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USING DOMAIN DECOMPOSITION METHOD
FOR THE STRESS-STRAIN ANALYSIS
OF THE ARTIFICIAL JOINT REPLACEMENTS *

Josef Danék

Abstract

The paper presents some results on mathematical simulations of a total knee joint
replacement. The finite element method and the non-overlapping decomposition tech-
nique for the contact problem in elasticity are applied. Numerical experiments are
presented.

1. Introduction

In the present paper we deal with the mathematical simulations of total knee re-
placements and simulations of mechanical processes taking place during static load-
ening. The model problem investigated will be formulated as the primal semi-coercive
contact problem with a given friction. For the numerical solution of the problem the
non-overlapping domain decomposition method is used.

2. The model

The model of the human knee is based on the contact problem in elasticity and on
the finite element approximation. Let the investigated part of the knee joint occupy
a union Q of bounded domains Q/ and Q! in RY (N = 2). Domains Q/ and Q*
denote separate components of the knee joint (the femur - f and the tibia together
with the fibula - ¢) with Lipschitz boundaries. Let the boundary 992 = 9Q/ U 9Q!
consist of three disjoint parts such that 9Q = I, U, UT.. Let I, = T, U T, where
we denote the loaded part of the femur by T'; and the unloaded part of the boundary
o0 by A';. By I',, we denote the part of the tibia boundary where we simulate its
fixation. A common contact boundary between both joint components €/ and Q!
before deformation we denote by I'. = 97NN Let body forces F, surface tractions
P and slip limits g/* be given.

We have the following problem: find displacements u* such that

inj(u‘)—i—ﬂ‘zo in Q' v=ft, i=1,...,N, (1)
3xj

where the stress tensor 7;; is defined by

*The author has been supported by the Ministry of Education, Youth and Sport of the Czech
Republic, MSM 235200001.
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Ti(u) = cgjklekl(uL) inQ, .=ft i=1,...,N, (2)

with boundary conditions

mj(wn; =P on'T, i=1,...,N, (3)
mij(wn; =0 on T, i=1,...,N, (4)
u=1uy(=0) onl,, (5)

ul —ul <0, 7/ <0, (ul —ul)r/ =0 onT,, (6)

|tht| S gft on Fca
7' < g't = ul —uj=0, (7)
I7/'| = ¢ = there exists ¥ > 0 such that u/ — uf = —97/".

Here e;;(u) = %(gz]' + gixz) is the small strain tensor, n; are the components of
outward normal to 92 and t = (—n9, ny) is tangential vector. Normal component of
displacement vector u on the boundary is uf = u/n/, resp. u! = uln!. Tangential
component of displacement vector u on the boundary is u/ = w/t!, resp. u! = ult!.
Normal and tangential components of stress vector are given by 7/ = Tf;nf n{ and
th = sz;nft{ and /' = th.

Assume that ¢, are positive definite symmetric matrices such that

— N2
0 <ch < chubijém | € | < <+oo foraa. xeQ,eRY, &ij = &ij

where ¢, ¢} are constants independent of x € Q.

Let us introduce W = [T, [H )Y, Vllw = (S se iy 102 )% and
the sets of virtual and admissible displacements V; = {v. € W | v.= 0 on I',},
V=uy+Vy, K={veV|uvf—vi <0onT,.}. Assume that u} —uf =0 onT,.
Let ¢y € L), Ff € L*(), Py € L*('T,), ug € [H'(Q")]V.

By reformulating the original problem, we arrive to the following variational
problem (P): find a function u, u — uy € K, such that

a(u,v—u)+j(v)—j(u) > L(v—u) VveK (8)

holds, where
a(u,v) = szf,t fQ C%jkzez‘j(uL)ekl(VL) dx,
Jv) = fp ' v = vt ds, (9)
L(v) = ZL:f,t fQL Fivpdx — ZLZf,t fr; Pig ds.
Let us define the sets of rigid displacements and rotations
P =Pl x P P ={v'=(v5,vy) | vt = a} — b'ag, vy = ay + b'a,}, where at,i = 1,2,
and b* are arbitrary real constants and ¢ = f,t.
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It can be shown that the problem (8) has a unique solution if:
L(v)<j(v) YvePnK—{0},
{vePnVy| vl —vt =0 onT.}={0}
and |L(v)| > j(v) ¥YvePnV,—{0}.

3. Short description of the domain decomposition algorithm

The principle of domain decomposition method consists in splitting domain on
smaller subdomains so that the dimensions of partial problems are smaller than the
dimension of the original problem. Let every domain Q = U;]:(LI)Q:, where J(¢) is
a number of subdomains of ‘. Suppose that subdomains * have Lipschitz bound-
aries. Let It = 0QN\OQ, « = f,t, i € {1,...,J(¢)}, be a part of interface boundary
T'=U—; U T Let

T ={jef{l,..J()}:T.NoY, =0},.= f.t (10)

be the set of all the indices of those subdomains of the domain )¢ that are not
adjacent to a contact, and let

O — U[m]eﬁQ;, (11)

where ¥ = {[i, ] : 9%NT. # (0} represents subdomains in unilateral contact. Suppose
that T NT. = (. Then for the trace operator v : [H*(Q)]Y — [L*(992%)]" we have

Vb =9K[r =7V]r. (12)
Let v~ : Vp — V be an arbitrary linear inverse mapping satisfying
Y%V =0 onl. Vvel (13)

Let us introduce restrictions R, : Vp — T% Lt : L' — Q% ai(.,.) : a(.,.) — Q4
V(Q) : V — Qand let VO(Q) = {v € V | v = 0onQ\Q} be the space of
functions with zero traces on I'i. The algorithm is based on the next theorem and
on the use of local and global Schur complements.

Theorem 3.1: A function u is a solution of a global problem (P), if and only if its
trace W = yu|r on the interface I' satisfies the condition

J()
> O i), y'W) — Li(y'W) =0 Ywelphue W (14)

t=f,t =1

and its restrictions ui(u) = u
(i) the condition

q: satisty:

a;(ui(|), 5) — Li(e)  Ver € VO(), ui(m) € V(),

(@) = R, i e T = fot, )
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(ii) the condition
2 fingen @ (05(W), ¢5) + J* (i (@) + ) — j*(uj(@) >

. 16
> s L@ Vo€ (ghli] en), pevoqy, 19

and such that

u+ype kK, ~uj(u)

r =R for [i,d € 9. (17)
For the proof see [1].

To analyze the condition (14) the local and global Schur complements are
introduced. Let
‘/ib = {,}/V‘Fi | VvV € K} = {7V|F§ | VvV € V}

and let us define a particular restriction of the inverse mapping v~ !(.)

QL by

Tri' - Vi—= V), v(Tr )| =ut, i=1,...,J(), v= [t

af(Try '@, vi) = 0 Vi€ VP (), (18)
Tr;'u, € V(Q) fori € T, 1 = f,t,

where VP(Q) ={v eV, | v=0 on Q\Q}. For [i,:] € ¥ we complete the definition
by the boundary condition (13), i.e.

Tr; 't =0 on I.. (19)
The local Schur complement for i € T* is the operator S} : V' — (V;*)* defined by
(S, = al(Tr) W, TS v v e V) (20)

1) (2

For subdomains which are in contact we define a common local Schur comple-
ment for the union Qf U Qf (where [i, f] € 9,[j,t] € ¥) as the operator S/* :

(V] x Vi) = (V] x Vi) = (V) (V)" defined by

(73], 50), (7, 90)) = of (] (7)), Triw]) + al(ul (37), T 1)
V(¥ v e VI x VI,

(RN

(21)

where Tri_fl and Trj_tl are defined by means of (18) and (19).
The condition (14) can be expressed by means of local Schur complements in the
form

EL:f,t ZiET’/ <S7,Lﬁiﬂ V;> + ZL:f,t <Sft(ﬁ{7 ﬁ;)a (V,{, v§)> = (22>
= S LT YW e W, [i f) €0, 15,1 €0,

where @ = qu;., V! = R,v, W = R;u. Then we will solve the equation (22) on the

interface I' in the dual space (V)*. We rewrite (22) into the following form
SOU—FSCONU =F, (23)
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where _, _,
So = ZL:f,t ZieT;(TRi)Tfme
Scon = ZL:f,t thsfttha (24>
F =3, (R (T, )S!

and Ry (d) = (R (ﬁ),ﬁj.(ﬁ))T,ﬁ € Vo,[i, f] € 9,[j,t] € 9. Equation (23) will be
solved by successive approximations, because the operators S/* and therefore
Scon are nonlinear. As an initial approximation ﬁo we choose the solution of the
global primal problem, where the boundary conditions on I'. are replaced by the
linear bilateral conditions with ¢/t = 0 (i.e. j(u) = 0)
uw! —ut =0, 7/'=0 on T, (25)
Then we replace the set K by K = {v € V | v/ —v! =0 on I'.} and solve the
following problem
u’ = argmin, g0 £(V) (26)
where L(v) = La(v,v) — L(v). We set U’ = yu’|r to get an initial approximation.
The auxiliary problem (26) represents a linear elliptic boundary value problem with
bilateral contact and it can be solved by the domain decomposition method again.
The non-linear equation (23) is solved by successive approximations. We assume

. . o=kl . . ==
that the approximation U b s known, and we find the next approximation Uas
the solution of the following linear problem

ST =F — SconU" L k=1,2,... (27)

In [1] the convergence of the successive approximation (27) to the solution of the
original problem (23) is proved in the space (Vr)*.
Problems (26) and (27) are solved by the finite element method.

4. Discussion of numerical results

The model of the knee joint replacement was derived from the X-ray image after
application the total knee prosthesis. The paper presents three models. Differences
are given by varied angle between the vertical axis and axis of the femur. The values
are 3 degree in model (a), 5 degree in model (b) and 7 degree in model (c). All
models are presented in Fig. 1.

In the model the material parameters are as follows: Bone: Young’s modulus
E =1.71 x 10" [Pa], Poisson’s ratio v = 0.25, (M1) Ti6Al4V: E = 1.15x 10'! [Pa],
v = 0.3, (M2) Chirulen: E = 3.4x10® [Pal, v = 0.4, (M3) CoCrMo: E = 2.08 x 10!
[Pa), v = 0.3. The femur is loaded between points 5 and 6 by 0.215 x 107[Pa]. The
tibia is fixed between points 1 and 2, the fibula is fixed between points 3 and 4.
The unilateral contact boundary is supposed between points 7 and 8 as well as
between 9 and 10. The domain is decomposed into 13 subdomains. The discretization
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Fig. 1: The models Fig. 2: The vertical stress tensor component.

comprises 3800 nodes, 7200 elements, 62 unilateral contact nodes and 350 interface
elements. The loadings evoked by muscular forces were neglected. For each model,
we obtain solution (with accuracy 107°) after 19 iterations of the PCG algorithm
for the auxiliary problem and 14 iterations of the successive approximations method
with total 36 iterations of the PCG algorithm for the original problem. In Fig. 2 the
vertical stress tensor components for the frontal cross-section are presented, while
in Figs 3a,b,c the principal stresses are presented. The presented graphical results
represent distribution of stresses in the femur, in the total prosthesis and in the tibia
as well as in the fibula.

The obtained numerical results correspond to the stress fields in the bones and in
the knee prosthesis observed in orthopaedic practice. The presented models facilitate
to comparison of the prostheses made from different materials as the CoCr Mo alloy,
the Al,O3 and ZrOy ceramics. The aim of the mathematical modelling of the knee
prosthesis is to determine the best version of the knee prosthesis.

39



12
0.14 014 0.14
}HM{&HI ‘H if)‘“; "E i"t‘ ;4)(“'\ ‘ol‘ )l u
L o b L | L VALY
o Wi 11\1“\“} w TN ‘M\ v MR I
A S R Bt v AV Y
/J?H‘M SRR | T A I
At RS R S
A L AT IR
0.1 Vs ,/ i ‘1"‘\ A\ \ 0.1 //// I )‘ ‘\\\\ 0.1 i // i ‘; | \i\\“
o e AR G
//,"'/,"‘»\\\\ ////// ’Q\\\\ /"////H’HC\\\\\
(/(,,f"/r/(k\\\\\ //‘//’1\\\‘\\ ;// A \\\
T Ty S S VA BRI e LNk SN AR S
008 I 0 i 0.08F ST LAY 0.08|- onilly \ \n \
S e e g
e |
| /W“i‘ ‘("L“&‘i‘ ; 10\‘”*/ y /‘( ) ; /&\‘ g \_;’T(\‘*
0.06|- *)/"‘1\\ ! /‘/“w\\? oos- ‘;’\‘\*\ +/¢/“\~\\< ookl #/‘/‘lt\'\\\
e e L e
e ) e
e i\’\\\w’, SR i i\\%,*ﬁ//ﬂ : “~‘\\\+Z,ﬁ’////
P R S e v VORI 7 004 ot h// L 004 AT A
\ s, 1)y \ S ,f/r’/// . \*,'f 1/
S g/ SSEE A
. \m“*‘///)‘ o tH»j’/// 4‘*‘}«’///‘
W o“\,‘// \\H/‘”‘Iff\f‘// /f’m‘\///
002 \‘\/;}H'/ 002 o HH'/ 002} i “}H/‘/
Yol v i
R S e I
\k(,,“tt“‘ ‘»;4¢“,¢; T I
WOIONHEOEN  § e oie S
’J.‘w"”}‘ ‘f.”;ﬂ 1y S A M
L ‘M’“H‘L L LU ST S L /"/H‘ ava|
0 t ! 0 ot 0 P
—_— -5.53297e+06 —_— -5.89173e+06 —_— —6.29299e+06
=——————= +1.20371e+07 == +1.28731e+07 -_ +1.36952e+07
L L L L L L L L L L L L L L L L L L L L L
0 0.01 002 003 004 005 0.06 0 0.01 0.02 0.03 0.04 0.05 0.06 0 0.01 0.02 0.03 0.04 0.05 0.06
(a) (b) (c)
Fig. 3: The principal stresses (—«— represents compression and «—— extension,).
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