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Fineneas in the category of all 0-dimenaional unito�• 

· apacea

V. RQdl

Let oe, be an int'inite cardinal. Let (X 1 'l.l) be a unif'orm 

apace. Def'ine p°' 1L c 1L by pu. U •{VO I V OE. U &

& ( 3 -{. V
s; 

\
11
C:,. c 1L Vi+l � V1 , i = 0,1,2, ••• ) &

& (card v1 < u, 1 1 = 0,1,2, ••• ) j • Clearly p� def'inea a 

retlection f'rom UNIF into UNIF • 

. Def'init ion: Let 'll be a subcategory o-r UND' , oe. be an 

intinite cardinal. 

l) A unif'orm apace (X, 'U,) s X is said to be � - oe- -aiaple

it f'or each unif'orm apace (X, 'li') e. :K, , p°' U = p·c( 1/' 1mp-

11ea that idx: (X, 'JL) � (X,1/') ie unif'ormly continuoua.

2) A unif'orm spa ce (X I U ) E $ ia aaid to be 'JI,- � -:tine

i:t tor each uni:form apace (Y,1/') EX a mapping t, (X 1 '/J,)�

--,>,.. (Y, 1Y) is unif'ormly continoua 11' end only it -t: 

, (X:, pc(. 1

/L)--, (Y, pa: 1t 1 ie unitormly continuoua. 

Con,1ention: We ahall write d, -e:llllple ( oe -f'ine) inatead 

ot UHIF � -aimple -( UNIF eG-f'ine rea P•). 

� -:N.neneaa ( o:,-a1mpl1city) iapliea !JC- ac; -f'lneneaa (3(,'- � -

a:laplicity reap.) tor any 3C é UNIF . Obvioualy a unif'orm 

apaoe (X, ']L) 1a 1C- c<. -aiaple it it ia �,' -ce -tine. 

Tbeore■ [25 B 22] in (l] aeaert• that tbe con•erae ia true. 

�or � � "', • Tbia theore■ ie extended ln [2] to all inac­

oeeaible card1nal.a cG. • Tbe queation what aituat ion occura 'for 

otber cardinala ac, re■aina open. As I know \bere 1• a coQJeo­

\ure dueto Frol1k 1 BUěek, Hager, KOrko'I, and othera that tor
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C(, not inaccessible such a theorem fails to be true. A poasib-

le exemple which could support this fee ling for d. • c..)1 was 

mentioned in[2J. Using the method of this construction we are

going to .construct sp!lces lX
o:

, U� > ; a.> �
o 

not inaccesaib­

le which are not (f -- a:; -fine but they ere (f - � -aimple 

( ()' is a category of all zerodimeneional uniform spacea). 

Construction: Let ex , fl .., .,r bt' 1nfinite cardinsla such 

that q, > (!, :::. 'if ano „ 1]
0 

� 1 <a:. fór each Ó< -Y, !!Ind 

,( i.�] < ex· • Ne def'ine a uni ťorm dpace (X{ ot , �, .? l ,

U ( ct, (3 , 1)) by t ht: following way: X( c/., f3, ;r) = oc. 'X {!, 
and 'Ul� 1 (?,, 7) is s set of' all part itions -f U4J

4 e A ot
oc x f., such thet there ia a psrtition � Rb '\.e,

e g ot aC , 

c�rd B < oC '!nd f'or e9ch b E. B there is &;, c (3 ,
card 140 < ?f and a partition { V� Je" C = vb of Rb ,

. ú 
card Cb < � such that e part i tion 

V = a� { .\ ( x , i) 1 l x E. Rb & 3 e Mb i u l.. J { { V bc >< -{ y � 3 l c " �€B �6& 
E Cb & y e f., - Mb ! re:f1nee -\. 'u.a \."t,e:: A •

X( ot, (3, ?') ls ob11iously '1 zeroc1imt:tna 1on9l un1form s pece. 

Proposi tion: Let o( ., (3 , 0 be like in t he constructi on. 

Denote by D(k) a uniforml_y Jiscrett: space of cardinality k • 
The n: 1) p °' X ( ot , {J , 7 ) = p � D ( q- ) >< u ( /3 ) 

2) X( o( , {!>, 1') is not x -fine.

Proof: l) Cons i der t hat (!, <. ,-,c and TT f 2. < oe tor
i. ó" 

. each cf<. �, and .( i 'l j c cc. • 

2) Take pr: oe. 'I< (� � ac and D(ee) •

Theorem: Let CX; be e cardinal such that either there 

exiat f < ce aoi ·1: <:: etc(.. with � 't' z. cG or cf� < cC. 
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(1.e. � ia not 1nacceeaible). Then there are cardinale /J, T" 
auch that X(«,(!,, 7) 1s defined by the conetruct ion and it 

1• (1 - ct -a imple. 

Proof: I) Suppoae there 1a f .:: oc. and � < ct oc:. w1th 

f t'Z c(; (thia caae involvea isolated card1nala). Put "Y =

• min -{ 't:' I there 18 f ..: oG such that 1"1 � oc, 1 • Clearly

r' <: cf oc:, hence ._ lj0 
f L < �· tor each � < ?' end 

i f !l. J c ot „Put r., • min i f j oc. > f � eu0 & fy� «' ] • We ehall

prove now that X(a- , (i,?) ia ť/ - cie; -aimple. Talce P a par­

t 1.t iť>n of o( )é. (3 • venote a unift')rmity generst ed by U ( �, /j , r) v 

u -{ P3 by 1f. Yib are golng to show that either 'V'=

• U ( cC • (3 , i) or p :( 7i 1- p « U ( O( , f3 , ;; ) = p « l>( ot ) >C' D( (3) •

Let us auppose thet pa(. 1t = p ex U < O( , /3 , T) • Put pk = 
- P / k • /l we may euppose t hat P a. U pk • - I ťt' :x { k 5 1"'

� t; fs 

1) 

2) 

There are two posaibilit1es: 

3 v C: o( 1 
\1k e(3 

card M < oC. V x E DC 3 J c: (3 , card J < a,"' 
- J (x,k) c-- at(M .)'(,{k J, pk) 

card M < « .3 x G d: ,3 K c (3 , card K � 4
(x,1e) Cf st�M ,< ..( .1ei, P") • 

Oase l) Teke M c oc. from t he f'ormula. 

For .J c � , card J < y de fi ne l\J = -{ x ; x e � & ( x , k) .j

at(M .4'< {kf, pk) for each k€ J) & ((x,k) e st(M x-4: k/, pC) 

tcr e ech k Q � - J) 

{RJ 1 ia a part i tion of oe which has 

equ1valence classea and �. f.,-;;- < oG • 
'l:<?f

Caae 2) In thia oase, we shall find a subset S ot «, 
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auoh that card S • ce. and there 1e a part1t1oD {�.,1 c..E 1 •
• ! o't cc >C (3 , cerd I< oC retined by P aucb that tar

any two diatinct pointa x,y ot S there 1• k e p. aucb 
tbat (x,lk) f at ( (y,k), �) cř haa tbe eame eenae •• · � 
above) and it will contradict the assumption tbat p°' 1t � 
?:P at 1J,(oe,�,7') 
! will be such that T = tr.V

(J 
Tk and Tk • .(U -r;1(q)J

,1 e/J
where tk ia a mapping f'rom r into � .• 

, We conatruct aimult aneoualy S and tk • by tranatinite 
1nduct ion. 
The i -tb induction step: Suppoae we have detined •

tf' 
e oC 

and part:1.al mappinga Cf} r. r ___,, � f'or Ó < f such tbatz 

1) � !: cf'2 <. i & U E -rJt- & g,� ( 'U) 1a detined then
1

(t)Jt, ( 11)) = �� ( 'U,) 
"d°.t a;, 

2) g,� ia def ined for 11, € Pk it'f' t bere ia a i) , i) 4:: o

a uch t hat •» & · U,
3) � < � < � then there ia

tÚ et.· 
t.g; ( U1) :fa �k ( 1l2 ) where

such that 

a..r. e U• E. pk , 1 • l 1 2 • 
O,i . -1, 

A set M • .f aó, Ó< f 3 haa cardinality leaa than a: • The­
re exist x e ()( and k e (3 , card k � 'i""· such tbat 
(x,k) 4 at <• � -( k l , pk) f'or each k E: IC • Put z • • f • 
Ae card lt > ?{, (3 -r 2:: oG and card ■ c «., t bere 1• • 
aapping V: E � /3 auch thet tor any -» < f there 1• 
t E I: auch tbat ,y(t) + ,!' ('U) •» C!. 1.l c pi • For 
t € I: detine g� ( U,) • lf (k) • For other 'U,' a and it" • 

"" , 7 
detine q,f a in any way which doea not contra41ot 1), 2), 
3) (it can be 4one). Proot ot I 1a tiniahed.
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:tor each i <. oe and � < ar oc 

( ct oc: < oc) then we can proceed qu1te analogoualy 11ke in I) 

(:tor choice X(ot' �' r> put (b = et oc I '1' - at � ) ex­

oept the,diacussed poas1b111tiea which are :tollowing • 

1) 

2) 

3 li c . oc. , card !! · < oc: 

3 J c cf� card J é: '?:M 

e st (M, pk) 

'V M card M < «. 

card X > "t: 

Vk E K: X f st. (M, pk) 

..3 't'M c::: cf V s E oG 

t/ k € J - ct« : z E

( fk ia to be defined as a mapping from pk into cf'-'<, whe­

re {' � 3i ��«- is an increas1ng trans:tin1te aequence auch that

aup Ó� = o< ) •
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