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Abstract

We derive a residual based a posteriori error estimate for the Stokes-Brinkman
problem on a two-dimensional polygonal domain. We use Taylor-Hood triangular
elements. The link to the possible information on the regularity of the problem is
discussed.

1. Introduction

In the paper we try to contribute to the technique of a posteriori error esti-
mates for the finite element solution of linearized flow problems. In this respect we
note that important results have already been obtained: concerning linear elliptic
equations let us mention I. Babuska, W. C. Rheinboldt [2], I. Babuska, R. Durén,
R. Rodriguez [3], concerning the Stokes problem e.g. M. Ainsworth, J.T. Oden [1],
R. E. Bank, D. Welfert [5], C. Carstensen, S. Jansche [7], C. Johnson, R. Rannacher,
M. Boman [12], R. Verfiirth [15].

The goal of this paper is to link the problem of a posteriori error estimates as
much as possible to the information on the regularity of the solution.

Let us illustrate it first on the Dirichlet problem for the Poisson equation

—Au=f in
u=0 on 09, (1)

where  is a polygonal domain in R?. Let u; be the finite element solution of (1),
with linear triangular elements. Let us denote

e =1u—up,
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the approximation error, and
R(up) = f + Auy,

the residual. Following the technique of K. Eriksson et al. [10], we first express the
error by means of product of residual and solution of the dual problem, then use the
Galerkin orthogonality and get the estimate of the error, in the Lo-norm:

el < 3 {IIR@ lonlle = muglos + 3 '; [[Z—nﬂ

KeTy, ledk
—Ap=-e in Q,

=0 on 09, (3)

lo = melos}s  (2)
0,l

where ¢ is the solution of the dual problem

e means the interpolant of ¢. The sum in (2) is taken over all triangles in the
triangulation 7y, the symbol [[ginh , means the jump of the normal derivative ginh
over the edge [ of the triangle K.

Let us now distinguish 3 cases:

A) General polygonal domain 2

Let hx be the largest side of the triangle K. The interpolation property together

with the (low) regularity of the dual problem (3) yield

| — mollo,x < Crhkllelli < CrCrhk|le]lo-

Combining this with (2), we come to the a posteriori error estimate
1 6uh
2 on],
B) Convez polygon 2

Now the regularity of the dual problem (3) is higher, cf. R.B. Kellogg,
J.E. Osborn [13], and together with the interpolation property it gives

lello < C1Cr Y- hac{IR@) loxe +hi >

KeTy, leOK

3 (4)

0,1

lo = mellox < Crillellz < CrCrRI%|ello.

Combining this with (2), we come to the more precise a posteriori estimate

1 8uh
SISl ]} (5)
2 1L9n o,
C) Nonconvex polygon Q with known singularity:
It is well-known that the solution near the nonconvex corner, in the local spherical
coordinates, has the form

lello < CiCr > Wi IR ok + i >

KeTy, leOK

u(r, ) = r’w(d),
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where r is the distance from the corner, v € (0,1). For instance, the case of the
L-shaped domain with the interior angle w = %7? gives vy = %, cf. also [6]. Now the
interpolation together with the above regularity gives

lp — mnpllo.x < Crhg"Fllpll e < CrCrR|lello, Ve >0,
which, combined with (2), finally leads to the a posteriori estimate
1 6uh
530 : (6)
2 [l 9n 1l

valid Ve > 0. Of course, in (6) the parameter v applies only in the nearest neighbor-
hood of the corner.

Comparing the estimates (4), (5), (6) we see that the a posteriori error estimate
depends significantly on the regularity of the problem. Having this in mind, we try
to derive the a posteriori error estimate for the Stokes-Brinkman problem.

_1
lello < C1Cr D b {HR(Uh)HO,K +hit Y

KeTy, leOK

2. The Stokes-Brinkman model

Let Q be a bounded Lipschitzian domain, 2 C R?, which consists of two parts:
porous part €2, and fluid part Q, Q = Q, U Q;. The Stokes-Brinkman equation
representing a mathematical model of a single phase flow in a porous/free flow media
has the following form

VK 'v+Vp—v*Av=f inQ, (7)
V.-v=0 inQ, (8)
ov
v=w on dflp, 5, M =s on o0y, 9)
n

where v is the vector of velocity, P is the pressure, f is the vector of external force,
n is the outward-pointing normal to the boundary, v* is the effective viscosity and
v - the physical viscosity - is a uniform constant in the entire domain €2. K is
a symmetric permeability tensor, which in €2, is equal to the Darcy permeability of
the porous media. Note that with the choice v* = 0 in the vugular region 2,, the
equation (7) reduces to the problem of Darcy’s law. On the other hand by choosing
ki; — oo (or very large) in fluid domain €, the equation (7) reduces to the problem
of Stokes flow (here v* is taken equal to the physical fluid viscosity v). Thus, the
Stokes or Darcy’s equations can be obtained by suitable choices of the parameters v*
and K by defining them in vugular and rock matrix regions, respectively.

In the porous region (K < o0) it is known [14], that for moderately small per-
meabilities and pore fractions, the diffusive term v*Av, where v* takes values close
to the fluid viscosity v, intoroduces only a small perturbation of the velocity and
pressure fields in comparison with a pure Darcy law with v* = 0. In [14] it is shown
that Stokes-Brinkman equation with the choice v* = v in the porous region is very
close to the solution of coupled Stokes and Darcy’s equations.
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The advantage of Stokes-Brinkman model is usage of uniform equations for porous
and free flow domains. Boundary conditions between these two domains are repre-
sented by K. This approach makes it possible to model heterogeneous material.
Moreover, by a numerical point of view, it is easier to solve a monolithic system such
as Stokes-Brinkman, in contrast to a coupled Darcy-Stokes system which requires
an additional iterative scheme. Also, near the interface, Stokes-Brinkman equations
allow us to avoid the typical grid refinement issues necessary for solving the interface
between Darcy and Stokes region. On the other hand usage of Taylor-Hood elements
for the whole domain requires big load of memory.

3. Weak formulation of Stokes-Brinkman equations

In what follows we denote G = K™! and assume G is symmetric.
For the weak formulation we denote

H}, = {u € H(Q)?*lu=w na 00p}, (10)
Hp, = {ve H'(Q)’v=0nadQp}. (11)

Now the weak form of the Stokes-Brinkman problem reads:
Find v € Hy, and p € L3({2) such that

V*/V'v:V'v*+u/'vTG’v*—/pV"v*=/f"U* VU*EH}EW (12)
Q Q Q Q
/qV-'v:O Vg € L3(Q). (13)
Q

Here LZ(Q) is the space of L? functions having mean value zero.

On the space V' = <H&(Q)2 X L%(Q)) we define the bilinear form

A({’v,p},{v*,p*}) = V*/V'v : Vo© +1//’UTG'U* - /pV-'v* - /p*V-'v (14)
Q Q Q Q

where (.,.)o means the scalar product in L?.

In what follows we assume w = 0, i. e. only zero Dirichlet condition on the whole
boundary 9. Problem (12), (13) can be written as follows: find {v,p} € V, such
that

A({'v,p}a{v*,p*}) = (f,v")o, Vo', p'}eV (15)

4. Finite element approximation

We suppose € to be a polygon, for simplicity. Let 7, be regular [11] triangulations
of Q. Let X" M" be the finite element spaces of Taylor-Hood elements (cf. e.g.
F. Brezzi, M. Fortin [4]), i.e.

XM ={v e H} QD) v/r € PXT)%, T € Tp},
M" = {p € L§(Q),p/r € P(T), T € T,}.
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These satisfy the Babuska-Brezzi condition [4]. The finite element approximation of
the Stokes-Brinkman problem consists in finding {v,,,pn} € X" x M" such that

A({vwpa} (v pi}) = (F,0id0 . Wwipi} € X" x M (16)

5. A posteriori error estimate

We follow the idea of K. Eriksson et al. [10] who proved the a posteriori error
estimate for the Poisson equation. We define the residual components by the relations

Rl{vh,ph} = f + I/*A'vh — VG'Uh - Vph, RQ{'Uh,ph} = div Vp. (17)
Next we study the properties of the errors
€ =V —=Up, €p =D Phn,

where {v, p} is the exact solution of (15), {vn, pn} is the approximate solution defined
in (16). The V norm of {e,,e,} is

Hewenb I = (ewseuls + (el = [

Q(ev -e, + Ve, : Ve,) + / €peyp.

0
By the Poincaré-Friedrichs inequality, cf. [9], as e, € Hj(2)?

(ey,€e,)1 < Cp/Vev : Ve, (18)
Q
5.1. Dual Stokes-Brinkman problem
To study the above norms we introduce the dual Brinkman-Stokes problem by
—V*Apy, + G, + Vi, = —Ae, in (), here Ae, € H(Q)
—div ¢, =€, in €, (19)
@, =0 on 09,
which in a weak form is: find ¢, € H'(Q)? and ¢, € L3(2) such that

(V*Vipy, VU)o + v((Gepy), v*) — (¢p, VU)o = (Ve,, Vv*), Yo* € Hy(Q)?

(—le Qovap*)o = (epap*)07 vp* € Lg(Q>7 (20>
or, using the notation (14)

'A({‘Pvagpp}a {’v*,p*}) = (Vev, Vv*>0 + (epap*)o ) V{’U*,p*} cev. (21>

By (18) and (20) where we put v* = e,, p* = ¢,, we get

1
C—P(ev, ey)1 < (Vey, Vey)o =" (Vipy, Vey)o + v((Gew)ses) — (0pV, e4)o
=1 (Vpy, Vu)o + v((Gpy)v) = (9, V,v)0 — " (Vepy, Vur)o

—U(GpuYon) + (2. o 2
(eps €p)o = (ep, —=div y)0 = = (PV, )0 + (P V, ¥ )o. (23)
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5.2. Estimation of the error by means of the residual and solution of the
dual problem

Combining (22), (23), and (19) we get (as Cp > 1)

- {ened+ e}
<V (Vo, Ve, )o + v((Guy,)) — (p, Vew)o — (Vv, 9p)o
+ Z {=v"(Vepu, Vur)ox — v((GUrpy)) + (Ph, Vepu)o i + (0p, Vo )ox

KeTh
ov
= (f,u)o + Z {(V*Avh,gov)QK —/ V*a_hgovds} — v((Goppy)) (24)
0K n
KeTh
— Z { (Vn, oo 0K+/ Phpo - nds + (div vh,<Pp)0,K}
Ke7~h oK
= (f+ v Av — v((Gonp) — Vo, @olok + Y (div v, 0p)ox
KeTy, KeTy,
- Z / v* govds—k Z / DPhpw - 1dS
KeTy, oK KeTy,

In view of (16) we also have

Z (f + V*A’Uh — l/G’Uh — Vph, 'U;)O,K + (diV ’vh,p}i)o
KeTy,

ov
= (f,v};)o+ Z {(—V*V'vh, Vvi)ox — v(Goy, v}) +/ V*a—TZLUZdS}

K€7—h 0K

+ (Vpn,v})o — Z / prvy, - nds + (div vy, pi)o (25)
KeTy

_O+Z/K 8nvhd Z/ puv; - nds, Y{vi, pr} € X" x M.

KeTy, KeTy,

This implies, taking v}, = Ty, Pj, = The, , the Clement interpolants, (cf. e.g. [8],
p. 146) that

Z (f + v Avy, — vGo, — Vpp, mhpy) + (div v, mhep)o

KeTh
— v* —7r Popds — / PP - nds =0 (26
> | vimes- 3 [ 20

KeTy, KeTy,

Now subtracting zero in (26) from (24) we get
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- {lened+ e}

< Z (f + V" Avy, — vGU, — Vph, o — Thpw)ox + (div v, 0p — Thep)o

KET,
0
— Z / ;h — ThPw)ds + Z / — Thpo) - nds (27)
KeT, VK n KeTy
= > (f + v Aoy — vGuy — Vpn, oo — Tapu)ok + (div vh, @5 — Tagp)o
KET,
ov
- Z Z /( H o _phnﬂ ) (o — Thipw)ds,
KeTy, le0K !

where we denoted

V2| = (122 ) )~ (2 pm
on  Ph z_ on  Ph N on  Ph

the jump along the common side [ of two adjacent triangles. Then, using in turn
the Schwarz inequality, the interpolation properties of X" M" (cf. e.g. [4]), and the
estimate of the solution of the dual problem (19) (cf. [4]), we get the inequalities

lewll¥ + llepllg

<Cp > {IRsfon, pidlloxclpo = mupollos + [ Rafon, pidlloxclip = mupllo |

Sopa{ Y E|

>SS 0 — mullos (28)
< CeCr - {huc I Ba{on, it o lleoll + 1R {on, pidloe leplo}

KeT, leoK 0,1

KeTy
1 1 avh
w0nCr Y )t 2[5 [ 5 —mun| | ool
KeT;, 1edK 0,

< CpCiCr Y {hK [Ri{vn, putllorc + [Re{vn pn}llox

KeTy
1i],0vn
2 on phnl

+ 2 (i)
Using then the relations

} {llAes] -1+ llepllo}-
0,1

leoK

A * *
|Ae,|| 1 =  sup [(Aes, v7)o| e”;v ol = sup —|(Vev,*V'v Jol
V*eH} U #0 |v* |1 V*eH},V*#0 |v*(1
*
< syp  Welo Vo o yge iy < e,
V*eH}, U0 [v*lx
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we get, by (28)

{llewlls + llepllo}” < 2{llenll? + lepll3} < 2CRCiCR Y {hKHRl{vhaph}HO,K

KeT,

[ -ne],

Upon cancelling {||e,||1 + |leyllo} in (29) we finally get the following theorem:

1 1
+ | Refwn, pu o +hic D |15
leOK

} ) {Hele + HepHO}- (29)
0,

Theorem 1. Let Q be a polygon in R?. Let Ty, be a family of reqular triangulations
of Q. Let {vp,pn} be the Taylor-Hood approzimation of the solution {v,p} of the
Stokes-Brinkman problem. Then the error {e,,e,} satisfies the following a posteriori
estimate

lewlly + llepllo < 2CpCiCR Y | {hKHRl{’Uh,Ph}Ho,K + | Ro{vn, pr}llo.x

KeTy
1 1 8vh
+ hj. = Hu— - phnﬂ } (30)
KZ 2 on oy

leOK
where Cp,Cr, Cr are positive constants, residuals Ry and Ry are defined in (17) .

Conclusions

The estimate in Theorem 1 applies to more general class of elements. Of course,
for Taylor-Hood elements with continuous pressure the jumps of p;, along the common
sides disappear.

Let us note that for convex domains stronger regularity applies to the Stokes
problem, cf. [13], and better a posteriori error estimate may be expected.

For nonconvex domains with corners we do not obtain so strong regularity as
in [13], cf. e.g. [6], but still the a posteriori error estimate should be better than
in (30), as it was for the Poisson equation in (2).
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