s a set of al) partitions U, 3, . A of
of % (> such that there is a partition {Rbaﬂe g Oof «,
card B < o and for each be B there 18 M c 3,

. b b
card My < 7 and a partition {Vc §c€c$= v of Ry ,

card C, < o¢ such that a partition

. ] b _ ¢
V = &Lga{{(x,y)g ‘ X € Rb8 y e.Mbgu@Le,]&{{Vc K{y}}l c<
€ C,& ye[d- My ] refines A b, %cr.e'A

X(ot, (3,2) 1is obviously a zerodimensional uniform space.

Proposition: Let o« , (3, y be like in the construction.
Denote by D(k) a uniformly discrete space of cardinality k .
Then: 1) p°")((oc,(3,;y) = p* Dlar) > U(f3)

2) Xlaty By ) 18 not x -fine.

- Proof: 1) Consider that 5 < x and TT €, < o« for
T
each o< 7 and {g,cx .

2) Take pr: o =< (3 — o and D(xx) .

Theorem: Let o. be a cardinal such that either there

exist §<c<. and T < of & with grzgc or cfxX < XL
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(1.e. o is not inaccessible). Then there are cardinals 3, 7*

such that X(e,83,72) 1s defined by the construction and it
18 (- o =-simple. ( | '

Proof: I) Suppose there is f < x and 7 < cf o with
gvz e (thia case involves isolated cardinals). Put =
= min { ¥ ]there 18 § = o¢ euch that f"’ > o¢ § o Clearly
o< of oo hence  II.§ < = foreach o< 3 md
f§p3cx Put B=mn{flae>f 2 @ & f7 > o } . We ehall
prove now that X(ex,(3,7) 18 (" - o -simple. Take P a par-
tition of & = {3 . venote a unif‘nrmityvgenerated' by U (o(,[i,f‘)u
v d{ P} by ¥. We are going to show that either 7"=
= Ulot,B,7) or pfVW s p*Ula,B,p) = pFDla)=(B) .
Let us suppose that p* 7V = p X U (a,3,p) . Put P¥ =

= / : k
= li‘/m:x‘(&5 k & /3 we may suppose that P SRL")ﬂ P .

There are two possibilities:

1) BMCOC, card M < V#eac BJC(S, card J<
Veef -uJ (x,k) « ot(M = {k3, P¥)

2) VYMco& | caraM<e I xex IKcpB ,cardk2y
Vk ek (x,k) ¢ stid =<4 kf, P*) .

Case 1) Teke M c o« from the formula.
For Jdc b, card J < y define Ry =1x ; xe K & (x,k)¢
at(M = {k§, PX) for each k € J) & ((x,k) @ st(Mx{ky, P¥)

fer each k @ 3 - J)

{r, } is a partition of oc  which has ot most = [3°
't'cav

equivalence classes and = {S?< X .
’c<;r

Case 2) In this case, we shall find a subset S of o<
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‘such that card S ® o¢c and there is a partition {21, .; =

=T of x> 3 , card I< o refined by P such that for
awvtwo distinct points x,y of S there is k € £ such
that (x,k) § st((y,k), 7€) (T has the same sense as P*
above) and it will contradict the assumption that p* 7 =
=p¥ Ulxt, B,7°) |

T will be such that T =, U/ T¢ am ¢ = {U i@} 4

[¢]
where f, is a mapping from 1’k into (3 -

We construct .a:lmultaneously‘ S and r; 8 by transfinite

induct ion.
The E-th induction step: Suppose we have defined s, € o

and partial mappings cgg H Pk—-) (3 for d’'< g such that:
1) d:, < cf;. < g & UePre @:} (u) 1s defined then
(?:';('ZL') = %’i’ (U)

2) cp:; is defined for 1 e X 1rr there is o, , V£
such that s, € W

3) 0’; < 0‘; < § then there i8 k ¢ (3  such that

o (%) + G (Uy)  where oy € Uge? , 1=1,2.
A set M= {aar, d< € 3 has cardinality leess than o , The-
re exist x e ¢ and Xk € 3 , card k = o~ such that
(x,k) ¢ ot (M < {k3, P) for each k€ K . Put x =.g -
As card K > ¥, [372 o¢ and card M c¢ o there is a
mapping Yy : K —> 3 such that for any v<g there i
k€K such that (k) + 9®(U) e, e Ue PX. For
k € X define qg’(’u) = (k) . For other ‘s amd ks
define cg'.g ‘s 4in any way which does not contradict 1), 2),
3) (it can be done). Proof of I is finished.
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II) Ir § < o for each § <o and T < of o

(cf o< <oC) then we can proceed quite ahalogpuoly like in I)

(for choice X(ot,(3,2) put 3 =cf o , P =cf o¢ ) ox-
cept the discussed poessibilities which are following.

1) 3 Mc ¢, card U < o B’D‘M<cf Vxex
3JcchcardJéfbM Vked~-clox ¢t x €
€ st (M,Pk)
2) VM card M < < V¥ <« cfx ' xeox 3K

card K > T
Vk e K:  x ¢ st (m, PX)

( fy 18 to be defined as a mapping from P into Jk whe-
re -(‘d;a 3k cof is an increasing transfinite sequence such that

sup 5&. = « ),
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