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Retlective and coretlective aubcategories of Um..vf

( and T-O-f1., ) 

Miroslav Hu�ek, Praha 

v. Kannan in [Kal investigated subcategories both

�•tleotive and coretlective in oategoriee ot topolog1oal 

apacee. We shall look now at the same problem in the ca­

tegoriea ot unitorm spaces; not because of resulte them­

aelves that are not too deep (although interesting) but 

because of the methods which use generation ot spaces in 

aubcategories. 

We shall use terme and notatione as ueed in.[�]

(thus uniform spaces need not be Hausdortt). 

To prove that both r�tlective and coretleotive sub­

category ot a category ot continuous etructlU'es ooincide 

with the whole category, one must prove thet any objeot 

ot the category can be obtained from the eubcategory by 

combining projective and inductive generations. In the 

category Tc-f1, ot all topological spaoes and all conti­

nuous mappings, one poesible basio construction ie ex­

preseed e.g. in (Čl; by means ot this construction (dit­

terent from thet in (Kal) we are able to prove more ge­

nerel reenlte than proved in [Kal. In \1tú,f , the cate­

go�y ot all unitorm apacea and all eitormly continuoua 

mappinga, one may use the idea expresae4 in the exeroiae 

III,3 ot (Il or in 37.A.8 ot [Čls 

Let < X , U ) be a unif om spaoe, D and ])1 1iwo

uitorm spaces with thé same underlying set and such thet 
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toza an A c .D , the seta A, D - A are proximal 1n D 

and distant in D1 • For any U s '2l p11t Q (U) = � D + 

+ '2. D
1 

• Then < X, U) is a quotient ot Qv= �Q(U)
x�x-u. " •"" 

uder the mapping f' detined as tollo• 

it .x,�' e. X, de D 

,)( it 

, then ,f(�
1
:,(.',d)c/ 

'.x'it 

d.A

The preceding result can be moditied in several wa7a. 

It ia not necessary to take into account the pointa ot the 

41agonal ot X x X (we may detine Q(lL)= �.D+ :E. .D.., 
U-1.x 

X>< X- U 

bat not Q(LL)= � .D + -� D-1 ). The uniformity ot· u.-nu x"" x - u. 

QX may vary trom that detined betore to that projeotive-

ly generated by f' ; e.g. we can put Q� = ť Q,'( U) , 

where Q"( U) has the eame underlying set as Q ( LL) and 

a base ot its uniformity is compoeed ot the equivalence 

U(<.x,.)(').xD)2 v U (<.x,� 1>.xA)2
u U C<.x,�')x(D-A))�. 

U. X>< X-U. X"' X-U 

01' G.; = TQ"(U.) ,where Q"(U)=(lL><D)+((XxX-U.)x:12,) 

and both U, X>< X - U. are endowed with 11niformly dia-

orete u.nitormities. 

In all three caeea described above, the infimum is in 

taot a projective limit of a presheaf. The approach by mean• 

ot preaheavea is more convenient when it 1s ditficult to 

tind .D and D
1 

belonging to the subcategory. We ahall 

••• tbe tollowing moditication in tbe oase ot Bauadortt 

( � , 'U, > • Por ou pu.rpoaea i t sutf icee to take .D 1 to be 

a two point diaorete epace w1,h an 11nc!erlying aet (Q,,Jr). 
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Pllt i ( U ) • � (a,) + � C a., h > " )The conneot-
LL )(>c X-U. 

ting mappinga :ť'
u.v 

: � (u) ----+ a (v) for u, ve 'U,. t) 

U c V are 

XU. V < XJ tX � Q.,) = (.X J .X: a,)

/ < .X , j( : a. ) 
if < .X ' .X , > E: v

ti.LV 
<.x;.x:.tr> =, 

, < .>ť x.' iY > iť < �, .x' > e: X x X- V •' ' 

The UD.derlying aet ot tbe projectiv e limit < O:x ,-ť Íu. J >

is the set 

and 

1-
u. 

<.x,.x�a.., > = <x,.x ', a.->

/ <�' � � a, ) 
if <.X' .X,> e: u. 

Ju. <.x, .X', .h > = ' '<�,�', flr > if <.x,j(') e: X X X - u. tJ 

~ 
The tmitormity ot Q

X 
ie that projectively generated

by -{ J
LL 

l . It is almost olear what the q11otient mapping 

1 : Q X --+ < X , 'U ) will be s
-

I > f<.x,�, a.. ="' ' f'
,...,

< 
I fJ •• > I 

.x,.x,,JV =.X "
We shall prove the tollow:Lng tbeorem (all tbe aub� 

categoriea are supposed to be full and replete)a 

TBEOREM l. Let L be a both retlective and coreflective 

eubcategory ot l.lml.f" • Then L = I.W,f' • 

fHEOREII 2. Let K be a reflective subcategory ot LlMLr 

containing all unitormly discrete spaceee It l. ia bott 

retlectiYe and ooretlective eubcategory of K , then 

L = K 
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THEOREM 3e Lat K be a closed-hereditary reflective sub-

category of Um.W e If L ie a both reflective and core-

flective subcatego.ry ot K , then L = K • 

THEOREM �. Let K be a coreflective subcategory of Um.U

generated by complete u.niformly O -dimensional Hausdortt 

spaces. If L 

category of K 

is a both refleotive and corefleotive aub­

, then L = K • 

At tiret eeveral remarks. Theorem 1 ie clearly con­

tained in all the remaining Theo.reme but we �ave stated it 

here because its proof' is eimpler than the others. We do 

not know whether Theerem 2 is contained in Theorem) (even 

in its weak:e?- form - see the remark following the proof 

ot Theorem J). Examples 1 and 2 will show that Theorems) 

and 4 do not hold ti' we omit the conditions posed on the 

reflective (or coreflective) subcategory K • 

PR,00� of THEOREMS 1 and 2. Clearly, L contains all 

unitormly discrete spaces and their products in llmLf • We 

may take for D a produot of uniformly diecrete spaces 

which is not discrete and for D� the aame product endow­

ed with uniformly discrete uniformity. Now, since suma, 

projective limita and q11otiente in L of objeots from L 

are the same as in K (or l.1n...vf in Theerem 1), it foll.owa 

that any objeot ot K belongs to L (it is a q&1otient ot 

Qn
e L in Theorem 2 and of Q in Theorem 1). 

Notice that we have proved morea Any uitorm apace 1a 

a quotient of an object of K • 
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PROOP ot THEOREM 3. If K contains only indiacrete apa-

cea then the assertion is obvi011s. Let X be a non-dia;. 

crete space belonging to K and denote by D a two-point 

set. lf X ia Hausdortf, tben D with discrete unifor-

mity a,.., belongs to K as a 11nitorm homeomorph ot a

closed subspace ot X • It X is not Hausdortt tben it 

ia not T0 , and, hence, D with indiscrete 11nito.rmity íb 
belongs to K as a retraot of X ; consequently, 

( D , .0
1 

)e K because otherwise < l>, 3J ) would be a

reflection of < D, /JJ1 > in K , which is impossible

since t\ contains a non-indiscrete spaee. 

Fix now a two-point discrete space ]1 with pointa 

a.., Jl.r (clearly, D1 belonga also to L since L 1a 

ooretlective in K ) • Let a Hausdorf! < X, 'U > e K be gi­

ven and denote by )(, a reflector UM.Lf'---+ K with re-

flections Y Y !Jo Jt. Y • Define 

< Gi, t,ti
u. 

l U€ 'll l) = �-{ x. & ( LU, {xiuv I Uc V JI U e 'lt J ;

ainee L is refleetive and corefleetive in K we bave 

Jt',Q ( U) e L and Q s L • We ahall prove that X ia a

q11otient in Um.vf of G. under a mapping g.. and,

thus, thet X belonge to L 

in a eenee a limit ot mappinge

Pirst we shall define mappings 

t;hia 

• The mapping 9- will be
-

from x Q (li) into X •
~ 

4u : Q ( U ) -�► X lilce 

1 
� X it d. = a.,

<i-u <.x, �' oL > = "'--. � :,..' it o{, = R,- •

Jor z e Q, we· detine 9,Z = (Jt9--u_) 11-
u. 

x )) where U e ,U
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1s selected in such a way thet ..fZ-u� e x

>t
�-u. D.., 1t such a

U exista (it Y = Y,, + Y2 we may talce JI.. Y = "Y1 + Jt Y2 ) , 

otherwiee U is an arbitrary·· member of 'U. • The detini­

tion ot g. is correct beca11se .it 9-z = (x.c;,u,>-11-u.%. as de­

fined, then 9-z = (>c,g,v )-f1-v :t for any V E 'U, V c U , which

tollows trom tbe tact that

"9' /.1t, �<�> +.Jt. � D1= J(,91V/_.1t �(a..)+)(, :E. .D..., .•U. V XxX-LL V )("'X-U 

It remains to show thet � is unitormly continuous beoau-

se it is qu.otient then (its compos:1.tion with á,: Q.X � Q , 

the limit ot .(-č,
'5;

<u> o �
U.

: 'QX--+ Q CU.) --+ X Q ( LL)} , equala 

to the quotient � ) • Let U E: 1L, VE 'IJ., V= y-1
, Vo V o V c U , V

is clm ed in X. x X (hence V e K ) • We ehall prove thet 

(<),x 9-)-1CL1J ::> ((x.g.,v)o12,vx(x9-y)o;fz.,vr
1rv1l,et Z1, X2 E Q ,

<:(x.g,V >-ti-vz1 , Cxg,
V

) p,,vz�) e V ; it 1s easily seen that it s11t-

tioes to prove (9--:z., (.)t.9-v) -11-v z> e: V for any z e Q ,,, 

Sappose 9,-l:- = (n.9-W )11-w 2:- for a W c V, W e 'U ; we may sup..

pose that �wz E: Jt., x �-wD1, ,t,,v % e ,,, x �-vD
-1 

beca11se otbe1'-

wise we could pu.t W = V ; moreover we mey s11ppoee .P-w 2:. E 

e. 1t, v�w (.t,,) beca11se that 1s the only set where "9--v and
I 

�� � Jt,n�w may differ. Now, )C,9-ív I .1t, 2. <�>=" � (a.) ► V . .,,. X
T V-W V-W Jr.fi-1 ,t1Jt, and "9-íw /1t, � (b) = >t, � Ch) � V �� X , where

V-W V-W 

A-a.,(�,�� a,)= <.x ,"' '>, Jt,.ť <x,x1
, b > = < ,)(, .x' > and 1V'-i., ia 'the 

i-th projeotion. Bince 1t,la,ox,'t
w11 /1t; � C.b-) • Jt,la,1 we . , v-w 

have (K,"-,' >,11,w� = (,c,A,J<lilwv>,P,w% = (,,,A>?v� s V and, hence, 

<C"tw>.,,,_w�, '""9-'v > ..Pv� > e V •

It an objeot X of K is not Bausdol'ff then · K ia 
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biretlective in llmLf and we can 11se the spaces Q ( U.) 

instead ot spaces '(S; (U) and Q = .&vf -í >t, Q (U)} then.
u 

It remains to prove thet the mapping f' (see the intro-

duction) is 11nitormly continuollS on Q. into X and thia 

oan be done by the same method aa 1n the precedillg proof

ot imitorm continuity of 9- b11t the procedure ie m11cb

easier. 

All we needed 1n the toregoing proof for the reflec­

tive subcategory K was that if K ie compoeed of Haus­

dorff spaces only, then a diacrete two-point spaoe be-

longs to K (or equivalently, all compact O -dimension-

al T
2, 

-spaces belong to K ) and that any object ot K 
has a base of ite uniformity composed ot objeots of K • 
I do not know whether these condi tions imply thet K ta

closed-hereditary (proba�ly not). 

PROO:P ot THEOREM 4. It suf.tices to prove 4ihat e.ny oomp­

lete 1111iformly O -dimensional Hauedorf:t object <X, U>

of K belongs to L • Let 'U' be the base of 1l compo­

sed ot equivalences and for. each LL 'i. U 
1 

, -f'
LL 

be the ca­

nonical mapping on X onto the q11otient X/ll (a 11niform-

ly discrete spaoe). Let X ..e,, > Jt, ){ be a retleotion

ot X in L ; sinoe X/ U. belongs to L • any f' Ll bas 

tbe u.niq11e factorization 1'
u. 

via h • Por �e 1t,X-A1.(Xl1
U e. 'U', denote Vu,� = -f"ú

"f [.pu. :,cJ . Por a fixed � ,  the

collection { V
u.

,:>< I U E 'U. l ie a base for a Cauchy tilter

F in X and, th11s, has a limit � • If we p11t tJh� • .x
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to• .)( • X , then 9- : � X --+ X ia 11J1if oml7 oont inuoaa, 

fu o g.. = � for all U. e. 'U' anct .(-f 11 l projeotivelJ 

generatea X • ConsequentlJ, g.- is a retraction anct X

belongs to L • 

Theorem 4 is the easiest reault that can be provect bJ 

the same metbocl. It would be sufficient to suppoae that K 

ia coretleotive in L1mLf, K is generated.by a olass ot 

oomplete spaces such that any its member 1s projeotively 

generated by Hausdortf members of L and the reflectiona 

Jh, are denee one-to-one mappinga. 

The nert example shows a reflective subcategory K 

ot UMLf' thet contains a non-trivial botb refleotive 

and oorefleotive subcategory L • In spite of this exam­

ple we know that the condi tions on K in Theorem ) are 

too strong (e.g. any retlective subcategory of LLmLf 

oomposed of oompact Hausdorff spaces has no non-trivial 

oorefleotive subcategory). 

;§XAMPLB 1. Let C be the de Groot 's strongly rigid met- · 

rizable non-oompaot space, [GJ, .and let ..c.c, be a oolleot­

ion ot unitormities on C that 1s meet-stable in the ool­

leotion of all uitormities on C • The suboategory C (.u.)

of Uhl.Lf oompoae4 ot all producta of. uitormitiea trom 

M, tom retleotive suboategory ot 1.1.m.,l.f • The proot ia 
, 

almoat the same aa the H. Herrlioh a proof that the aa.b-

oategor1 of "'Co'fl, oompoaed ot all power• ot C 18 re­

fleotive 1a T.of\, , CB1l, t.B21 • We ahall aention here
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0D17 neoeaaar7 ohanges. Jor a wiiton apaoe � let 
c

.x 
• .((f' < C, ?.L >> 1-f'• X--+ <C,'U > is inch1otivel7 gene•atiq 

w1 th reapeot to ,CA, , f' 1• not conatant } • 

H, X D TT { ( C' tU,<� < c, 'U,)) > I < f, < c, tU, > > E c.x' 'U<.+;<C,1'>) - 'U, J '

-",: X--+ Jt. X 'be the red11oed product ot all f : X ---.) 
____. < C, '1.l<f', <C,'U.>> > • Then X � JC.. X ia the retleotion

ot X in C C.u.) • 
lfow, tbe oategol'7 C(tine llJlitol'IDity on C) ia both 

retlective and coretlective 1n C(all 11Jlitom1t1ea on C) 
which ia retlective in Um,t,f' • Notice tbat it 1f ie the 
tine amito:rmity on C then < C, 1r > I ia the coretleo­
tion ot � < C, '1(,i > •

EXAMPLE 2. Let K be the s11bcategol'J ot Um.u compoae4 
ot tmiform spacea < )(., 'lL > sL1ch thet 

U
.;, 

e 'l.l , U
...., 

eq11ivalences ) íl U
-t, 

fE' 'li , 

Let L be the au.bcategory. ot � comp011ed ot llJlitona 
epacea < X , lil> such that /l U. c 'IL • It 1s not 4it-
t1c11lt to prove tbat L and K are ooreflective in 
Uh\.LI and L ia 'b1retlect1ve in K • It we. pu.t L' to 
'be all 1mito%'mly discrete apace•, then L' is ooretleoti­
-.e 1n Unwf' and biretlective in L - thia show that 

•• oannot omit the oondition on completeness in !heor• 4.

!he method •••dto pro-.e !beorem l can be alao ue4
to improve reealta troa [Ita]. v. Kannan prcnecl t.llere that 
1t K 1a either a bbetlecti-.e eaboategory ot T,o,,p, OI'
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an open-bereditary ooretlective anbcategory ot Tctz, gene-

l'ate4 by O -dimenaional apacea, then any both l!'etlecti-.e 

and coretlectiTe aubcategoi-:, ot K. coi::icides with K •

'?here is alao an ex.ample in (Kal ahowin.J that tbel!'e exiata

a a11bcategory K ot T'°'fl, oontaining a nontri-Yial both 

retlect!ve and coreflective aubcategory; the aubcategory 

K is neither retleotive nor coretlective 1n To-rz., - oui 

Examplee .3, 4 will show that such a K can be tou.nd oo­

retlect 1Te or epiretleotive 1n Hau.sdortt apaces. 

fHEOREM 5,. Let K be a retlectiYe subcategory ot To-ti, 

oontaining a two-point apace and auob tbat every X e K ia

locally K • Then any both retlective and coretlective 

■11bcategor� L ot J< coincidea witb � •

Proot • It all the two-point spaces trom t\ are in­

discrete then K conaists ot indiscrete spaces only and 

the assertion 1s trivial. It a two-point conneoted TO -

apaoe belongs to K , tben K is closed- and open-here41-

tary and contains all O -dimensional TO -spaces hence 

alao T2 spacea with at most one accumulation point. 

Bu:t these spaces will belong also to L and inductively 

generate all T,Ofl, - 011r assertion tollowa. It remaina 

to prove Theorem 5 in the case that all objecta ot K are 

T1 -apacea. 

Let X e K , A c: X , .x0 e A - A , 'll.x be the neigh-
o 

bol"hood base ot J<
0 

in X. membere ot wbich belong to K •

Por U e U.x pnt Su • ( X - Ul u (�
0

) witb the diacrete 
o 

topology. It U, V c '1L Xo , V c: U , tben we detine .;,,
VU. 

:

: Sv--+ Su 
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/ 
.)( 1t ,)(EX-U.

D 

'.,c
0

it.xe.(U-V)u(-x
0

).

Ptát < S, -ij
u. 

J > = � -{ Su, , .f i.vu I V c: U.} I Va '1l->(
0
J ;oleuly,

S• A u (�0}, A is open cliacrete in S and 'ZL! = CU"" ln A.
o o 

J.11 the apaoea S obtained 1n jut deecribed way tor ••-

rio11a A, .><
0 

, together with identity mappings illto X 

ind11otively generate X • How detine < S', i .f1.u J ) • 

= � {x,Su. ,<.ú,vu. ti , where ,,, is the retlector Top,_.., 

� K • The space S' belongs to L beoa11se )(,SIL be-
long to L tor all U c 'lL �o • Let �u. : Su. --+ X be 

the identity mappiD.ga and tor a � e S' let 9-�.� ("g,u.)f',11,,*, 
where U ia seleoted i"D s11ch a way that -ti-u,� E " CA - U.)

1t au.ob a U e 'U� exiata and U 111 arbitrary other-
o 

wiae (then 9-� = �o ). The oorreotnesa ot this cletini-
tion ot g.. can be shon in the same way aa in the proot 
ot 'rheorem 3. It remaina to prove thet 9-" 1a contin11011.a 
(all such mappinge 4- then inductively generate X ) • 
Let � a S' 1 1t ,tz,

U 
% • I(, (A-U) tor a U tt 'llx0 

then

G • ,r,,�" C" ( A - U ) J ia an open neighborhood ot � an4 

t,IG.("g.,u
l•,tJ,u lG- 1a contin11ou. It 9':t' • x

0 
ancl U.•

Cl 'tl.,c
0 

, G • 1Zi"' C .x 
O 

1 , then 9-[ Gl c: U - illd•••• 

1t � • G, V c: U , V a '1J. .x
0

and 1'1-
v

% 1 c Jt, ( A -V) then

(,c,9--V >-tz-.,.
1t' c Je, CU- V) •

It aho•l4 be note4 that the tirat part ot the preoe-
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41q pi-oot ( till tb• 4et1n1 tioa ot S' ) giYe• anothel' 

pl'oot ot !beol'• i. 111 [Kal 'beoa11•• a bil'etleoti"Ve ••boa­

tetoQ K ot _Top 1• bel'eclit•l'J ( tbll8, 1t DOD.t1'1'91al,

it oontaiae a two-point apao• and any 1te ob�eot 1• looal­

ly K ) • !be oonclition thet a two-polat epaoe belonga to 

K ia eaaential onlJ 1t K c To,a,
T1 

(ott!ei-wiae 1t olrfl•

oulJ followe ti-om tbe ••fleot1•1tJ ot K 1n T•. 

R♦PLB l. Let K be tbe oategol'J ot looallJ ooueote4 

apaoea ancl L be ooapoae4 ot all apaoea ·'tbe oollection• 

ot open Ol' oloae4 ••t• ot wb.iob ooinoide. fhen botb L 

and K ••• ool'efleotlv• 1D � • CB31, aDd L 1s bbet­

leotive 1D J( • lf L' .(41ac11ete apaoea} tben L' 1• oo-

i-etl.eotive 1n. Tot&, and bil'etleot1-.e ln L • 

It K c: TOfi, � anc1 K 18 oloaed-bei-editaey ••tleo­

ti"Ve 1a TOfa., , tben K t11lfil1 tlte oon41 tiona of !heo­

i-em 5. fhe neXi ezample ahowa tbat if K c T-of1.- ,: , K 1• 
2. 

epii-etlective (hence oloaecl-bel'edital'J) then yet K maJ 

oontaiD a noati-1-.ial epil'efleotive and ooretleotiYe allb• 

oategol'J (an, th1aa, oontaina a apaoe wbiob 1• not looal­

lJ K ). 

IXfMPLB f• Denote 'bJ S e., +'1 tbe aet ot all ooutable
.. 

or41nal• to1etbel' with c:..>1 en.4ow4 with a1aob a topolog

tllat Tt.>
-1 

1• u open a11'b•J•o• ot S�+ ➔ ud a baaia et
o 

neigbbol'boo4a ot c:.>1 oou:l.at• ot tlae ••t• C1, "'-1 l" Tr., u C�l,
. � 

--�• "I, < <..>1 aa4 TC:
1 

:I.■ tu 1et ot 1111■olate4 OI'•

41aal• et T,.,
1 

• tu eategol'J I\. 11 tu ep:l.1'etleot1••
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ha.11 1Jl Toti, -r. ot S A> + 1
.2. 1 

(1.e., K ia 0011peee4 ot all 

hoaeoaorpha to oloaed s11b11pacea ot powera C SCJ +i) °' , [Kel) 
' 1 ' 

ad L is the epi1'etlectiv.e hall in T-ori,T2. of T c.,
1

• 

Sinoe T� 
... 

can be embedded aa a cloaed s11bspaoe into

Se., +-1
1 

( onto limit 0011ntable ordinals) • L ia epi1'et-

1a coretleo-leotive in K • It remains to prove that L 

tive in K • The space T� +'1 = T"' + ( "'�) belonga to L
1 1 

and the baaio thing to show ia the tollowing1 It X. c L , 

f' : X ), Se., +-1 then -f : X � T� +-f , 1.e. the aet 
1 1 

A- -F-1 t '4>
1

] is clopen in X • Denote Af = r·" C j l toz-

iaolated cottntable i and pick out an � e A· • The set 

A v U A f 1s a neighborhood ot .x in X and, beoaaae 

X 1a regule, there ia a cloaed neighbo1'hood F ot x 

111 X , F c: A u UA
f 

• Since Fe L , only tillite nW11-

ber ot intersections F n A f ia nonempty ainoe tor any

"1, < c.J1 , the apace F n U A c (homeomorphio to 
f" "Z, ' 

� CF' n Af)) belongs to L and, the1'etore, is 0011ntabl7
f<"l 
0011pact. Bow it tollowa that F·n A ia a neighbo1'hood 

ot .x in F and that A is open in X • 

A oozietlection ot a Y e K in L oan be constru.o-

ted aa tollowa a le„
o... s Y -�-,. Soc.

„ ;n, - "' +'1
1 

be a oloaed 

•be4ding and pat c. Y to be the set ..k. C Y 1 b11t with the

topology as the aabspace ot ( T� + 1 ) °' , the ooretleo-
1 

tioa map 9- : c Y _.,.� Y be the in�eziae ot ..ta, • •• ■11.at 

pl'OTe that •DJ -f s X � Y , X • L , oan be facto� 

1••• da 9,-- . Bat that tollowa eaaily fl'o■ th• p1'eoe41ng 
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ln••1t11atioc beoau.a• JI-•, tollowed bJ any p�ojeo�1oa 

oato st.). + 1 1 
11 oont1n11ou.1 •• a uppj.ng iDto T� .., ◄

ant, thu.1, Al.• f 111 oontinu.ou _i.Dto ( T;.., • .., )" •
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