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ATOMS . Dl UNIID.RMITIES 

Pelant J. 1 
Reiterman J. 

Introducti: on • Everybody knows that all top,:,.logies Olll 

a gi ven set .form a .lat tice wi th respect to the order � 

C !�Tine� tbstr"}. One CS!Jl describe easily- .atolllS in this l.at­

tice 1 1.�. the finest topnJ.ogiea which are strictl.y coar­

.ser than tbe discrete topolo.gy on a given set: these atoms

contain the only non-iaolated point ana :reauced neighbo-r­

hoods of tbis point --foflll an ul trafiJ.ter. As a1.l unil'ormi-

ties on a gi-ven set � a1so i'orm a lattiee, one can ex-

pect the question about atolllB in this l.att.ice. The aim of 

thi.s not-e i.s -to .show that more compliC"ated situatlon occ­

urs in this •uniform11 case. 

2. Existence of atoms... I!'_ 1lt i.s a unlfonnly non­

discrete uniformity tben there ia an atom. !L wi th 

Q, � '1L • Inrlee.d, i t is easily seen that the set of' all 

uniform.ly non-di·scr-ete uni:formities which are flner than 

'lL satis.:fies a--ssnmptions o:f Zorn' s lemma wi th respect to 

the order � • lllnimal elements of this set are just the 

a toms wbich are .:finer -than 'lL • 

Let us introduc e two examples of" n toms „ The f'ormer is 

trivival, the 1atter is dueto P. Simon" 

Example 1: Let 1) c:. A , ea.iui, 1) = 2. . All covers of' X , 

which are coarser than the cover .fJ)3 v -i. ·Lx! ; J< E X J

J'orm. a uni:formity Q..,
0 

whieh is an atom. (Proof is o'bvious .. ) 

Example 2: Let .X = X
.li 

u X 1 be. a decomposi.tion. of an 
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inťinite set into twn disjoint equipotent subsets. Let 

-f' • .: X--►• l · � .. 4� 2 be bijections. Let 1/L be an ·ul-
-i. ... , 

t rafil ter on X • Then covera 

i{ ..f'1l..u..>-, .P.a {�J J; ..tL. s lL l . .J.J íí�J; ,x e- ..1 J , i ll. s '1J.,)
7 

f'orm a basiB for a ,milormity d
Qlr

be proved. below.)

wbich 1s sn 9tom. (To 

,. Ultraproducts uf atomso Let IJL · 1>e an ultraf'ilter

on a set .I • Let. a uni:ťorm. i... .1m .. 
".J "Vf. 41, 

un a set .:X-i. be gi-

veu f'or eaeh .l, ·,e J: • Leťus assume .for convenlence tbat the 

seta X; are paň'wise disjoint. T.hen tbe covers 

.f i� J ; � � u x. J v U
11 

p. ( u e 11, l!i, 1a 41L.;) 
.... 1..li'&..., 

.form a ba.se -for a .unil'o1'."mi ty. Jfe ahall -wri te �' = 1T 11l..;, 
. 1',. 

and we shall ssy tlm:t qJ'L 

'm·: 1L -for each + s I.., 
is an ul traproduct o� '1!

.;. 
• If 

� we sball aimply wrlte '111-= 1l" •

Proposi tion: H 'flL„ are atoms so· 1a .1/1, = 7T 1lt.; • � , · . 

� -

Proof: Let '1l � '1JL • Put J:- .fiE I, "'lx. : '11t
:;, 

j • As
.. . 

� 

clearly- 'YLj X • -S 11li. i"or each � , 'n/x . 
� � 

is unii"ormly 

diserete for .-i, E l - J , If' J E '1l 

,; ?L then :r - J \1 'lL

Coro11al;l� 

hence '1l

then 'li,= 'lil . I:ť J 4= 

is discreteo 

is an .atom, for 'JJ. 
Q,

'IL 
= Q,a as ea-

sily seen Csee Example 1). 

4. Proximally non-discrete atomso A uniformity is pro­

ximally discrete if' it inducea the discrete proximity, i.e„ if 

it contains a11 finite coversj equivalently, all partitions 

into two s-e't$. 
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The atom 0.
91, 

. is prnximally non-dl serete, f'or the seta 

l1 , X 2 are proxi mal but dia joint ( Bt!e l:xumple 2}. We shal.l

show that it is .the onJ.y example {note tmt Q.
0 

= Jl
'lt 

whe­

re 9J, u a tri vial ul trafil ter):

Proposition: ']}'J. is a :proxi1DBl.ly non-diserete atom

itt l11J, is lsomorphic to .a.. 9.1, 'for some ultra:fi.Jter � -• 

P.roof': The part ""ir' .has b.ean proved above. Let '111, 

be proximall}" non-diserete. � i'llere -Q:ist tu, disjoint 

proximal. -seta A.-, ., A 2 4 We may assume tba� ! A., ., A,_ 
l is 

a cover. As � A1 „ A 1, l + '111 , the nni:formity 

1l ::r -!-I ll
.,,

n A1J
-kl 

u { U-in A21„i51 ; . 1 U1- l-4,c.J s 1JTJ.. l

is strlctly .ftn� than tJ'll • If 'IT}, is .an atom then '11,

is discrete. T1ms there is a cover 

is a co­

ver by Olle -point seta. Then each U .;. .moat be st 1DOst two 

points set:: - if' it 1.s the case one of the$e points must be 

im A 1 and the other in A 2. • 'l'he same appli es to any _

V --< U. • Let V e 'TlJ, star-re:fine U ; then V is a 

partlUon (it' a cover is not 3 �rti tlon then St Y con­

tains .a set wi th at least tbree elements)., We may assume 

that A,,, , A 2., V� X are pairwise- equipotento Thus tnere 

are bijectiona f
-i. 

: X --+ A;, , ,i.. = �, 2. such th.at 

v� -í{�l ;.x.E ci u �{+--1 <�),��c�)i;.xe:.DJ 

-for snme C , D c X • For e9 cb W � V put Fw { .x e: X i 

W „ Z � V • IIenca the setE f form a bdse of a filter 

·� · on l . I:f I' 1s an nl trat"il ter, '1' ::> 3i,, , then cl�arlJ·
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a., IJ' ,-s 111 � As IJ1L is an atom, lL

_,.. 
-� 'IIL· •

5. Proxim9lly discrete atonis. Let 1' be a fll ter on

1.. ,. Define a uni:f"ormi ty ťT,- on _.I as .f:o llows: A cover 

belongs to· tr.,. 312 there is . .i. e l with 

Ui .a. 7 . .. If g' is a 1>rincipal ul t..-af'il.ter tlum � icS 

nniformly discrete. Otherwise Qí i.s a proxlmall,- �i��&--:

te zero-.dťmenslonal mtlf"ormly non-dlscrete. ·urrlfrirmify. 

ťtr. need not be an atom, ,even U' $ is. ·an 11ltraf"1J.:�,

t er. 1-fowever, each -proxi mal ly Macne1: E! Q tolll refines sotň, 
◄ • 

Pro po si tion: For a�y proximall3 di$erete atom fJJ., th� . 

re is an ul trafil ter such tbat 111,, '4Š � • 

Proo:t'": Denote N
,a 

= !A c l; �/A 1.s net unl..fo rmly 

discrete l .. 

Then. 

Let fr be a. maxinal .N..m,. -fi1ter,. ioieo a maxfmal family. 

� c N
111 

such that 

( i) for any A ' B C g, there is C E r 1.v-i th

Ce: AoB , 

(ii) 1·f A� ,,.. a B •1..i a A O do-
,;; 3' .<:in E. ťf1'71 , o :, , then D e ., . 

Acc:-,rcing to ( � ) , 1' forms n fil tcr in the ordinnry ::ense„ 

Moreover, '5 i!:. !Jn ultrJfilter .. !ndeed„ let A c X. , Cannider 
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2) Let g'.;;,, h.<Jve been defined for -i, <: m, such thst each

�- has a c:mntable b.3ce. Then g.,:._ = . U g:".., h')S :ilso a
� ·- 1..<4 

co c011ntable base 
I 

oay { A-i. l-i, = 1 • !f-e may assume A
1 
i A2 :f

, A => 
. * 3 * ·- • Choosing Or.;. E A.;.- A ... +-1, -i,= 4, 2., 3, ... ,

c» 

we get a set A = i a.4 J-L -=i such that e� eb infini te subset

B o:f A 111eets ever:, memher of S:-� •

Lemma: li" C .X� §> ) is an inf"ini te pseudometric space 
o 

tben there is an infim te B c X, .B-= -!�.;. 3-..,_.1 such that
-CIO 

ei ther .f �1, l.;: i is a f -Cauchy sequence or 8 1s s 

f -uni:ťormly discrete .subset. 

Proo:ť is routine. 

Now s:ppJ.y the prť!cedi.ng lemmn to ( A , �A J. .Put � =

= 1 1= C X ; there is C 6 s,; wi th F" :, G n B J • Then � 

is either tp4 -CaucJ:\v .or contains a rp
01 

-unii'ormly diserete 

subset according a.s the :former or the latter case in the 

leIDI:'.a takes-plaeeo 1'na, 
has again n conntable base and 

-i, < � . > !T.;, C � .. 

An ul trafil ter ';F' on · N is said to be seJective Lff ťor 

an:.' partition "\ ll.;. f.;_ 
�l o:f N there is either -i, E l 

with o r there is F e 7 meetlng eqch u. ··t• 
1.:, 

.most in one point. :::quivalently, 'I" is selective iff' O"
g­

is ;m atom in the lattice of all zero-dimensional uni.formi­

ties on N • Thus, if O'g- is an atom then 9"' is a selec­

tive ultrafilter. 

The existence of a selective ultr3filter on a cou.:itqhJ.e 



-14-
.set i.s provs� uaoor· tbe -.ssum,tion nr :t.be cantinuam .eypo-

the.sis o.r 1brtin 's axiom but there is a mode1 o.f ťhe set 

theory CZFC) in vhicn -110 selecťi� ll1trafilter on :3 ctmnt­

a bl e set exist.s. 

From certain point -of view, tbe investi&itioa � selec-

/ti ve ul. tn......,,_lten3. on a eountabJ.e set is general enon,gb be­

ouse -ther.e la no m:dfo:rm selective ultnt'ilter on any 1.m­

countable non-mea8Ureáb1e: cal"'dinal {a fi1ter g' 1'lL .a sat 

1 1s aa1a to be --nnifnm tt eaéb lllefflber cď 

dina1i"ty � tbe set X J.

Theprmg:. ·-1.et 7 b.e.a .. .selee'tive u1.trafilter .nn a cmm-

table set :I ca· � í ft ,, � .} 1s an atom. 

P.rru:ď � .l'1ml two �ollowin.g ", etJU'QEtS• 

Lemma 1: Let r be a selsctive w.traf'ilter on w • .Let 

11 � � Y:a,.1,a,-Ei · ba -a -poi.ntwis1! finit e �ver of N _,. Let -111' be 

a co-ver fl� ·11 -wblch star-refiIÍis 1f ( 1Jf ----s4 'ff .) • Then 

there iB eithei- .;_ e J sneh that V• e !r' or there la « ;;. 

F e 7 1mCh that � ( 11J.,, 1Jf ) n . .bt ( on. , #/Ir) = JI -for 

any two- dlstinct -pointa, m.
., 

� of 1= • 

Proof': �-= � Vá}�eJ • SUppose CJ, �) is ac well-

ordered set. "!e de:fine R� :a --·Lx e N] � (.ic, 'WJ c. Y-;, 8,. 

& Yi'-< j.;...sl{"', W'J q: f
-a,

, l"' Cle'.lrly· � R�J�eJ ls a 

par ti tion. o-f' ti • '7 is seleetive, henee eit her there is a­

such that R_j. e T or there is F s 3" such that eaJtd, R
:á

"'

,., F-= 4 ťar eacb ,j. e :J „ The proof .i.s :finished in the 

:former ense. For the ·1at-ter ease, it 1s eno�gh to consid"'r 
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2} '!Je have fully described prorl.Cl91J.7 non-�fiserete "Stoms„

Assuming :the continuum J\ypothes.Ls.., we have cons-tru.e±-ed a

pr-oximally discrete atom on .a countable set. By means o�

ultrapromicts. we g;et an �mp!� tď a proxim.ally discrete

atOlD on eve17 �i.nite cardinal.. X --ao that any uniform

cov.er cnntains a lllelllber cď tir...s ca-rdinality K • 

We do not know aJlY example 1Jf an atom wbich u not iso-

1m1:rpbl.c 1:.o :a?l u:ttraprodnct nf' tbe .tr,, ':s; but tbe existen­

ce � .sucb 3D. a-tom semns to be very lll"Ohnble • ..,,e even do not 

know wbether evecy atom b 'Zf!rt>aime..l"lSionaJ.. 

3) Aa we bave .shown„ for SJtf uni1"ormity 1lL nn a set X ,

there iB .an .atom ft. with 4& -t ft - llowever a 1lnil'ormity

is in Bl!llera1 .Xa:r "f"rom belng a supremum. 0i' a set :Df' :1toms.

Tod-eed� each ata111 Q, +· l1.0 Tef"1nBs fix -where

Jr= ! ř C l ; e.a,i;d. � ::- F <: Q:tfld ·x 1-. • �hus any Hausaorl:f'

unifn-rmity � 'Whi:h is a supremum of' atr:rma, is toprilogically

aiserete. ;Ve oo not know whetbm:- -each tOJ')o1.ogica1.ly discr-e­

t e unli"onni ty is a supTemum o-r a t'lms c. 

l?e:ťerencee: (lJ G� Vidnssich: Unif'crm spaces nť coun­

table type, Proc.., Aw1S,l970,v„25;pp„ 

551-55J.


