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RECENT RESULTS ON QUASILINEAR
DIFFERENTIAL EQUATIONS. II

PAVEL DRABEK

ABSTRACT. This lecture follows joint result of the speaker, PETR GIRG, PE-
TER TAKAC and MICHAEL ULM. We concentrate on the Fredholm alternative
for the p-Laplacian at the first eigenvalue. In contrast with the linear case
(p = 2), the nonlinear case (p # 2) appears to be completely different not
only concerning the methods (which cannot benefit from the linear structure
of the problem and the Hilbert structure of the function spaces) but also
from the point of view of the results which seem to be rather surprizing. In
particular, the difference between the cases 1 < p < 2 and p > 2 is quite
interesting. The main tool to prove existence and multiplicity results is “the
bifurcation from infinity” argument.

1. INTRODUCTION

These lecture notes are “copy and paste” of selected parts of the joint paper
of the speaker and P. GIrRG, P. TAKAC and M. ULM [13]. We refer the
reader to that paper for the proofs which are omitted here for the brevity
of this text. Let us note that in this text we updated some parts of above
mentioned paper [13]. In particular, we use some facts proved in the paper
by H. Lou [21] which was published after [13]. Thanks to the results from
[21] we could simplify some technically complicated assumptions from [13].

In the past few years, nonlinear eigenvalue problems for degenerate or
singular elliptic boundary value problems have attracted considerable atten-
tion. Related to them is the following problem for the Dirichlet p-Laplacian
A, in a bounded smooth domain Q C RY (N > 1):

—Apu = NuP"2u+ f(r) inQ,

(1.1)
u=20 on 0f).
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Here, Apu def div(|Vu|P=2Vu), where p € (1,00) is a fixed number, f €
L>(Q) is a given function, and A € R stands for a spectral parameter. One
looks for a weak solution w: © — R to problem (1.1) in the Sobolev space
W, P ().

In this lecture we focus on the solvability of problem (1.1) for parameter
values A near Aj, where A\; stands for the first (smallest) eigenvalue of the
positive Dirichlet p-Laplacian —A, in . If A < A, existence can be obtained
by a standard minimization argument applied to the energy functional

I (u) dZEfl/ |Vu|pdx—é/ |u|pdx—/fudx (1.2)
P Jo b Ja Q

on VVO1 P(Q). Unfortunately, for A > Ay, this functional is no longer co-
ercive, unless an additional hypothesis is imposed on the function f (see
e.g. DRABEK [12] and TAKAC [23]). For A < 0, the strict convexity of Jy
guarantees uniqueness. In contrast, for 0 < A < Ay, multiple solutions
(in space dimension one) have been constructed in DEL PINO, ELGUETA
and MANASEVICH [8] (for 2 < p < oo) and FLECKINGER et al. [16] (for
1 < p < 2). However, if f > 0 in 2, uniqueness still holds for every A < A;
(DiAz and SAA [9)]).

Unlike in [12], [14], [23], [24], where mostly variational and degree-theo-
retical arguments are used, in the work reported here we make extensive
use of topological methods with bifurcations from infinity based on general
facts from [11, Chapt. 5]. What is essentially needed to treat the general
case N > 1 are (rather precise) asymptotic estimates of large solutions to
problem (1.1) as A — Ay developed in [23], [24].

We first motivate our results by considering the linear boundary value
problem

—Au— A u=f inQ,
u=0 on 01,

which corresponds to p =2 in (1.1). Let f € L>(Q) be given, f Z 0. Then
the set of all pairs (\,u) € (—00,Ag) X Wy2(Q) that satisfy (1.3) can be
interpreted by means of a bifurcation diagram in R x VVO1 (). Namely, let us
write u = cpy+u' with Jo uT ¢y dz = 0. As usual, ¢y is the eigenfunction of
the negative Dirichlet Laplacian —A associated with the (simple) eigenvalue
A1 that is normalized by ¢ > 0 in © and fQ p?dr = 1, and Ay stands for
the second eigenvalue of —A. Then problem (1.3) is equivalent to

(1.3)

“Au’ =M+ (M = Nepr = M+ apy in §,
u =0 on 02,
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where [, fTo1dz =0and a = [, fe1da. Clearly, (A —A)c = a. The linear
Fredholm alternative implies that the problem

—Au’ —xu" =fT inQ,
u =0 on 012,

has a unique solution u € W;(Q) with JquTeidz = 0. We have the
following two different cases:

(i) If [, feo1de =0 then
(a) for any A € (—o0, A1)U (A1, A2), problem (1.3) has a unique solution
U\ = ’LLT;
(b) for A = Ay, all solutions of problem (1.3) can be written in the form
uy, = cp1 +u' with ¢ € R arbitrary.
(ii) If [, fo1da # 0 then
(a) there is no solution of (1.3) for A = Ay;

(b) for any A € (—00, A1) U (A1, A2) there is a unique solution of (1.3)
expressed by uy = cp1 + u ', where

c= (A — )\)_1/9]‘901 dz.

The solution pairs (A, u) € R x W,3(Q) of (1.3) can thus be sketched in
the bifurcation diagrams indicated in Figure 1.

A A A
c c c /
/
S S p Ao
\i )\2 )\ )\1 )\2 )\ Al ﬁ% )\
Jo ferdz <0 Jo fordz =0 Jo fordz >0

Figure 1: Bifurcations from infinity of solutions to (1.3), ¢ def Jo upr da.

Motivated by this picture of the solution set of (1.3), we have decided to
study the nonlinear problem (1.1) for p # 2 and to investigate the solution
pairs (A, u) € RxW, ?(Q) for A near A;. Again, ¢ is the eigenfunction of the
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p-Laplacian associated with A; and normalized by ¢; > 0 and fQ lde=1
(cf. (2.1) below). Notice that a = ([, ¢ dz)~" [, fer1 da.

oA j o A o k
& <5

) G A

o e

l<p<?2 p>2

Figure 2: A priori bounds and bifurcations from infinity of solutions
to (1.1) for p > 1, p # 2 and a = 0. There is no solution
in the shaded regions (owing to a priori bounds).
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O ®7I ®(
a>0, |a|>1 a>0, |a <1 a>0, |la| <1
1<p l<p<2 p>2
cA | ®k CcA ®S’ CA ®§L
I N L A
o\ ’ o A1 o A1 ) .
2 A ss A : A
R e I~
© S O

a<0, |la|>1 a<0, |a <1 a<0, |la| <1
1<p l<p<?2 p>2

Figure 3: A priori bounds and bifurcations from infinity of solutions
to (1.1) for a 20, 1 < p < 2 and/or p > 2.



QUASILINEAR ELLIPTIC PDE’S II 35

The main results concerning the asymptotic behavior of the solution set
to (1.1) as A — A; are sketched in Figures 2 and 3. We assume that f' €
L>°(9) is a given function satisfying [, fT¢1dz =0 and f7 # 0. In (1.1)
we write f = ap1 + f, a € R, and split the solution as u = cp; +u'. Note,
that there are no solutions in the shaded regions (we have a priori bounds)
while there may be many other solutions in the nonshaded regions.

We emphasize that Figures 2 and 3 depict the situation for |\ — \| < 1
and | fQ feo1de| < 1. Precise statements of these asymptotic results can
be found in Section 5. Let us mention only some of their important conse-
quences. Although a number of these results have already been known, our
approach provides new proofs. Below we list them briefly.

In order to formulate our existence and multiplicity results, we rewrite
problem (1.1) as follows, with f = fT + aps:

—Apu —AulP2u=f" +ap; inQ,
u =0 on 0f).
Here, fT € L*>(Q) is a given function, with fQ floidz =0and fT £ 0,
and A, a € R are real parameters.
We have the following existence and multiplicity results:

(1.4)

(E1) For A = A1, a = 0, problem (1.4) has at least one solution; all possible
solutions of (1.4) are a priori bounded in C*#(Q), 0 < 3 < 1, by a
constant which depends on f'.

(E2) There exist ag = ag(f") >0 and § = §(f") > 0 such that
o if either A € (A\; — d,A1) and a > ag, or else A € (A1, A1 +J) and

a < —ag, then problem (1.4) can have only positive solutions;

e if either A € (A1 — 6, A1) and a < —ag, or else A € (A1, A1 +0) and
a > ap, then problem (1.4) can have only negative solutions.

(M1) There exists = n(fT) > 0 such that for @ = 0 problem (1.4) has at
least three distinct solutions (among them at least one positive and
one negative) provided either 1 <p <2 and A € (A} —n, A1), or p > 2
and \ € ()\1,/\1 —|—77).

(M2) There exists € > 0 with the following properties:

e for every ¢’ € (0,¢), there is n = n(f',e,¢’) > 0 such that &’ < |a| <
cand A € (A1 — 1, A1) U(A1, A1 +7) imply that problem (1.4) has at
least three distinct solutions, of which at least one is positive and at
least one is negative;

e A\ =); and 0 < |a] < € imply that problem (1.4) has at least two
distinct solutions, of which at least one is negative if (p — 2)a < 0,
and at least one is positive if (p — 2)a > 0.
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2. PRELIMINARIES

We will write (-, -) for the inner product and | - | for the induced norm in the
Euclidean space R"V. We reserve the dot “-” for stressing multiplication in
complicated expressions. The closure, interior and boundary of a set S ¢ RN
are denoted by S, int(S) and 95, respectively, and the characteristic function
of S by xs: Q2 — {0,1}. We write meas(S) def Jan xs(@)dz if S Cc RY is
Lebesgue measurable.

All Banach and Hilbert spaces used in this text are real. We work with
the standard inner product in L*(Q2) defined by (u,v)r2(q) def Jo uv dz for
u,v € L?(2). The orthogonal complement in L?(£2) of a set M C L?(Q) is
denoted by ML’LZ,

ML def {ue L2(Q) : (u,v) p2(q) = 0 for all v € M}.

The inner product (-,-)z2(q) in L?(Q) induces a duality between the Lebes-
gue spaces LP(€) and L (Q), where 1 < p,p/ < oo with % + ﬁ =1, and
between the Sobolev space W, ?(Q) and its dual W12 (Q), as well. We
keep the same notation also for the duality between the Cartesian products
[LP(Q)]N and [LP (Q)]V. Similarly, if X is a Banach space that is continu-
ously and densely embedded in L?(2), we denote by X’ its dual space, so
that X — L2(Q) — X'.

For simplicity we assume that Q C R is a bounded domain with C2-
boundary.

The variational formula
A = mf{/ IVulP do : u € WEP(Q) with / ulP dz = 1}
Q Q

gives the first (smallest) eigenvalue of the positive Dirichlet p-Laplacian for
1 < p < o0, that is,

—Appr = Mle1P %01 in Q, (2.1)

w1 =0 on 052, ’
holds with a nontrivial eigenfunction ¢; € WO1 P(Q). The first eigenvalue A\
is simple and the eigenfunction ¢, associated with A; can be normalized by
1> 0in Q and |l¢1]/zr(0) = 1, by a result due to ANANE [2, Théoréme 1,
p. 727] and later generalized in LINDQVIST [20, Theorem 1.3, p. 157]. We
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have p; € L*(2) by another result of ANANE [3, Théoréme A.1, p. 96].
Consequently, recalling the smoothness of 92, we get even ¢ € C#(Q) for
some 3 € (0,1), by a regularity result which is due to DIBENEDETTO [10,
Theorem 2, p. 829] and TOLKSDORF [27, Theorem 1, p. 127] (interior reg-
ularity, shown independently), and to LIEBERMAN [19, Theorem 1, p. 1203]
(regularity near the boundary). The constant 8 depends solely on N and
p. We keep the meaning of the constant 8 throughout the entire text and
denote by @' an arbitrary, but fixed number such that 0 < 8’ < 8 < 1.
Finally, the Hopf maximum principle [25, Prop. 3.2.1 and 3.2.2, p. 801] or
[28, Theorem 5, p. 200] can be applied to obtain
dp1

©1>0in Q and 2 < 0 on 0. (2.2)

As usual, 9/0v denotes the outer normal derivative on 9. We set

UL zeQ: Ve (z) #0} and U € Q\ U = {2 € Q: Vo (2) = 0},

and observe that U’ is a compact subset of €, by (2.2). Moreover, it follows
from H. Lou [21] that measU’ = 0.
Often, a function u € L'(Q) will be decomposed as the orthogonal sum
_ T _ -2 T _
u=cp;+u , where c= H<P1||L2(Q)(U>901)L2(sz) and (u a‘Pl)LZ(Q) = 0.
Given a set M C L'(9), we write
MT & {uT cu=cp+u' €M for some ¢ € R and (uT7901)L2(Q) = O}.
In particular, if M is a linear subspace of L!(Q) with ¢; € M, then we have
MT = {’LL eM: (u7<p1)L2(Q) = O}

Throughout the entire article we often need to compare weak solutions u;
(1 =1,2) of two different boundary value problems of the weak form

/|Vui|p_2<Vui,V¢>dx—)\/ |ui|p_2ui¢dx:/fi¢dx
Q Q Q

for all ¢ € Wol’p(Q) or for all ¢ in some similar test space, where f; € L>°(Q)
for i = 1,2. A standard way of doing this is to subtract the two equations
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from one another and then use the integral form of the first order Taylor
formula for the terms

|Vur[P2Vuy — |Vug|P~2Vuy  and  |ug [P~ 2u; — |us|P ™ 2us.

This procedure yields

/Q< [/0 A((l —s)Vug + sVuz) ds} (Vuy — Vug), v¢> dz
- 1))\/9[/0 (1= s)ua + su2|p_2 ds} (u1 —uz)pdx
= /Q(fl ~ fo)pda,

where we have introduced the abbreviation

a®a

Ala) & |ap—2 (1 +(p— 2)|a|2) foracRY, aZ0ecRY. (2.3)

If 2 <p < oo, we also set A(0) Lo e RVXN, I fact, this will turn out

to be a useful convention also for 1 < p < 2. For a # 0, A(a) is a positive
definite, symmetric matrix. The “elliptic” degeneracy of the matrix A(a) is
expressed by the inequalities

(A(a)v,v)

min{l,p—1} < PEIE

<max{l,p—1} forall a,v € RN\ {0}.

In what follows we frequently use the notation A,, = A(V1).
Now we need to distinguish between the cases p > 2 and 1 < p < 2, the
former one being somewhat easier.

2.1. The degenerate case 2 < p < oco. We introduce a new norm on
1,
Wy (€) by

e B 1/2
Iollo,, < ([ Vel 2vepde) © oroewir@,  @4)

and denote by D, the completion of W, ”(Q) with respect to this norm.
The Hilbert space D, is compactly embedded in the Lebesgue space L?(€2);
see [23, Lemma 4.2] and Lemma A.1 below. There, it is also shown that the
seminorm (2.4) is in fact a norm on W, ?(Q).
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The second order Taylor expansion for the energy functional
1 A
>[I+ oPds -2t [ o+ 6P s
pJa P Ja
1
= [ 19601+ 50)P 2V (1 +50), Vo) dods
0 Jo

1
—M /0 /Q lp1 + s6[P72 (01 + s¢)d dz ds
= Q4(9,9),

associated with (1.1) where f = 0, computed near p; and in an arbitrary
direction ¢ € WO1 P(§2), is given by the symmetric bilinear form Q4 on the

Cartesian product [W, *(Q2)]? defined as follows, using the matrix abbrevia-
tion (2.3):

Qy(v,w) d:Cf/Q< [/01 A(V(p1+50))(1—s) ds} Vv,Vw> dx
—Xi(p— 1)/9[/01 lo1 + s¢P72(1 — s) ds}vwd:z:

for v,w € Wol’p(Q). In particular, one has

2- Qo(v,v) = /<A¢1v1}, Voyde — M (p — 1)/ P22 da.
Q Q

The quadratic form Qg is positive semidefinite, i.e., Qy(v,v) > 0 for all
v € WiP(Q). Furthermore, Q is closable in L2(2), the domain of its
closure being equal to D,,. Finally, one has Qq(u,u) = 0 if and only if
u = K for some k € R, due to meas U’ = 0 (see [23, Prop. 4.4] and [21]).

2.2. The singular case 1 < p < 2. The Hilbert space D, endowed with
the norm (2.4) for p > 2, needs to be redefined for 1 < p < 2 as follows. We

define v € D, if and only if v € W, *(Q) and

o _ 1/2
ollp,, < (/ Vi "2 Vo2dz) < oo (2.5)
U

Consequently, D, endowed with the norm ||-||p,, is continuously embedded
into Wy"(Q).
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A good way of understanding the definition of D, is to first identify
W, 2(92) with a closed linear subspace of the Cartesian product [L2(€)]N+!
by means of the isometric isomorphism v — (v, Vv), and then define v € D,
by requiring Vu(z) = 0 for z € U’, together with (2.5) in U = Q\ U’.

It follows from measU = 0 that D,, is dense in L?(Q2) (see [23]).

Let us define another norm on I/VO1 2(Q) by

. B 1/2
||’UH7_[¢1 def (/Q o7 22 dx) forv e W01’2(Q),

and denote by H,, the completion of VVO1 2(Q) with respect to this norm.
The Sobolev space WO1 2(Q) is compactly embedded in the Hilbert space
H,,, by Hardy’s inequality; see [23, Lemma 8.2] and Lemma A.2 below.
Notice that H,, = L*(Q;d(z)?~2 dz) both, algebraically and topologically,
where the function

d(x) def dist(z, 00) = in(f)Q |z —z0|, z€Q,

To€
denotes the distance from x to 0. It is easy to see that
2/0). 2—
Hi,, = L*(Q;d(x)* P dx)
is the dual space of H,, when endowed with the dual norm

def

1/2
lwllae,, = (/Q o7 Pw? dx) for w € L*(Q;d(x)?P dx).

3. A GLOBAL BIFURCATION RESULT

Under a solution of (1.1) we understand a pair (A\,u) of A € R and u €
VVO1 P(Q) satisfying the integral equality

/|Vu|p_2<Vu,V¢> dx—)\/ |u|p_2u¢dx:/f¢da; (3.1)
Q Q Q

for every ¢ € W, ().
Let X = Wol’p(Q) and let X’ stand for its dual space, i.e., X' = W—1:P
Then (3.1) is equivalent to the abstract operator equation

’

().

Z(u) — AS(u) = F, (3.2)
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where Z,5: X — X' and F € X’ are defined as follows, for any u, ¢ € X:

(Z(u),¢)x = /Q |VuP~2(Vu, Vo) dz,
(S(u),q&)x:/Q|u|p_2u<;5dac7
(F,¢)x = /Q foda.

Here, (-,-)x denotes the duality pairing between X and X'.

It is proved in [11, Chapter 5] that the operator Z — \S satisfies condition
a(X) from [22] (which is nothing else but condition (Sy) from [6]) and so
its (topological) degree can be defined.

Definition 3.1. Let gy € R. We say that (ug,00) is an asymptotic bifur-
cation point for (3.2) if there exists a sequence of pairs {(n,un)}5,; C
R x X such that (3.2) holds with (\,u) = (un,un), n = 1,2,3,..., and
(an ||unHX) - (:u07 OO)

For u € X, u#0, set v=1u/|lul|%. Then (3.2) is equivalent to
2p—1
Z(v) = AS(0) = [V,

and so the term

-Dp iy £0
g(}\’v) d:ef HU”X 1 ’U# )
0 ifo=0
for A € R, represents a compact perturbation “of higher order” in the variable
v in the equation

Z(v) — AS(v) = G(\,v). (3.3)

It follows immediately from this transformation that the pair (ug,00) is
an asymptotic bifurcation point for (3.2) if and only if (10, 0) is a bifurcation
point (from the set of trivial solutions) for (3.3). For C C R x X we define
(the set) C to be the closure in R x X of the set of all pairs (u,v) € R x X
such that v # 0 and (u,v/|lv]|X?) € C.

In [11, Theorem 14.18], it was proved that (A1,0) is a bifurcation point
for (3.3). Let us reformulate this result in terms of problem (3.2).
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Proposition 3.2. Let F € X', F #0. Then the pair (A1, 00) is an asymp-
totic bifurcation point for (3.2). Moreover, there ezists a mazimal (in the
ordering by set inclusion) closed set C C R x X, such that C is connected in
R x X and the following properties hold:
(i) there exists a sequence {(fn,un)}s>; C C such that (pn, ||unllx) —
()‘1700)!'
(i) either C is unbounded in the A-direction, or else there exists an
eigenvalue \g of —A, such that A\g > A1 and there is a sequence
{(1n, un)¥i=1 C C satisfying (pn, [unllx) = (Ao, 00).

Remark 3.3. The assumption F' # 0 (which corresponds to f # 0 in (1.1))
implies that (3.2) cannot have the trivial solution v = 0. Consequently, C
contains no sequence of pairs (ux, ux) with (ug, |ugllx) — (&,0). Hence, the
statement of Proposition 3.2 follows directly from [11, Theorem 14.18] using
the transformation u — v = u/||ul|%.

4. A PRIORI ASYMPTOTIC ESTIMATES

In this section we will establish an asymptotic estimate that plays the key
role in the study of the structure of the solution set to (1.1). We assume
1 < p < oo, p#2, throughout the entire section. From now on, we denote
by A2 (A2 > A1) the second eigenvalue of the positive Dirichlet p-Laplacian
—A,. We use only the well-known fact from [4] that there is no eigenvalue
of —A, in the open interval (A1, A2), by a variational characterization of \s.
The following theorem is the key to the results of this lecture. We skip the
proofs and indicate only the main steps. The details can be found in the
paper [13].

Theorem 4.1. Let {un}5, C R, {fn}32, C L¥(Q), {un}s, C WyP(Q)
be sequences, and let § > 0 be such that

(i) Mt + o < Ao =9 for alln e N;
(ii) fn = f weakly-star in L>®(Q);
(111) ||un||W01P(Q) — 00 as n — o9,
)

(iv) in addition, assume that for alln € N and ¢ € Wol’p(Q),
/ |V, |P~2(Vu,, Vo) dz = ()\1+un)/ \un\p_2un¢dx+/ fnodz. (4.1)
Q Q Q

Then p, — 0 and, writing u, = t,; (1 + v, ) with t, € R, t,, # 0, and
vl € WoP()T, we have t, — 0, |t,|Ptyv,) — VT strongly in D, if p > 2
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and in Wol’z(Q) if 1<p<2,and

PR / fupr i+ (p— 2| PP D Qy(VT,VT)
Q

(4.2)
4= Do ([ fords) ([ A7V do) 4 o200,
Q Q
In particular, if fQ fnp1de =0 for alln € N, then
pn = (p = 2)taPP"V Qo (VT VT) 4 of[ta*P 7).
Moreover, VT € Dy, N {p1}L is the (unique) solution to
2-Qu(VT, ¢)= / floda  for all ¢ € D, (4.3)
Q

where we have denoted

2-Q(V',0)= / (A, VVT Ve)dr — \i(p — 1)/ 2V T g da
& Q

and ft=f—(f, fordz)p? ™"

Remark 4.2. The linear equation (4.3) represents the weak form of
the “limiting” Dirichlet boundary value problem for the limit function
[tn| Pt,v, — VT in the approximation scheme with u, = t (o1 +v,]).
This is a resonant problem to which a standard version of the Fredholm
alternative for a selfadjoint linear operator in a Hilbert space applies. More
precisely, given a function f € L?*(Q), a weak solution V € D, to the

equation

2-Qu(V,9) = /Qfgﬁdx for all ¢ € Dy, , (4.4)

exists in D, if and only if fQ fe1dx = 0. Such a solution is always unique
under the orthogonality condition [, V¢, dz = 0.

Consequently, given f' € {cpl}J"L2 C L?(Q), we denote by
VI=VT(fT) €Dy, N {p} "

the unique weak solution to problem (4.4) with fT in place of f. It is easy
to see that f1 — VT : {apl}L’L2 — D, is a compact linear mapping.
Clearly, this mapping is linear and bounded. To show that it is compact,
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let {fn}S2, C {cpl}J-’L2 be any weakly convergent sequence, f, — f in
L%(Q) as n — oo. Hence, {VT(f,)}2, is a weakly convergent sequence,
VT(fa) = VT(f) in Dy, as n — oo. The embedding Dy, — L?(£2) being
compact, we have also VT (f,,) — VT (f) strongly in L?(f2), and

/ngn¢d$—>/g)f¢dm

uniformly for ¢ € Dy, with [|¢[p,, < 1. Inserting these results into equa-
tion (4.4) we deduce

/ (A, YV (f). V) dz — / (A WV (1), V) da
Q Q

uniformly for ¢ € Dy, with [|¢]p,, < 1. We have shown V' (f,) = V()
strongly in D, , and thus the desired compactness.

Main steps of the proof of Theorem 4.1.

Step 1. Hypothesis (iii) is equivalent to (iii’): ||ty L) — 00 as n — oo,
Step 2. We prove that u, is bounded also below.

Step 3. We prove that u, — 0.

Step 4. Boundedness of v, /|t, [P~ in L2(Q) if p > 2, in H,, if 1 <p <2,
and of pu,,/|t,[P~! in R.

Step 5. We prove that v,) /(|t,[P~2t,) — V' strongly in D, if p > 2 and in
Wi2(Q)if 1<p<2.

Step 6. First order asymptotic estimate for p,,.

Step 7. Second order asymptotic estimate for f,. O

5. REFINED GLOBAL BIFURCATION RESULTS

In this section we make use of the asymptotic estimate from Section 4 in
order to extend the results obtained in Section 3. We use the notation
introduced in Section 3. The following nonexistence result is a consequence
of Theorem 4.1.

Proposition 5.1. Let f € L>(Q), f # 0. Then there exists a constant
R > 0 such that every weak solution u € Wol’p(Q) of the problem

—Apu — MulP2u= f(z) inQ,

1
u=20 on 0N (5-1)

satisfies the a priori bound ||u||W01,p(Q) <R.
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Proof. On the contrary, assume that, for each n € N, there exists u, €
Wy (Q) such that ||unHW01,p(Q) > n and u,, verifies (5.1). Then also

/ |Vu,|? da:—/\l/ |t |P doe = / fun dz.
Q Q Q

Denoting v,, = 'LLn/Hun”Wl,p(Q), we get an||W1,p(Q) =1 and

/ |an|pd:v—)\1/ |v, P dz = » ”p /fvndx (5.2)

Passing to a subsequence if necessary, we may assume that v, — vg weakly
in W, () and v, — vo strongly in LP(2). Then it follows from (5.2) and
||un||W01,p(Q) — oo that

lp(Q

L= ooy = | fol?do (53)

and
/ |Vvo|P do — )\1/ |vo|P dz < 0. (5.4)
Q Q

The variational characterization of A1, (5.3) and (5.4) imply that vy = ke
for some k € R\ {0}. Assume k > 0 (the case k < 0 is analogous). We apply
Theorem 4.1 with f, = f and p, = 0 for every n € N large enough; hence
up =t 1+, ), tn > 0. If fQ fe1dx =0 then

0=(p—2)t27 V- Qu(VT,VT) + ("),

which forces Qo(VT,VT) = 0, a contradiction to Qo(VT,VT) > 0. If
Jo ferdz =a# 0 then 0 = —at? ! + o(th 1), a contradiction again. O

Recall that X and X’ together with Z(u), S(u) and F have been specified
in Section 3.
Theorem 5.2. Let F € X', F #0. Then there is a pair of maximal closed
sets CT,C~ C Rx X of solutions of (3.2) such that both sets C* and C~
connected in R x X, where C* are the closures in R x X of the respective

sets of all pairs (u,v) € R x X such that v # 0 and (u,v/||v|%) € C*, and
the following properties hold:

(a) there exist sequences of pairs (fin,un) € C* and (ul,ul) € C~ such
that pn, — A1, pl, = A1, [Junllx — o0 and ||ul,||x — oo, together with
un/llunllx = @1/llerllx and wy/llugllx = —¢1/lleallx strongly in X;

(b) either both Ct and C~ are unbounded in the \-direction, or else C*tnC-
contains a point other than {(A1,0)}.
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Proof. After the transformation v, = u,/||u,||%, the statement of our
Theorem 5.2 follows directly from Proposition 5.1 and [11, Theorem 14.20].
O

Remark 5.3. Let us point out that it follows from Theorem 5.2 com-
bined with regularity results [19] that the convergence above u,/|u,||x —
e1/lle1llx, and wl /||ul,llx — —e1/lle1llx as well, occurs strongly not only
in X = Wy*(Q) but even in C*#(Q). Thus, |ju,||x — oo is equivalent to
[tnllzee (@) = o0, and also to [lun || crs @) — 00, for (An, un) € ctuc .
Remark 5.4. Our aim is to study the local behaviour of the bifurcation
branches C* near \;. For this reason we restrict our attention to A €
(—o0,A) with some A € (A1, A3). Recall that Ao is the second eigenvalue
of the negative Dirichlet p-Laplacian —A,, (cf. Theorem 4.1).

5.1. Case fnfgol dx # 0. We will now establish a priori bounds that
allow us to detect whether A belongs to the left or the right neighborhood
of Ay provided (A, u) € C* and the norm ||u| 1= (q) is large enough.

Theorem 5.5. Let A € (A1, \2). For every f € L>=(Q) with [, fe1da #0,
there exists a constant M > 0 such that the following statements and impli-
cations hold.

(1) If [, ferdx <O then every solution (A, u) to (1.1) satisfies
(a) u(Z) <0 for some & € Q and \y <X < A = ||lu =) < M;
(b) u(&) > 0 for some & € Q and A < Ay = |Jul| g (o) < M.

(ii) If [, feo1da > 0 then every solution (A, u) to (1.1) satisfies

(a) u(Z) <0 for some & € Q and X < \y = ||ul|p~(q) < M;

(b) u(&) >0 for some & € Q and A <X < A = ||ul|peq) < M.
Proof. Case (i) (a). Assume by contradiction that there exists f € L>(Q),
fQ fe1dx < 0, such that for each n € N there exist A = Ay + p,, > A1 and
U, € WyP(Q) with u,(&,) < 0 for some &, € €, such that tn L) > n
and (A, up) is a solution of (4.1) with A = Ay + p,. Let us write u,, =
t-1(¢1 + v, ) with some ¢, € R\ {0}. Using the proof of Theorem 4.1,
Step 4, we have t,, — 0 as n — oo. Moreover, if n € N is large enough, then

also t,, < 0, because u,(&,) < 0 for some Z,, € 2. Then, by Theorem 4.1,
we find that p, — 0 and (4.2) yields

0< pup = _tn|tn|p72 /Q ferdz + O(tﬁil)

for all n € N large enough. Since fQ ferdr < 0 and t, < 0, the last
inequality is absurd and (i) (a) holds.
Cases (i) (b), (ii) (a), (ii) (b) are proved analogously. O
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Corollary 5.6. Let A € (A1, \2) and f € L™>(Q), fQ fiprdx #£ 0, be given.

Moreover, let C* be as in Theorem 5.2. Then there exists a constant M > M

(M being the constant from Theorem 5.5) such that, for every u € WOIP(Q)

with |Jul| L0y > M and written as u=1t""(¢1 +v"), we have:

(i) (a) [ ferdr <0, (A u) € CN((—o0, Al xWyP(Q)) and t < 0 implies
u<0inQ and A < M.

(b) [ ferdz <0, (A, u) € CTN((—o0, Al xWyP(Q)) andt > 0 implies
u>01inQ and A > \.

(ii) (a) [ fe1dz >0, (A, u) € CN((—o0,A] xWyP(Q)) and t < 0 implies
u<0inQ and A > \.

(b) fo ferdz >0, (A\,u) € CTN((—00, A|x WyP(Q)) and t > 0 implies
u>01inQ and A < \1.

Proof. Let us prove (i) (a), the other cases being similar. There is M > 0

such that for (\,u) € C~ N ((—oo, A] x Wy *(€2)) and ¢ < 0 we have u < 0 in

Q. This follows from Remark 5.3. Taking M > M (M from Theorem 5.5),
we must have A < A\; owing to Theorem 5.5, Case (i) (a). O

A sketch of the bifurcation diagram that corresponds to Corollary 5.6 is
depicted in Figure 3.

5.2. Case fnfcpl dx = 0. In this subsection we will distinguish between
the cases 1 < p <2 and p > 2.

Theorem 5.7. Let A € (A1, \2). For every f € L>(Q), fQ fordz =0,
f #0, there exists a constant M > 0 such that every solution (A, u) to (1.1)
satisfies:

(i) if 1 <p<2, then Ay <X < A implies |Jul| o) < M;

(ii) of p > 2, then X < Ay implies |[ul| o) < M.
Proof. Part (i). Assume on the contrary that there exists f € L*(1),
fQ fordz = 0, f # 0, such that for any n € N there exist A, > A; and
Up, € Wol’p(ﬂ), ||un||W01,p(Q) > n, such that (\,,u,) is a solution to (4.1).

Let us write A\, = \; + p, and u,, = t (1 +v,} ) with #,, — 0. Then, by
Theorem 4.1, we find that u, — 0, and so (4.2) yields

0< pup = (p - 2)|tn|2(p_1) Qo(VT, VT) + o(|tn|2(1’_1))

for all n € N. Since 1 < p < 2 and Qo(V',VT) > 0 for all fT € L>®(Q)
with [, fT¢1dz = 0 and f7 # 0 (see Remark 4.2), the last inequality is
absurd. Hence, Part (i) is proved. Part (ii) is proved analogously. O
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Corollary 5.8. Let A € (A1, A2) and f € L>®(9), fQ fprdz =0, ff 0, be
given. Let C* be as in Theorem 5.2. Then there exists a constant M > M
(M being the constant from Theorem 5.5) such that, for every u € Wol’p(Q)
with ||u]| Lo (@) > M and written as u =t""(o1 +v "), we have:
(i)1<p<2 (\u)e (€ UCT)N((—oo,A] x Wy P()) and t >0 (t <0,
respectively) implies u >0 (u < 0) in Q and X < Aq;
(i) p > 2, (\u) € (C-UCH) N ((—o0,A] x WyP(Q)) and t > 0 (t < 0,
respectively) implies uw > 0 (u < 0) in Q and X > A;.

Proof. Let us prove Part (i), proof of Part (ii) being similar. There is
M > 0 such that for (A\u) € (C~UCH) N ((—o0, A] x WyP(Q)), u does not
change sign in  (i.e., u is either positive or negative in §2). This follows from
Remark 5.3. Taking M > M (M being the constant from Theorem 5.7), we
must have A > A; due to Theorem 5.7. Thus, Part (i) is proved. O

A sketch of the bifurcation diagram which corresponds to Corollary 5.8 is
depicted in Figure 2.

5.3. Case fﬂfcpl dx # 0 revisited. In this subsection we consider
perturbations f of functions f' € L>(f), Jo fToidz = 0, of the form
f=fT +ap; with a € R small enough. Therefore, we need to distinguish
between the cases 1 < p < 2 and p > 2 again.

Theorem 5.9. Let fT € L>®(Q) be fized, fT # 0 and fQ florde = 0.
Given a € R, let CF denote continua of solutions (A\,u) € R x X (in the
sense of Theorem 5.2) to

—Apu— NuP2u=fT +ap; inQ, (5.5)
u=20 on 0N.
Let every solution u of (5.5) be written in the formu =t~ (o1 +v'), t € R,
vl € Clﬁ/(ﬁ). Then there eviste >0, a =a(f",p) anda =a(f",p), such
that a < 0 < @ and for a € (a,0) U (0,a) we have u > 0 in Q if t € (0,¢)
and u < 0 if t € (—¢,0). Furthermore,
(1) if 1 <p <2 then
(a) for any a € (a,0) there exists ty € (0,¢) such thatu =ty (1 +v")
and (A, u) € CF imply A < A\y;
(b) for any a€(0,a) there exists to € (—¢,0) such that u=t5" (o1 +v")
and (A, u) € C; imply A < A5
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(ii) if p > 2 then

(a) for any a € (a,0) there exists to € (—e,0) such that u=ty"(¢1+v")
and (A, u) € C; imply A > Aq;

(b) for any a € (0,a) there exists to € (0,¢) such that u =ty (p1+v")
and (A\,u) € C imply X > A;.

Proof of Theorem 5.9. Let a € J, where J is a bounded interval.
According to Step 4 of the proof of Theorem 4.1, there exists € > 0 small
enough such that for any solution u = ¢~*(p1 +v") of (5.5) with ¢ € (0,¢)
we have o1 (x) +v'(z) >0, x € ©, i.e.,, u > 0 in Q. Analogously we prove
that v < 0in Q if ¢ € (—¢,0). Fix such a number ¢ > 0.

Let us prove Case (ii) (b). The proofs of the remaining three cases are
analogous. We proceed via contradiction. Assume that there exist a,, > 0,
an — 0, and for any t € (0,¢), u = t"*(p1 +v"), (\,u) € C, we have

Qn’

A < A1. Recall that the set Cj” is connected for any fixed n € N. Hence,
1

taking n large enough, we can pick t,, € (0,¢), t, = an”" ", and \,, = A1 +pin

with 4, < 0, such that u, = t;*(p1 +v,) > 0in Q and (A\,,un) € C7 .

This choice guarantees that (4.1) holds with f, = f7 4+ anp1 — f = f'

weakly-star in L>°(£2). Applying Theorem 4.1 we obtain

pn =t anller| 72 o) + 1PV (0 - 2) - Q(VTL V) +o(t3PY). (5.6)

It follows from our choice of ¢, that —t2~1a, = —tﬁ(p -1

equivalent to

, whence (5.6) is

pn =650 (p=2)- Qo(VI, V) + (627 Y). (5.7)

This is a contradiction because p,, < 0 and the right-hand side of (5.7) is
positive for n large enough due to fT # 0. g

Corollary 5.10. Let fT € L>=(2), CE, ¢, a, @ and a be as in Theorem 5.9
above. Then
(i) there exists t, € (0,e) and u = t; (p1 +v') > 0 in Q such that
()\1,u> S Cg_,‘
(ii) there exists t, € (—¢,0) and u = t; (p1 +v') < 0 in Q such that
()\1, u) S C(:

Proof. The proof follows from Theorems 5.7 and 5.9 combined with the
fact that the sets CF are connected for each a € (a,0) U (0, @). O
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For a given a € (a,0)U(0,@), let us denote ¢, = inf |t,|, where the infimum
is taken over all ¢, (0 < |t,| < €) associated to a via Corollary 5.10.
Corollary 5.11. We have lim,_,q ta = 0.

Proof. Let 1 < p < 2. Assume that there exist a,, < 0, a,, = 0 as n — o0,
and 7 > 0 such that ,, > 7. Then we can find a sequence {t,,}°, € R\ {0}
such that t1 > (t,,)~%, {t-1}52, is bounded, u, = t;'(¢1 + v, ) > 0 in
Q, (M, un) € CT with A\, > Aq, and ||un||W01,p(Q) is bounded as well. At the
same time, {¢,}%2; can be chosen such that ||un||W01,p(Q) > M + 1, where

M is associated to f = fT via Theorem 5.7. Hence,
_Apun - )\n|un|p_2un = fT + app1 in Q,
Uy =0 on 0.
Applying a standard compactness argument and passing to a suitable subse-
quence we obtain u,, — ug strongly in W, (), ug > 0 in €, Huo\|W01,p(Q) >
M + 1> M, together with A\, — A, where Ay < XA < A < \g, and
—APUO — /\|uo|p72u0 = fT in Q,
ug =10 on 0f).

This fact contradicts Theorem 5.7. The case p > 2 is treated in a similar
way. U

By N

\

Figure 4: Illustration of Corollary 5.11 for 1 < p < 2. The dash-dotted
curves represent branches C* for a = 0. One can see how the trans-
critical bifurcation for a # 0 transforms to a subcritical one for a = 0.
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The statement of Corollary 5.11 is illustrated in Figure 4 (with a,  0).

Furthermore, in Figure 5, we illustrate how the graphs depend on the value
of a in case 1 < p < 2.

‘ A S A
cA ® c 22:—-5 c )
: = |
N 2
O A S%W 2
; -—
\?@ ) \ ©

>y
>y

a<< -1 a<0, o] <1 a=0
cA ®§k cA j®
S 2
i A S A
=
I N< ®[
0<a, a1l 1<a

Figure 5: Dependence of a priori bounds and bifurcations
from infinity of solutions to (1.1) on a = [, feo1dz for 1 < p < 2.
There is no solution in shaded regions.

6. MAIN RESULTS

In this section we will state some applications and consequences of the as-
ymptotic formulas derived in the previous section. We will assume that
fT € L>(Q) is a given function which satisfies [, f p1dz =0, fT #0. We
begin with the following existence and boundedness result.

Theorem 6.1. Problem (1.1) with A\ = Ay and f = fT has at least one
solution u € CYP'(Q). Moreover, there exists a constant K = K(fT) > 0
such that any solution u to (1.1) satisfies ||ufl 1o @) < K.

Sketch of the proof. Let p > 2 (the case 1 < p < 2 is treated simi-
larly). Then it follows from a standard degree argument (see e.g. [17]) that
there exists a sequence of solutions (A,,u,) € R x Wy P(Q) of (1.1) with
An — A1—. By Theorem 5.7 there exists a constant M > 0 such that
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unl| Lo (@) < M. A regularity argument (up to the boundary, see [19]) im-
plies that [|un | o1 @) < K with some § € (0,1). Now, using compactness of
the embedding of C*#(Q) into C*#' (), 0 < B’ < 8, we can use a standard
limiting argument to prove the existence of the solution u € C# () of
(1.1). The a priori estimate |[ul[c1.5 @) < K follows from Proposition 5.1
and a regularity result [19]. O

Theorem 6.2. There exists § = 0(f,p) > 0 such that problem (1.1) with
f=f" has at least one positive solution and at least one negative solution
provided one of the following two alternatives occurs:

(i) l<p<2and )€ [/\1 —5,)\1),'

(if) p> 2 and A € (M1, A1 +0].

This theorem is an immediate consequence of Theorem 5.2 and Corol-
lary 5.8.

Theorem 6.3. There exists a constant € > 0 (small enough) with the fol-
lowing properties:

(i) for 1 < p < 2, problem (1.1) has

(a) at least one positive and at least one negative solution provided 0 <
la] < e and Ay — 3§ < X < A1, where 6 = d(¢) > 0 is a constant
(small enough);

(b) at least two distinct negative solutions provided & < a < € and
A < A< A+ 6, where € € (0,¢) is an arbitrary number and
0 =6(e,e’) > 0 is a constant (small enough);

(c) at least two distinct positive solutions provided —e < a < —¢&' and
Al < A< A+ 8, where ¢ € (0,¢) is an arbitrary number and
d =6(e,e’) >0 is a constant (small enough);

(ii) for p > 2, problem (1.1) has

(a) at least one positive and at least one negative solution provided 0 <
la] < & and Ay < A < Ay + 0, where 6 = 6(g) > 0 is a constant
(small enough);

(b) at least two distinct positive solutions provided £ < a < € and
A1 — 0 < A< Ay, where € € (0,¢) is an arbitrary number and
d =6(e,e’) >0 is a constant (small enough);

(c) at least two distinct negative solutions provided —e < a < —&' and

A — 0 < A< A, where & € (0,¢) is an arbitrary number and
d =0(e,e’) >0 is a constant (small enough).

This theorem follows immediately from Corollary 5.6 and Theorem 5.9.
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Remark 6.4. We would like to emphasize that the existence of multiple
solutions in all cases of Theorem 6.3 does not occur in the linear case p = 2,
where the uniqueness of the solution is guaranteed by the linear Fredholm
alternative.

In what follows we show that for |a| sufficiently large, the statements
of Theorem 6.3 are no longer valid. To this end we recall the following
nonexistence result.

Proposition 6.5. There exists ag > 0 such that problem (1.1) with A = A\
and f = fT + ap; has no solution whenever la| > ag.

Sketch of the proof. We argue by contradiction. Assume that there
is a sequence {a,}52; C R, a, — o0, such that (1.1) with A = A\; and
fn = fT 4+ anp: has a solution u,,. Dividing the equation in (1.1) by a,, and

def —~1/(p—1),,

setting v, = an n, We obtain

—Apv, — M|vp|P 20, = a, t fn + 1 in 9,
vy =0 on 0f).

From Theorem 4.1 with u, = t; (1 + v,} ) we infer that {¢;1}°; has to
be bounded; otherwise we would have a contradiction with the asymptotic
estimate (4.1). Hence, v,, is bounded in L*°(£2). Therefore, combining the
compactness of Aj ! with a regularity result [19], we find that v, — v
strongly in C3(Q), and v, satisfies

—Apvo — Al\v0|p_2v0 =¢; inQ,
vo=0 on 9N.

But this contradicts a nonexistence result proved in [1] or [15]. O
Now we have the following counterpart of Theorem 6.3.
Theorem 6.6. Let f = f' +ayp; with |a| > ag, where ag > 0 is the number
from Proposition 6.5. Then there exists § > 0 such that
(i) if a > ag then
(a) problem (1.1) has only positive solutions provided \ € (A1 — , \1);
(b) problem (1.1) has only negative solutions provided A € (A1, A\ +9);
(i) if a < —ag then
(a) problem (1.1) has only negative solutions provided A € (A, — J, A\1);
(b) problem (1.1) has only positive solutions provided A€ (A1, A1 +96).
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Remark 6.7. Let us note that for A\ < Ay, problem (1.1) has a solution by
coercivity of the functional (1.2), and for A\; < A < A\ 4+ 4, (1.1) is solvable
by a topological degree argument [11, Theorem 12.26].

Proof of Theorem 6.6. We prove Case (i) (a) only, the proofs of all
remaining cases being analogous. The nonexistence of a solution other than
a positive one is proved combining Theorems 4.1 and 5.5 with Proposition 6.5
as follows. Assume by contradiction that there is a sequence A\, — Aq,
A < A1, such that problem (1.1) with A = A\, and f = fT + ap; has a
solution u,, € W, ?(Q) such that u,(z,) < 0 for some z,, € Q. If l|ltn || Lo ()
is unbounded, let us write u, = t;(p1 + v, ), where A\, — A1, A, < Aq,
implies ¢, — 0, t, > 0, and ||v;||cé(m — 0 as n — oo. According to
Theorems 4.1 and 5.5 (Case (ii) (a)), this contradicts our assumption a >
ag > 0. Consequently, there is a constant M > 0 such that ||u,|| g~y < M
for all n = 1,2,.... Using a standard compactness argument we get u €
WP () such that u, — u strongly in Wy"(€). Passing to the the limit in
(1.1) with A = A, as n — oo, we find that u is a solution to the problem

—Apu—MuPPu=f" +ap; inQ,
u=20 on €2,

which contradicts Proposition 6.5. Hence, Case (i) (a) is proved. O
Remark 6.8. Theorem 6.6 corresponds to the well-known local maximum
and anti-maximum principles, cf. [5, Theorem 27].

Now we derive some multiplicity results. To establish them, we need to
recall the standard notions of lower and upper solutions to problem (1.1).

Definition 6.9. A function @ € C*(Q) is called an upper solution of (1.1)
if for all functions v € I/VO1 P(Q) with v > 0 in Q, we have

/ |ValP=2(va, Vo) da — )\1/ [a|P~*uw dx > / foda,
Q Q Q
>0 on 0N.

We define a lower solution u to (1.1) to be a function from C*(2) for which
the corresponding reversed inequalities hold.

We now need to employ special versions of more general results due to
DE COSTER and HENRARD |[7].
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Proposition 6.10 ([7, Theorem 8.1]). Let u and @, respectively, be lower
and upper solutions of (1.1) such that u < uw. Then problem (1.1) has at least
one weak solution u satisfying

u<u<u inf.

Proposition 6.11 ([7, Theorem 8.2]). Let u and u, respectively, be lower
and upper solutions of (1.1) and assume that there exists xo € Q such that
w(xg) > u(xg). Then problem (1.1) has at least one solution in the closure
(with respect to Ct-norm) of the set

S={uecCiQ):Ix, s €Q such that u(xy) < u(zy) and u(zy) > u(xs)}.

Our first multiplicity result extends Theorem 6.2.

Theorem 6.12. There exists 1 =n(f,p) > 0 such that problem (1.1) with
f = fT has at least three distinct solutions, at least one of them positive and
one negative, provided

(i) either L <p <2 and A € (A1 — 1, \1);
(ii) orp>2 and A € (A1, A\ + 7).

Proof. First, let p > 2. According to Theorem 6.2, problem (1.1) with

A=A def A + 0 and f = f7 has a positive solution 7y, and a neg-

ative solution u,,. It follows from Theorems 4.1, 5.2 and 5.7 that there
exists an 74 > 0 such that uy > wy; in  whenever A € (A, A\ +74) and
(A, up) € Ct. Similarly, there is an — > 0 such that vy < uy, in £ whenever
A€ (A1, A1+7n-) and (A, vy) € C”. Here, C™ and C~ are as in Corollary 5.8.
Set n = min{n4,n_}.

Note that for A € (A1, A1 +n) the function @y; (u,,) is an upper (lower)
solution of (1.1) with f = fT. It follows from Proposition 6.10 that (1.1)
with f = fT has a solution w € C*#(Q) such that

uy, Sw<Uy; in Q.

Hence, problem (1.1) with f = f has at least three distinct solutions vy <
w < Uuy.

If 1 < p <2, we proceed in a similar way using Proposition 6.11 in place
of Proposition 6.10. O

Remark 6.13. For 1 < p < 2, Theorem 6.12 extends [23, Theorem 2.7] by
the positivity and negativity statements.

Our second multiplicity result extends Theorems 6.1 and 6.3.
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Theorem 6.14. Let f = 1 + ap; with a # 0. Then there exists ¢ > 0
(small enough) with the following properties:

(i) for every &' € (0,¢), there isn =n(f",e,&") > 0 such that ¢’ < |a| <
and XA € (A —n, A1) U (A1, AL + 1) imply that problem (1.1) has at least
three distinct solutions of which at least one is positive and at least one
18 negative;

(i) if 0 < |a| < € then problem (1.1) with A = A1 has at least two distinct
solutions of which at least one is negative provided (p —2)a < 0, and at
least one is positive provided (p — 2)a > 0.

Proof. (i) Let 1 < p < 2. We consider only the case A < \; and a > 0, the

remaining cases being analogous. It follows from Theorem 6.3 that for e > 0

small enough and every & € (0,¢), problem (1.1) with A = A4 L 5/2

(recall § = §(e,e') > 0), f = fT +ap; and €’ < a < ¢ has a positive solution
uy, and a negative solution ,;, respectively. For A € (As, A\1] the function
uy, (Wy,) is a lower (upper) solution of (1.1). In this case, lower and upper
solutions are unordered, so it follows from Proposition 6.11 that (1.1) has a
solution ug\l) such that uf\l)(xl) < uy,(71) and ug\l)(asg) > Uy, (r2) at some
points x1,x9 € Q. On the other hand, taking n < §/2 sufficiently small, it
follows from Theorems 4.1 and 5.5 that problem (1.1) with A € (Ay — 1, A1)
has a positive solution uE\Q) > uy, > 0in Q. Hence, for A € (A — 1, A1) we
already have two distinct solutions. To get a third solution of (1.1), we now
take ' > Ay with A — A\; small enough. Then, according to Theorems 4.1
and 5.5, problem (1.1) with A = )\’ has a negative solution vy, < Uy, < 0in
which is simultaneously a lower solution of (1.1) with A € (A; —n, A1]. Hence,

(3)
A

we may apply Proposition 6.10 to get a negative solution wy’ satisfying

vy <ulP <uy, <0in Q.

(ii) If A = A1, one can proceed in the same way as above to get solutions
ug\ll) and ugi) <0in Q.

The case p > 2 is analogous. (I

APPENDIX A. FUNCTION SPACES IN THE LINEARIZED PROBLEM
IN WEIGHTED SOBOLEV SPACES

The following two compact embedding results are proved in [23, Lemma 4.2]
and [23, Lemma 8.2], respectively. For the purpose of this lecture we include
these proofs below.

For 0 < § < oo, we denote by

Qs {2 € Q: dist(z, 00) < 5}
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the d-neighborhood of 9. Its complement in 2 is denoted by Qf = 2\ Q5.

Lemma A.1. Let 2 <p < oo. Then
(a) for every 6 > 0 small enough, || - ||p, is an equivalent norm on
Wy?(Qs);
(b) the embedding D,, — L*() is compact.

Proof. Part (a) follows immediately from (2.2).

To prove (b), we start with the proof of continuity of D,, < L?(2). We
take advantage of the Dirichlet boundary value problem (2.1) to compute
for every v € C3(Q),

Al/wﬁ’_Qdex:Al/ e (Per ) da
Q Q
B /Q Vi [PV - V(e ') da

= 2/ IV1[P~2(Vy - Vo)vpy tda — / V1 [Pvier? da.
Q Q

Adding the last integral and estimating the second last one by the Cauchy-
Schwarz inequality, we arrive at

/\1/90%7_21)2 dx—i—/ V1 [Pv?pr? da
Q o
1/2 1/2
<2( [ [weapvtas) ([ [Velroter do)
Q Q

1
<2 / VP20l da + 2 / VP op? de,
Q 2 Ja

and therefore,
1
)\1/ P22 da + 5/ V1 [Pv2p7? da < 2HU||ZDW. (A1)
Q Q

Since C§ () is dense in D, , the last inequality holds also for every v € D, .

Using (2.2) we conclude that the embedding D, < L?(f2) is continuous.
To prove the compactness of D,, — L?(f2), we take advantage of the

Dirichlet boundary value problem (2.1) again to compute for every v € D

Al/gofl’_lﬂdm:/ Vi1 [P2Vy - V(v?) da
Q Q

Y1

§2/ V[P~V - [o] da (A2)
Q

) 1/2
< 2ol ([ 19erlear) ",
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by the Cauchy-Schwarz inequality. Let {v,}22; be any weakly convergent
sequence inD,,, ; we may assume v, — 0. Hence,

v, — 0 weakly in L?(Q) (A.3)

and
|V, |P=2/2V0,, — 0 weakly in [L2(Q)]Y (A.4)

as n — oo. We will show that, indeed, v,, — 0 strongly in L?(Q). Given any
0 <7 < oo small enough, let us decompose 2 = U, U U, where
def def
Uy =A{zcQ:|Vei(x)| >n} and U, = {x € Q:|Vei(z)| <n}.

We deduce from (A.3) and (A.4) that the restrictions v, |y, of v, to U, form
a weakly convergent sequence in Wh2(U,). It follows that [[v,|lL2(u,) — 0
as n — 0o, by Rellich’s theorem.

Next, in (A.2) we replace v by v,. Owing to (A.4), there is a constant

C > 0 independent from n such that [|v,|p, < CA1/2, and consequently,
(A.2) yields

b1 o ) 1/2
oY oy de < C’( Vi |Po; da:) . (A.5)
Q Q

We split the integral on the right-hand side using Q@ = U, U U,’]. The two
integrals are estimated by

/ VP02 dz < [V |2 / o2 de, (A.6)

n Uﬂ

// |V |Po? do < np/l v2da < 77”/91},21 dx. (A7)

3 A
Now choose any 0 < € < co. First, fix g > 0 small enough so that

)/ (A.8)

e
- sup ||vy, < —.
nzlf1>|| HL?(Q) )

Second, fix n > 0 and § > 0 sufficiently small such that 0 < n < ny and
Qs C U,. This choice is possible by the Hopf maximum principle (2.2) for
¢1. Third, recalling [|v, | z2(v,) — 0 as n — oo, fix an integer ng > 1 large
enough such that

€
|V |[2/2 vnll2@,) < NG for all n > ng. (A.9)



QUASILINEAR ELLIPTIC PDE’S II 59

The numbers 7, § and ng being fixed, we first apply (A.8) and (A.9) to (A.6)
and (A.7), respectively, and then combine the last two with the inequality
(A.5), thus arriving at

/ @' Mo2de <e forall n > ng. (A.10)
Q

In particular, setting 5 = Q\ Qs, we infer from (2.2) and (A.10) that
[vnllz2(y) — 0 as n — oo,

Finally, we make use of U, U Q5 = Q to conclude that |[v,|[r2q) — 0 as
n — o0o. The proof of the lemma is finished. O

Imbeddings that involve H,, are established next.

Y1
Lemma A.2. Let1 <p<2. Then
(a) the embedding H,, — L?(SY) is continuous;
(b) the embedding Wy (2) < H,, is compact.

Proof. Part (a) follows immediately from (2.2).
To prove (b), first notice that there exist constants 0 < ¢; < ¢3 < 0o such
that ¢1 < ¢1(z)/d(x) < ¢g for all x € Q, where the function

def .. . B =
d(z) = dist(z,00) = molg(fmm zol, x €9,
denotes the distance from = to 092. By well-known results taken from
KUFNER [18, §8.8] or TRIEBEL [27, §3.5.2], or simply by an inequality simi-
lar to (A.1), the Sobolev space W, () is continuously embedded into the
weighted Lebesgue space L?(Q;d(z)~2 dx) endowed with the norm

def _ 1/2
vl 22 (d(@) 2 dz) = (/ v?d(z) de) < 0.
Q

Notice that H,, = L?(€%;d(z)?~?dz). Consequently, using again the split-
ting @ = Q5 U Qf from the proof of Lemma A.1, we conclude that the
embedding W, (Q) < H,, is compact. O
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