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RECENT RESULTS ON QUASILINEAR
DIFFERENTIAL EQUATIONS. I

PAVEL DRABEK

ABSTRACT. This lecture follows a joint result of the speaker and DANIEL
DANERS. To make the exposition clear and transparent we concentrate here
only on the Loo-estimates for weak solutions for the p-Laplacian with all
standard boundary conditions on possibly non-smooth domains. We present
Ch % regularity and maximum principle for weak solutions as an applica-
tion. We also prove existence, continuity and compactness of the resolvent
operator.

1. INTRODUCTION

In this lecture we give the proof of a priori L.-estimates, C1'*-regularity
and maximum principle for weak solutions to the p-Laplace equation

—Apu+colufPPu=f inQ, 11

Bu=0 ondQ (1.1)
on an open set @ C RY. Here Ayu := div(|Vu[P72Vu) is the p-Laplacian
with p € (1,00), and B a suitable boundary operator associated with the
p-Laplacian made more precise later; f is a function only depending on x.
In particular, we prove that in certain situations, every weak solution is in
Loo(). These lecture notes are “copy and paste” of selected parts of the
joint paper of the speaker and D. DANERS [8], where also some other cases
and estimates than those considered in this lecture are dealt with (f may
depend not only on z but also on u, more general L,.(Q2)-estimates for r > 1
are proved there, etc.). For the brevity of the exposition here we concentrate
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mainly on the L..-estimates and their main consequences. Problems similar
to the above, often with f = 0, were considered in [11], [13], [14], [19], [20].

The p-Laplacian is considered here as a prototype of more general quasi-
linear operator of the second order for which similar results can be proved.
In order to keep the main ideas of the lecture as clear as possible, we do not
treat here such generalizations.

We would like to emphasize that the choice of appropriate function space
for weak solutions of (1.1) (as well as for test functions in the definition of
the weak solution) will play the crucial role in our proofs.

If p = 2 (the linear case), it is well known that the solution u is in W2(Q)
if f € L.(Q) and the domain 2 is sufficiently smooth. Also, u satisfies an
a priori estimate [ul[wz < c([|f[|»+||ul|») with ¢ > 0, a constant independent
of f € L.(Q), due to [2]. By using embedding theorems for Sobolev spaces,
we obtain the estimate

[wllmry < (£l + llullr)

with m(r) = Nr(N —2r)~tif 1 <r < N/2 and m(r) = o if r > N/2. As
shown in [7], such an estimate remains valid for a larger class of operators
and non-smooth domains, even if the W 2-estimates fail. In the linear case,
the exponent m(r) is optimal. Also it is easy to guess from the embedding
theorems for Sobolev spaces as mentioned above.

In this lecture we want to generalise these estimates valid for the linear
case p = 2 to arbitrary p € (1, oo). We concentrate on the case m(r) = 00
since the L.-estimates are the starting point for the C1:*-regularity and the
maximum principle.

Actually, there are no W2-estimates if p # 2, that is, if f € L.(Q), we
cannot expect that u € W2(€) even if 2 is smooth (like in the linear case
p = 2). We demonstrate this point by looking at the Dirichlet problem on
an interval and with p > 2. It is well known that there exists a principal
eigenvalue \; and a principal eigenfunction ¢ > 0 to the problem

—(l¢'IP72¢") = MlelP~?¢ in (0,1),
©(0) = ¢(1) = 0.

Also ¢ € CL([0,1]), ¢'(1/2) = 0 (see [3]), and it follows from [9, Theo-
rem 10.4] that |¢'|P~2¢" € C1([0,1]). Integrating the first equation in (1.2)

(1.2)

over (1, ) we conclude that
1\ /(-1 1\ —(=2)/(-1)
o' () ~ (m - 5) and " (x) ~ (x - 5)

as © — 1/2. Hence p ¢ W2(0,1) for r > (p—1)/(p — 2).
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The basic method to prove L..-estimates originates from the seminal
paper [17]. We use suitable cutoff functions of the solution as test functions,
interpolation inequalities and then do an iteration based on the validity of
a Sobolev-type inequality for functions in our suitably chosen function space.
This allows to deal with arbitrary domains in case of Dirichlet boundary
conditions. It also allows “almost” arbitrary domains in case of Robin-type
boundary conditions by using an inequality due to MAz’vA [15], [16] and
certain classes of non-smooth domains for Neumann boundary conditions
(see Section 4). The proof of the main results is given in Section 3.

2. ASSUMPTIONS AND MAIN RESULTS

In this section we state precise assumptions and then discuss main results.
We always assume that €2 is an open set. This set is not necessarily bounded
or connected. The boundary 02 is assumed to be the disjoint union of T'y,
I’y and I's. We study regularity properties of weak solutions of

—Apu+colufP2u=f inQ,

u=0 onl}y,

\Vu|p_2% =0 on Dy, (2.1)
v
0
|Vu|P—28—“ FbolulP2u=0 onTs.
v
Here, —Apu := — div(|Vu|p*2u) is the p-Laplacian with p € (1,00). More-

over, ¢g € Loo(), by € Loo(T'3), bgp > 0 and v is the outward pointing unit
normal to 0{2. The boundary conditions are to be understood in a weak
sense as explained below. To define weak solutions of (2.1), we let

ag(u,v) ::/ |Vu|p_2Vu-Vvdx+/ co(x)ulP~2uv dx (2.2)
Q Q
for all u,v € W, (). Then we define
a(u,v) := ao(u,v) +/ bolu|P?uv dHy 4 (2.3)

s

whenever the last integral is well defined. Here, Hy_1 denotes the
(N — 1)-dimensional Hausdorff measure, which coincides with the usual sur-
face measure if I's is Lipschitz. We next give conditions on the space of test
functions V), for the above problem.
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Assumption 2.1. We assume that V), is a Banach space such that
W;(Q) — V, = Wpl(Q), (2.4)

{u € CH@\TY) NWHQ) : / ulP dHn_1 < oo} cV,  (25)

I's

and that the norm
lully, == (Il + el + e /Bl )" (2.6)
is an equivalent norm on V. Finally, we assume that
umin{|u/""t a1} €V,

foralla>0,t>1and u €V,

Remark 2.2. (a) Note that, depending on by and I's, the norm || - ||y, may
be stronger than the usual W;—norm as shown in Section 4.

(b) Since the L,-norms are uniformly convex, also the V,-norm defined
by (2.6) is uniformly convex. Hence, by Milman’s theorem, V}, is a reflexive
space (see [22, Section 5.2]).

Definition 2.3. Let f € V. Then we call u € V,, a weak solution of (2.1)
if a(u,v) = (f,v) for all v € V,.

In the above definition (-, -) denotes duality on V,,. Note that if f € L,(2)

for some ¢ € [1, 0], then

()= [ roda

whenever the integral exists. We next introduce the main assumption im-
plying our results on L.,-estimates.

Assumption 2.4. Suppose that there exist dg > 0, cg > 0 and d > p such
that
||u|‘gp/(d7p) <cs (a(u7 u) + 50”“”2) (2.7)

for all u € V.

By the usual Sobolev embedding theorem, the smallest possible constant
is d = N but it may well be that some d > N is optimal. In particular, this
is the case for Neumann boundary conditions if the domain is not Lipschitz
(see Section 4). We set

Ao = lleg lloe + do- (2.8)
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If A\y = 0, we call the problem coercive since then the functional a(u,w)
defined by (2.3) is coercive on V,. If Ay > 0, we call the problem non-
coerciuve.

Note also that the definition of a weak solution only makes sense if f € V.
By (2.7), we have V}, < Ly /(a—p)(€2). Also, by Assumption 2.1, C°(Q2) C V,,
and so V}, is dense in L,(€2) N Lgp/(a—p)(2). Hence, by duality,

!
(Here, p' is the conjugate exponent to p given by 1/p+1/p’ = 1.) Note that

LT‘(Q) — L(ddip)/(ﬂ)

—-P

if |©2] < oo and
r>

dp \' dp’
( d ) S (2.9)
d—p d+p
Hence, we consider (2.1) for f € L,(Q) with r as above.
Next we state a priori estimates. We start with an easier case, namely

the case of a coercive problem.

Theorem 2.5 (Coercive problem). Suppose that Assumptions 2.1 and 2.2
hold with A\g = 0. Moreover, let f € L.(Q) NV, and let u € V,, be a weak
solution of (2.1). Then there exists a constant C' > 0 depending only on p,
d and r such that

2o < CeslQ T | £, (2.10)

if r>d/p and |Q] < oo, and
lullBs* < Cesll fllr + llulp™ (2.11)

if > d/p (with no restriction on |Q]).

Next we state estimates valid for domains of finite measure, but possibly
non-coercive problems.

Theorem 2.6 (Finite measure). Suppose that |Q| < oo, and that Assump-
tions 2.1 and 2.2 hold. Moreover, let f € L,.(), r > dp’/(d + '), and let
u € V, be a weak solution of (2.1). Then there exists a constant C > 0
depending only on p, d and r such that

[ul[25 < CeplQE~ G (f,u) (2.12)
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if r> d/p, where either

G(f.u) = Il + Aollull?GL

1
P XQT T w2 i r <y,
G@m{nﬂ olO1" 7 [ulf™f ¢ <o
11l + A flp™ i >

or 1
-

with = g(l—l>

Note that 7(p — 1) < 1if r < p'/p, so ||||;(p—1) is not a norm because it
does not satisfy the triangle inequality, but we simply understand it to be
the integral ([, [u["P~Y dx)l/T(p_l).

We finally give an estimate with no restriction on the measure of £ and
possibly for non-coercive problems.

Theorem 2.7 (Arbitrary measure). Suppose that Assumptions 2.1 and 2.2
hold. Moreover, let f € L.(Q)NV,, r > p', and let u € V,, be a weak solution
of (2.1). Then there exists a constant C > 0 depending only on p, d and r
such that

ullBst < CepG(f u) + |lullp™ (2.13)

if r> d/p, where either

G(fu) = Il + dollulP5
or
G(f,u) = || fll + elro™ lulp ™
with p as in Theorem 2.6.

Based on previous L.-estimates, we can formulate the following regularity
result.

Theorem 2.8 (Regularity). Suppose that Assumptions 2.1 and 2.2 hold,
[ € L.(Q) NV, with r > d/p. Then any weak solution u € V;, of problem
(2.1) satisfies u € CH*(Q) with some « € (0,1).

We also have the mazimum principle for weak solutions.

Theorem 2.9 (Maximum principle). Suppose that Assumptions 2.1 and 2.2
hold, f € L.(Q) NV, withr > d/p, f >0 a.e. in Q. Then any non negative
and non trivial weak solution u € V), is strictly positive in €.
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3. PROOF OF THE MAIN RESULTS

The proof of the a priori estimates works by iteration. The iteration pro-
cedure is based on a basic inequality which we derive first. To make sure
all relevant norms involved stay finite, we need to truncate the solution u of
(2.1). For a > 0 and t > 1 we set

Yae(€) := Emin{a’", €[} (3.1)
Further, we define
Va,q = Yag-pr10U and Waq =Yg q/pOU

if ¢ > p. It follows from [12, Theorem 7.8]) that va,q, wa,q € W, (2) for all
a>0and ¢ > pif u € W) (Q2). We also need to assume that vq,q, Wa,q € Vj

if u € V}, which is the case in all standard situations as shown in Section 4
(cf. Appendix A).

Proposition 3.1. Suppose that Assumptions 2.1 and 2.2 hold. Moreover,
let u be a weak solution of (2.1) with f € L.(Q)NV, for somer > dp'/(d+p').
If q = p, then

—p+1
”wa,qnsp/(d_p) < esc(p, q)(||f||7-||qu,(§—_’_p+1) + /\0||wa,q||g) (3.2)

for all a > 0, where

e(p,q) == (g)”q_p%“. (3.3)

Proof. By Assumption 2.1, we have vy 4, Wa,q € Vp. It follows from [12,
Theorem 7.8] that

tlul' 1V if |u| <«
V(tarou)=< 0 if lu| = «, (3.4)

a7 IvVu o if ul >«
for all « > 0 and ¢t > 1. We have
Vit gf? = [V (ululP ) = (2) | vul?
= (&) — VP2 u- V(afulr)

p/ ¢q—p+1
= ¢(p, q)\Vu|p_2Vu - Vaq
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whenever |u| < «, where ¢(p, q) is defined by (3.3). Note that ¢(p,q) > 1 for
all ¢ > p. If |u| > «, then

[Vwe,q? = ‘vu|p04p(q/p71) = |Vu|p72Vu V(a9 Pu)
= |VulP"2Vu - Vo, 4 < c(p,q)|VulP 2V - Vg,

for all ¢ > p and a > 0. If |u| = «, then the inequality is trivial. Combining
the inequalities we get

|Vwa 4P < e(p, @)|VulP>Vu - Vo, , (3.5)
for all ¢ > p and a > 0. Also, if |u|] < «a, then
Waql? = [u|? = [ufP~2[u|PF2 = P26 u] 7P = JulP " uvg -
If |u| > «, then
aal? = PPV ul? = fulP 200 = ful? P,

Hence,
|Wa,q| = \u|p72uva,q (3.6)

for all @ > 0 and ¢ > p. Since ¢(p,q) > 1 and cop(z) + |lcg |lo > 0, using
(3.5), (3.6) and (2.2) we get

ao(Wa,q, Wa,q) < c(p,q) / |VulP~2Vu - Vg,qdx
Q

Pdx

+ [ @) + 15 g
<c(p,q) (/ |Vu|P~2Vu - Vo, , dz
Q

+ [ (@) + 5 o)l o)
Q
=c(p,q) (aO(u7 va,q) + HC(;Hoonwoc,qu)-

Using the definition of a given in (2.3) and the fact that c¢(p,q) > 1, we get

a(wa,q’ wa,q) < c(p, q) (a(u’vmq) + ||Ca||W||wa,q||g)~
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Since Wa,q, Va,q € Vp, it finally follows from Assumption 2.2

[waq |Zp/(d—p) < 5(a(Wa,q; Wa,q) + dollwa,q]l”)

(3.7)

< ee(p, q)(a(u, va,g) + Aollwa q)

for all & > 0 and ¢ > p. We next estimate the terms on the right-hand side.
First, since u is a weak solution of (2.1) and f € L, (), we get from Holder’s
inequality

a(t; Va,q) = (f,vaq) <[ fllrllva.glle-

By definition of v, 4, we have |v, 4| < |u[97P+L, so

—p+1
a(u,vag) < IFll ul 5 .

and thus (3.2) follows if we combine everything. O

Corollary 3.2. Suppose that Assumptions 2.1 and 2.2 hold. Moreover, let
u be a weak solution of (2.1) with f € L.(Q) NV, for some r > dp'/(d+p').
If ¢ = p, then

-1 —p+1
lwoallyapy < csc @) (17 + AollalPZoE ) a5 (38)

for all a > 0, where c(p, q) is defined by (3.3).
Proof. By the definition of w,,, and Hélder’s inequality,

- - -1 —p+1
ol < ol = [ fulr =231~ do <l Bl

Substituting into (3.2), we obtain the assertion. O

Remark 3.3. If  has infinite measure, we cannot expect u € L¢(Q2) for
s € [1,p). Hence, in order for the right-hand side of (3.8) to be finite, we
need that r(p — 1) > p, that is, » > p’ if A\g # 0. Since dp’/(d + p') <
p’ for all 1 < p < d, we need to assume that » > p’ if we do not want
our estimates to depend on the measure of €2. In case of finite measure
lulls < |12 %7%||u||p < oo even if we admit s € (0,1). In the latter case,
ulls = ([, |ul*dz)'/* is not a norm, but for convenience we still use the
same notation for the integral. In the coercive case, where \g = 0, the term
involving ||u] y does not appear at all.

r(p—1

We next derive versions of the above inequality replacing |lu||,—1) by
|lullp. According to the above remark, we need to distinguish two cases,
namely the case of {2 having finite measure or not.
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Corollary 3.4 (Finite measure). Suppose that Assumptions 2.1 and 2.2
hold. Moreover, let u be a weak solution of (2.1) with f € L.(Q) for some r,
dp'/(d+p") <r <p'. If ¢ >p and || < oo, then

l[wa,q ||Zp/(d7p)

< ese(p, ) (11 + Mol /=¥ a2 Jul 22,

(3.9)

for all a > 0, where c(p,q) is defined by (3.3).

Proof. Since |Q] < 0o and r(p — 1) < p, we can apply Holder’s inequality
with s :=p'/r > 1 to get

lullv /Iul“” ”dx SIﬂll/“/HUIli/”=IQIU’“_””/IIUIlﬁ_l-

Now the desired inequality follows from (3.8). O

We finally establish a version for arbitrary measure. To this end, we need
an interpolation inequality. It is similar to the standard one such as found

in [12, p. 146] but we admit |[ufs = ([, |u\sds)1/S also for s € (0,1). We
include the precise statement and proof for completeness.

Lemma 3.5. Suppose that 0 < s <p <t withp > 1. Set

Then
[ullp < e #|lully +eflull?

for all € > 0 whenever the right-hand side is finite.

Proof. We want to choose 7 € (0,1) and o,p > 1 with 1/p =1/0+1/p
such that 70 = s and (1 — 7)p = t and thus, by Holder’s inequality,

lully = Il ™[l = < Mlul™ ol = lullf [l ="
Solving the system of three equations for o, p and 7, we get

t—s >, p:ptis >, 7_:s(tfp)
t—p p—s p(t—s)
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so the above works. Next we apply Young’s inequality to obtain
_ —(1— 1—7
lully < lulZllall ™ = (7P ulls)" (€ lull)
< 7e” DTy + (1= 7)eVPfulle.

Finally, note that for a,b > 0 we have a < (a? +bP)'/P and b < (aP + bP)'/P,
so 7a+ (1 —7)b < (aP + bP)V/P and finally

(ta+ (1 —7)b)P <a? +0bP.
Hence, from the above [lu|} < e~ (=/7||u)|2 + ¢||u||?. Using the value for

T, we get
1—7 tlp—2s)

as claimed. O

Corollary 3.6 (Arbitrary measure). Suppose that Assumptions 2.1 and 2.2
hold. Moreover let u be a weak solution of (2.1) with f € L.(Q) NV, for
some r > p'. If ¢ > p, then there exists ¢(q) > 0 depending on r,d and p
such that

1 - —p+1
a5 0y < (@) (171 + NS ullE ) ull 527, (3.10)
for all a > 0, where
drl 1
pi==(= =) 20 (3.11)
p\p r

and the function c¢(q) > 1 grows at most polynomially in q > p.

Proof. We start from (3.2) and use an interpolation argument to absorb
part of ||wa,q|/b on the left-hand side. We first note that if r > p" and d > p,
then L J

ppr <p< _ap )

Pt d—p

Hence, by the interpolation inequality from Lemma 3.5,

[waqllf < 5_“||wa,q||zpw/(p/+w) + 5Hwa,q”§p/(d7p)

with g > 0 given by (3.11). Now recall that |w,q? < |u|?. Hence, by
Hoélder’s inequality we have

”w“quZp’r'/(p’Jrr’) < |||U|p71\U|q7p+1”p/r’/(p’+r’)

- - _ —p+1
< el e Ml e =l a2
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and therefore

— — — 1
P < ellwagllly iy +& P lulE ull S5

[ Wa,ql

for all ¢ > 0 and ¢ > p. By (3.8),

_ _ — 1
waalhya—p) < 8@ @) (1F e+ Xoe ™ lullz™) [l &2 )
+ ecae(p, q))\OHwa#Illsp/(dfp)'

Setting € := (2cgc(p, ¢)Ag) ! and moving the last term to the left-hand side,
we get

14 - —p+1
ol oy < (2ep. @) e (7] + AT ulE) 4L,

for all ¢ > p. We also used that ¢(p,q) > 1 and so ¢(p, q) < c(p, q)*HH. If we
set ¢(q) := (2¢(p, q))1T*, the assertion of the corollary follows. O

All the inequalities derived above have the form
el oy < cl@esGUf )l 5EE (3.12)

for an appropriate function G(f, u), where ¢(q) grows at most polynomially
in ¢ > p. In particular, we have the following cases:

(1) If Ao =0and r > dp’'/(d+ p'), then

G(f,u) =[] (3.13)

and ¢(q) := ¢(p, q) by Proposition 3.1 (Coercive case).
(2) If \g > 0, and r > dp’/(d+p') if || < oo and r > p’ otherwise, then

G(frw) = If I + NollullP5L s, (3.14)

and ¢(q) := ¢(p, q) by Corollary 3.2.
(3) If |2] < 00, Ao > 0 and dp’/(d+p') <r <p/, then

G(f,u) = [|lr + Aol QY17 |2 (3.15)

and ¢(q) := ¢(p, q) by Corollary 3.4.
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(4) If Ao > 0 and r > p/, then
G(f,u) = If]lr + clgro™ lullp ™ (3.16)

and ¢(q) := (2¢(p, q)) n by Corollary 3.6, where y is defined by (3.11).

We now implement an iteration procedure based on (3.12) which allows
us to prove all versions of a priori estimates stated if we take into account
the above. Since |wq4|P 7 |u|? as o — oo, it follows from (3.12) and the
monotone convergence theorem that

el ey < @esGUE) 527 (3.17)

whenever the right-hand side is finite. Assuming that G(f,u) is finite and

non-zero, we set
u
o (egG(f,u))t/ =" (3.18)

Then (3.17) turns into

loll%, ey < @ IRlE2 ). (3.19)

The idea then is to iterate the inequality by choosing an initial ¢y and com-
puting ¢, 11 from g, by solving the equation

dgn
gyt — p+ 1).
d—p | (gny1 —p+1)
It turns out that
Int1 =Nqn +p—1 (3.20)
with
-4 (3.21)
T @y '
If we do that, (3.19) turns into
100G -y < @m0, a—p) (3.22)

for all n € N. The right-hand side is certainly finite for n = 0 by (2.7) if we
set go = p. The above inequality tells us that u € Lgq, /(4—p)(2). Applying
the inequality again, we conclude that u € Lgq,/a—p)(€2) and iterating n
times, we get u € Lgg, /(d—p)(©2) for all n € N. However, we can utilize it
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if we know that (g,) is an increasing sequence. By the recursion formula
(3.20) and induction, we have

|
—

n

G=n"0+@-1)) n*=n"@0-p+1)+@-1) Zm
0

>
Il

and therefore

Gm=n"(0—p+1D+@-1)D 7" (3.23)
k=0

We now prove that (g, ) is increasing if we set go := p. Then from (3.23),

n+1

Gni1 —qn=0"""=0"+ (-1 =n"(np—1)

for all n € N. This value is positive if and only if np — 1 > 0 which is the
case if and only if
d

NS r,

d—p
by (3.21). The above is equivalent to the assumption (2.9) on r, so we
really have an improvement of regularity at each iteration step. Our a priori
estimates are a consequence of the following lemma.

Lemma 3.7. Suppose that (3.22) holds, v is defined by (3.18), and qo > p
is such that u € Lgq,/(a—p)(2). Then

—k n
10l /() < (HC KA 1 A (3.24)

for alln € N.

Proof. We give a proof by induction. For n = 1, (3.24) reduces to (3.22)
for n = 0. If n > 1, then by (3.22) and the induction assumption,

1llZer ja—py < lane)l0lar a—p)

n k n+1
(dn+1 (HC‘Ik ) 1Vlldgo @-p)

TL k+1
c(gn+1 (H )”Uquo/ i »)

n+1

(n+) k
(chk s

which is exactly what we need. O
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Theorem 3.8. Suppose that (3.12) holds, that dp’/(d + p') < r and that
qo > p. If G(f,u) is finite and non-zero, then there exists a constant C
depending only on d, p, r and on the function c¢(q) such that

QO+7r(d ”),(3 L

[

< CepG(f, u) = ||U||dq0/(d —p) (3.25)

if >d/p.

Proof. Assume thatr > d/p and that qo > pis such that u € Lg,/(a—p)(€2)-
Using that n > 1 (7 is defined by (3.21)), we claim that

n"q0 < gn < (20)"q0 (3.26)

for all n € N. We give a proof by induction. For n = 0 the inequality is
obvious. Suppose now that (3.26) holds for some n > 0. Since n > 1 and
p—1<p<qo<n"Tlgy < g, it follows that

0" g0 < Mg < NG +p— 1= gni1 < 20g, < (20)" g0

as required. Hence, (3.26) holds for all n > 0. If we take the ™-th root of
(3.24) we get

—n n —k
ol oy < (TT @)™ " )10, oy (3.27)
k=1

for all n > 1. Next we derive a bound for the product in the above inequality
by using that ¢(q) has polynomial growth. By assumption there exist 5 > 1
and t > 0 such that

c(q) < Bd'
for all ¢ > p. Using (3.26), we see that
c(qr) < B2n)* qh < (28q0m)"
for all k > 1. Hence, (3.27) implies that

n

" ktn=F
Zq:’/(dfp) S (H@ﬁ(](ﬂ?) o )”Uquo/ d—p)
k=1

lv

< (2Bgon)" Zr=1kn HUquo/ d—p)’
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where the series in the exponent converges since n > 1. Hence, if we set
oo —k
= (2Bgon)' ==+ < oo

we get
Hvl dqn/(d p) < CHU”qu/(d ) (3.28)

for all n € N with C' > 1 independent of n € N. In order to let n — oo we
need to compute the limit of g,n~". From (3.23), using that n > 1, we get

lim qi—q07p+l+ *I)Zn”“

n—roo "
=q-p+1+ 1p7_?771
:q07p+1+w
N et D102
rp—d

Letting n — oo in (3.28) and noting that ¢, — oo, we get

go+ TiE7RE=1)

l[v]loe = nhjgo [l ZZZ;(d_p) < CHU”ZSIO/(d—p) (329)
which is equivalent to (3.25) if we take into account (3.18). O

Corollary 3.9. Suppose the assumptions of the above theorem are satisfied
and that v > d/p. If u € Lo (), then there exists a constant C > 0
depending only on d, p and r such that

lull2st < CeslQ G (f,w) (3.30)
if Q0 has finite measure and
Jull5st < CesG(f,u) +|lulb™! (3.31)

or

ullBs* < CesG(f,u) + |lull?, (3.32)

r(p 1)

otherwise.
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Proof. Let v be defined by (3.18). Then v € L,(2) N Lo(€2) and thus
v € Lagy/(a—p) () for all go > p. First suppose that €2 has finite measure.
Then, by Holder’s inequality,

[olap < 1177 o2
-p

Substituting this into (3.29), setting go = p, we get

r(d—p)(p—1)
ol 77T < €l |8,

Rearranging and using the definition of v, we get (3.30) by renaming the
constant C'. Let s > p and choose gy > p such that s < dqo/(d — p). By
interpolation we get

% < ollsP/D o2/,

d—p

If we set
dr(p—1)
6= ——
rp—d
then (3.29) implies
[v]| @00 =P/ < Clo|| 5P/ D | g9 =P/ D),

|gg—8(1—p/d)

Dividing by ||v| , we have

ol SHIEPD < O3t/

or equivalently
[l < G/ =P

Using the definition of § and Young’s inequality, we obtain

_ rp—d__§_ (p—1) 55 1) rp—d s _
lollE! < €7 ol < O 4 o2
Renaming the constant C, we get

vl < €+ ol

Now if we choose s := p we get (3.31), and if » > p’ and we choose s :=
r(p — 1) we get (3.32)by using the definition of v, completing the proof of
the corollary. O
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We now derive the main theorems stated in Section 2.
Proof of Theorem 2.5. Suppose that the problem is coercive, that is,
Ao = 0. As seen in (3.13) we can set G(f,u) := || f|l-. Recall that r > d/p.
If we set v :=r(d — p)/(rp — d) and ¢p := p we get from Theorem 3.8 that

- +
lallZ 7= < el fll)7 el ey

where the right-hand side is finite because u € Lgy/(a—p)(2) by (2.7). Hence

u € Loo(2). Now (2.10) and (2.11) follow from Corollary 3.9, completing
the proof of Theorem 2.5. O

Proof of Theorem 2.6. Suppose that || < oo and that A\g > 0. If r < p’
we let G(f,u) as in (3.15), if r > p’ we let G(f,u) be as in (3.16). In both
cases G(f,u) < oo since u € L,(R?) and f € L,.(Q).

Recall that r > d/p. Then we see that u € Lo (Q2) by setting go = p in
(3.25). Hence, (2.12) follows from Corollary 3.9.

We get the fact that u € L,,_1)(Q) since 7(p — 1) < dr(p —1)/(d — p).
Hence, we can use G(f, u) as defined in (3.14) instead of (3.15), proving the
remaining assertion of Theorem 2.6. (]

Proof of Theorem 2.7. If |Q] is possibly infinite and Ay > 0, then
the proof is similar to the one of Theorem 2.6, but we can only apply the
arguments for r > p’ (see also Remark 3.3). O

Proof of Theorem 2.8. The C!*“-regularity of the weak solution follows
from above L..-estimates and the regularity result of TOLKSDORF [20]. O

Proof of Theorem 2.9. Assume that u is a non negative and non trivial
weak solution of (2.1) which is not strictly positive in Q. Continuity of u
(Theorem 2.8) implies that there exists zp € Q such that u(zg) = 0 and
a cube K := K (3p) C Q of side 3p and center xy whose sides are parallel to
the coordinate axes with the following properties:

(a) u# 0in K(2p);
(b) there exist M > 0 such that 0 <« < M in K (see (i)—(iii) above);
(c) u is a weak supersolution of
~Apu+ colulP"2u =0 in K (3.33)
(this is due to the fact that f is non negative in Q);
(d) minge g (p) u(z) = 0.
(Notice that K(p) and K(2p) are cubes of center xy and side p and 2p,

respectively.) Now, (a)—(d) contradict TRUDINGER [21, Thm. 1.2]. Hence,
u is strictly positive in 2. O
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4. THE CHOICE OF FUNCTION SPACES

In this section we discuss some examples where our results apply. We essen-
tially look at the Dirichlet, Neumann and Robin problems separately and
identify the spaces V,, and the “dimension” d appearing in the embedding
inequality (2.7). We present only some model problems but many kinds of
mixed problems are also possible. We give a general criterion for the last
part of Assumption 2.1 in Appendix A. We also prove there that it applies
to the standard examples discussed below.

4.1. Dirichlet boundary conditions. We assume that 02 = I'; and let

o
Vp := W,(€) which is by definition the closure of the set of test functions
having compact support in the arbitrary open set Q c RV in WI}(Q) It is
well known that if N > p, then there exists a constant ¢ only depending on
N and p such that

[ullp/(v—p) < €l Vulp

for all u € W1(€) (see [12, Theorem 7.10]). We can therefore set d := N in
(2.7) and 0p := 0 in Assumption 2.2. Hence, if ¢ > 0, then Ay = 0, so the
problem is coercive for any open set. If |Q] < co, we can replace N by any
d > N and find a constant also depending on || such that

||“Hdp/(d—p) < c|[Vull,

[e]
for all u € W;(Q) In particular, given p > 1, we can choose d > N such
that p < d and then apply our results. But of course, the estimates become
weaker the larger we choose d.

4.2. Neumann boundary conditions. We assume that 2 is a bounded
Lipschitz domain and that 9Q = I's. We can choose V,, := W (Q). It is well
known that if N > p, then there exists a constant ¢ depending on N, p and
the domain such that the Sobolev inequality

[ullvp/(v—py < ¢lluflwy
holds for all u € W, (2) (see [18, Théoreme 3.4]). We can therefore set
d:= N in (2.7) and dp := 1 in Assumption 2.2. Hence A\g =1+ ||¢g ||oo > 0,

so the problem is not in general coercive. If v := min ¢y > 0, then

lullfyy < max{L, v~ (I Vull} +lull}) < alu, v)
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and therefore we can set Ay = 0 if min ¢y > 0, meaning that the problem is
coercive in that case. We can replace N by any d > N and find a constant
also depending on || such that

lullap/(a—p) < e llullw;

for all u € W, (Q).

If Q is not Lipschitz, then (2.7) can fail for any d > N. An example
is a domain with an outward pointing exponential cusp as shown in [1,
Theorem 5.32]. On the other hand, there are domains for which (2.7) holds
for some optimal d > N. Model examples are again domains with outward
pointing polynomial cusps (see [1, Theorem 5.35]). If p > d, we can simply
increase d since for a domain with finite measure, (2.7) holds for any d larger
than the minimal possible d and then apply our results.

4.3. Robin boundary conditions. Now we suppose that €2 is a domain,
09) = I's and there exists a constant § > 0 such that by > 5. We then set

V=W, (Q,00)

which is defined to be the completion of the space

{u e WI}(Q) ncQ): lullv, < oo}
with respect to the norm

lullv, = (lullfy: + lluloall?, oa) "
where L,(02) is given with respect to the (N — 1)-dimensional Hausdorff
measure. These spaces have been introduced by MAz’vyA (see [16, Sec-
tion 3.6]). We prove in the appendix that Assumption 2.1 is satisfied. More-

over, if N > 1, by [16, Corollary 3.6.3] there exists a constant ¢ > 0 just
depending on N (namely the isoperimetric constant) such that

ullnyv—1) < e([Vullr + [[ulsallz, (90))

for all u € W{(2) N C(Q) for which the right hand side is finite. Replacing
u by |ul?, we get

laly vy < (@l 19l + lloal? o0)- (4.1)
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By Holder’s and Young’s inequalities,
plllulP = Va1 < pllullbH[Vull, < (0 = Dlull + [IVullp,
and hence there exists C' > 0 only depending on N and p such that
lullnp/(v-1) < Cllully,
for all u € V,,. Now clearly

Np _ (Np)p
N—-1 Np-p’

so if we set d := Np, then (2.7) is satisfied. It was observed in [6] that there
are domains for which the embedding V,, — L,(€) is not injective (see [4]
for an example in the case p = 2) since V), is only defined as an abstract
completion of a normed space. Hence, we assume that the embedding is
injective and call a domain with that property admissible. For such domains
we get a priori estimates of the type discussed in this paper if we set d = Np.
Note that d > p for all N > 1.

If the domain has finite measure and ¢y > 0, then the problem turns out
to be coercive. Indeed, using Holder’s and Young’s inequality, we have

epll[ulP [T ul < epl Q™ [l oy IVl
< clHuHI])\,p/(Nil) + EHVUM

for some constant ¢; only depending on N, p and |Q2]. Rearranging (4.1), we
get a constant C' > 0 such that

lllwpsv-1) < CUVuUlE + lluloall], (50)) - (4.2)
»(09)

Clearly,
[ tolulds =5 [ julrdo = Bllulonlt;, oo,
o0 o

and hence
ullfy, (v 1y < CP max{1, 5" }a(u,u).

We can therefore set d = Np and §p = 0 under the above assumptions. This
means that the problem is coercive for every admissible bounded domain if
Co > 0.
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Finally, note that, for instance, for a domain with an outward pointing
exponential cusp, ||-[|y, is stronger than the Wz}—norm and thus, by the open
mapping theorem, the space V), is a proper subspace of W;(Q) That the
norm is strictly stronger follows from [1, Theorem 5.32] asserting that for
a domain with a sufficiently sharp outward pointing cusp Wpl (Q) ¢ L,(2)
for all ¢ > p, contradicting (4.2) if we assume that V, = VVp1 (©). The same
applies if 2 is an unbounded domain of finite measure (see [1, Theorem 5.30]).

The notion of admissibility of a domain € is closely related to the prop-
erties of its boundary 09). Roughly speaking, if the boundary 9 is “wild”
in a certain sense, there exists a function w € V, such that w # oy, but
w = or, (o) Here, oy, and or, (q) denote the zero elements in V, and L,(%),
respectively. Notice that this cannot happen if the trace of a function from V,,
is locally defined in a usual sense up to a set of (N —1)-dimensional Hausdorff
measure zero. It follows from ARENDT and WARMA [4] that the admissibil-
ity of € is not essential restriction on the domain € (cf. also BIEGERT [5]
and DANERS [6, Sec. 3]). An example of a bounded domain which is not
admissible is constructed, e.g., in [4, pp. 357 and 358]. One can see that the
domains of this kind are rather special. In fact, most of the domains which
appear in applications do not possess such complicated structure and, due
to our approach, we can go “far beyond” the class of Lipschitz domains.

5. EXISTENCE AND COMPACTNESS OF THE RESOLVENT

In this section we look at existence and compactness of the resolvent to the
problem (2.1) under the Assumptions 2.1 and 2.2. We also assume that € is
bounded, that the problem is coercive, and that the embedding

Vi <= Lp(©)

is compact. (We write <= for a compact embedding.) We prove that the
solution operator T~': L,.(Q) — V, N Lo exists for all r > d/p and that it
is continuous and compact as an operator into V,, N Ls(€2) for all s € (1, 00).
Compact means that it maps bounded sets onto relatively compact sets. We
start by constructing the solution operator. By our assumptions, there exists
¢ > 0 such that

ja(u, v)| < ¢ lullf, lolly, (5.1)

for all w,v € V,. In particular, this shows that for every fixed u € V,, the
functional v + a(u,v) is an element of the dual space V. Hence, for each
u € V,, there exists T'(u) € V, such that

(T'(u),v) = a(u, v)
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for all u,v € V}, and it therefore defines an operator 17': V,, — V;. This map
is continuous essentially because the superposition operator associated with
the function g(¢) := [£[P72¢ is continuous from L, () to L, (2) and also
from L,(T'3) to L, (T's) (see [9, page 188]). The monotonicity of g implies
that T is a monotone operator and the assumption on the coercivity of the
problem guarantees that T' is a coercive operator as well. We show that T'
is bounded, that is, it maps bounded sets of V}, onto bounded sets in Vp’. By
definition of the dual norm and (5.1),

—1
IT(@lv; = sup [(T(u),v)| = sup |a(u,0)] <c sup ully ~[lv]y,
lollv, =1 lollv, =1 lollv, =1

and thus 7' is bounded. It follows from the Browder theorem (see [10, The-
orem 5.3.22]) that T'(V,,) = V), that is, T' maps V), onto V). We next prove
existence, continuity and boundedness of the operator 7! also between
Ls-spaces.

Theorem 5.1. Suppose that Assumptions 2.1 and 2.2 hold and that cg, by >
0. Then T ': Vp’ — V), exists, is bounded and continuous. Moreover, if
r > d/p, then T~1: L.(Q) = Loo(Q) is bounded and T~': L,.(Q) — L4(Q)

is bounded and continuous for all s € [1,00).

Proof. Since the map & — |£|P~2¢ is strictly monotone, it follows that

(I€P=26 = [nP2n) (€ —n) > 0 (5.2)

for all £ # 7. Hence, by the coercivity of the problem and the definition of
T and a(u,v), it follows that

(T(u) —TW),u—v) >0

for all u,v € V,, with u # v. Note that the only possibility for the above
expression to be zero is if Vu = Vv = 0 almost everywhere and ¢y = by = 0.
But then the problem is not coercive, contrary to what we assumed. Hence,
T is injective and T~! exists. The coercivity implies also the existence of
a constant C' > 0 such that

Cllully, < a(u,u) = (T(u), u)

for all u € V,,. Hence, if u € V), is the weak solution of (2.1) with f € V],
then

Cllully, <(T(w),u) = {f,w) < |[fllvgllully,
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and since v = T~ f,
17X NHIT T < C7Hifllvy

for all f € V). Thus T~' is bounded on V.
We next show that 7! is continuous on Vp’ . From Holder’s inequality
and (5.2) we get

(T'(u) = T(v),u—v)

> /(|Vu|p_2Vu — |Vu|P~2Vv) - (Vu — Vv) dz
Q

= [[Vaullp + (Vo[
P P (5.3)
- / |Vu|P~2Vu - Vodr — / |Vo[P~2Vo - Vudz
Q Q
> (|Vallp + [Vol[h = [[Vulls™H oll, = [Volla ™ ull,
= (IVally= = IVoll5=1) (IVull, = [Vollp)
for all u,v € V. Similarly, for all u,v € V,,
1 — 1 —
(Tw) = Tw),u=v) 2 (e ulf™ ~leolF™)
X .
x (Ilegullp — llegvll)
and if I's 75 @,
1 — 1 _
(T'(u) = T(v),u—v) > (Hbo/pUIl‘Zp(lp3> - IICb/”vllip(lps)) 55)

1 1
% (bg/Pull 1, vy — 106"V, (0))-

Assume to the contrary that 7! is not continuous. Then there exist f,, € v,
with f, — f in V, and § > 0 such that

1T~ () =T (Dllv, 2 8 (5.6)

for all n € N. Set u,, := T 1(f,) and u := T~(f). As (f,) is a bounded
sequence and T~ is bounded, the sequence (u,,) is bounded in V. By the
reflexivity of V, (see Remark 2.2), it has a weakly convergent subsequence
and so renumbering it, we can assume that (u,) converges weakly to some
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@ € V. Since by assumption T'(u,) — T(a) — f —T(a) strongly in V,; and
U, — @ — 0 weakly in V,,, we get

(T(upn) — T(0), un — @) — 0
as n — 0o. Setting u = u,, and v = @ in (5.3)—(5.5), we conclude that

1 1
(it 1n) = ||Vl + e unl% + (b5

~ 1/p~ 1/p~
— [Valp + lleg alls + 1667l ) = a(u, u).

unllz, e

By the coercivity, a(u,u)'/? is a strictly convex equivalent norm on the
uniformly convex Banach space V), showing that u, — @ strongly in V.
Since T is continuous, f, = T(u,) — T(@) = f and by injectivity @ = wu.
This means that

177 (f) = T7H(D)lv, = llun = ully, =0

contradicting (5.6). Hence, T~ is continuous on V, as claimed.

To show that T71: L.(Q) — Ls(f2) is bounded let B C L,(Q) be
bounded. From Theorem 2.5 we know that ||T71(f)||ec < C||f]|» for some
constant C' independent of f € L,(2). Hence, the image of B under T~ is
bounded in Ly ().

We finally show that T—1: L,.(2) — Ls(9) is continuous for all s € [1, 00).
Since V}, <> Lgp/(a—p)(£2), it is sufficient to look at s > dp/(d — p). Suppose
now that r > d/p and let (f,) be a sequence in L,.(Q2) with f, — f in
L,(2). Then as shown above, the sequence T*(f,,) is bounded in L., (2).
Also T7: L(Q) <= V) = V, = Lgp/a—p)(Q) is continuous. Hence, if
s € [dp/(d — p),00), then by interpolation, for some 7 € (0, 1],

1T~ (un) = T~ (u)ls
<NT ™ (un) = T WG a-p 1T (un) = T H (W)l
< OITH(un) =T~ (W)l =0
as n — 00, by continuity of 7~! as a map into V},. This concludes the proof
of the theorem. O

Theorem 5.2. Suppose that Assumptions 2.1 and 2.2 hold and that cg, by >
0. Let f € L.(Q), f #0, f >0 a.e. in Q, r > d/p. Then problem (2.1)
has unique weak solution u € Lo (2) U CHY(Q) for some o € (0,1) which is
strictly positive in ).

Proof. The existence of unique weak solution u € Lo, (€2) UV, follows from
Theorem 5.1. Theorem 2.8 implies that u € C1:%(Q) for some « € (0,1) and
Theorem 2.9 forces u > 0 everywhere in €. 0
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We next look at the compactness of 771,

Theorem 5.3. Suppose that Assumptions 2.1 and 2.2 hold and that cg, by >
0. Then the solution operator T—': L, () — V, N Ls(SY) is compact for all
r>d/p and s € (1,00).

Proof. By Theorem 5.1, T1: V, — V, exists and is bounded and contin-
uous. By assumption and interpolation, we have

Vp “—> Lt(Q)
for 1 <t < dp/(d— p) and therefore by duality,
Ly (Q) <V,

for all » > dp'/(d + p’) (and hence also for r > d/p). Hence, by continuity
and boundedness of T~': V) — V,,, it follows that

T4 L.(Q) =V,

is compact for r > dp’/(d + p’) (and hence also for r > d/p). We now
show that T~! is also compact as a map into L, for s € (1,00). From
Theorem 5.1 we know that 7! is bounded. We need to show that the
image of every bounded set B C L is relatively compact in Ls(Q2) for 1 <
s < co. For that it is sufficient to show that every sequence in T~1(B) has
a convergent subsequence in L (). Hence, let (u,,) be a sequence in T~1(B).
Let fp :=T(uy) € B and note that because B is bounded, the sequence (fy,)
is bounded. We have already seen that 7! is a compact map into Vp, s0
there is a subsequence (f,,) such that T=1(f,,) — u in V,. Renumbering
the sequence, we can assume that u, = T~!(f,) — u in V,, and therefore
in L,(€). It remains to show that u, — u in Ls(Q2). Let now s € (p,c0).
Then, as (u,) is bounded in Lo, (£2), a standard interpolation inequality (see
also the proof of Lemma 3.5) implies that there exists 7 € (0, 1) such that

[un — wmlls < llun — um”;Hun - umHzlx?T < 20 |up — Um||£

for all n,m € N. As (uy) converges in L,(€2) we conclude that (u,) is
a Cauchy sequence in Ls(2) and therefore converges in L¢(2). Hence,
T L.(Q) — Ls(Q) is compact for s € [p,00). For s € (1,p) simply
observe that L,(Q) — L4(2) because 2 has finite measure. O

Remark 5.4. In general, we do not expect T-1: L.(Q) — Lo () to be
compact. The reason is that V), < Lgp/a—p)(€2) is not compact if d > N is
optimal. At least in the linear case there is a converse of the a priori estimates
which would imply compactness of the embedding (see [7, Section 6)).
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APPENDIX A. PLAUSIBILITY OF ASSUMPTION 2.1

The purpose of this appendix is to establish a general criterion to show that
Yo 0ou €V, for all u € V, (the final requirement in Assumption 2.1) for a
large class of problems, in particular for the boundary conditions considered
in Section 4. The criterion applies in a similar manner to more general mixed
problems.

Proposition A.1. Suppose that V, is a Banach space such that (2.4), (2.5)
hold, and that (2.6) is an equivalent norm on V. If grou € V, for
all w in a dense subset of V, then Yo ou €V, for all uw € V), that is,
Assumption 2.1 is satisfied.

Proof. By the definition of 1, + we clearly have
[Va, 0 ul < tat_l|u|-
Also, by (3.4),
|V (et 0 u)| < ta! 1| Vul.

Now assume that W C V}, is a dense set such that ¢, sou € V, for all u € W.
Hence, by the definition of the norm (2.6) and the above,

Wbas 0 ullv, <t~ Jully, (A1)

for all w € W. Given u € V), there exist u,, € W such that u,, — u in V.
Clearly, ¥, is Lipschitz with

[¥a,t(€) = Yar(n)] < ta'HE — |

and thus |[ta,¢ © Uy, — Vot o ull, < ta?|u, — ul|, for all n € N. Hence,
Ya,t OUp = Yo 0w in Ly(2). By (A.1), the sequence (14 0 uy) is bounded
in V,, and therefore 9+ 0 4, = ¥+ o u weakly in V,. In particular, this
implies that ¥, o u € V. U

We now apply the above to the standard examples. First, if V,, = Wpl (Q),
then 1 0 u € W) (Q) for all u € W} (Q). This covers the examples of the
Neumann problem and also the Robin problem on a Lipschitz domain.

Next we look at the Dirichlet problem. We know that W := C.(Q) N

W, () is dense in W (). From the above and the continuity of ¢, ; we

clearly have 1 ou € W (Q) for all u € W and therefore for all u € W (Q)
by the above proposition.
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We finally consider the space V,, := Wz}’p(Q, 0Q) which, as defined in the

Section 4, is the completion of the space

Wi={ueW,(NCE): |ullv, <oc}

with respect to the norm

1/p
lullv, = (lullfy, + luloalZ, o0)

Since [1)q, 0 u| < ta'~u| on Q, it follows that ¢a, 0 u € W, (Q,0Q) for all
u € W, and thus, by definition of Wz},p(g’ 0Q) and by the above proposition,
for all u € W ,(92,09).
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2]

(10]

(11]

REFERENCES

R. A. Apawms: Sobolev spaces. Pure and Applied Mathematics, 65. New York-
London: Academic Press, 1975. Zbl 0314.46030, MR0450957.

S. AGMON, A. DouGLIS AND L. NIRENBERG: FEstimates near the boundary for solu-
tions of elliptic partial differential equations satisfying general boundary conditions.
I. Commun. Pure Appl. Math. 12 (1959), 623-727. Zbl 0093.10401, MR0125307.

A. ANANE: Simplicité et isolation de la premiére valeur propre du p-laplacien
avec poids. C. R. Acad. Sci. Paris Sér. I Math. 305 (1987), no. 16, 725-728. Zbl
0633.35061, MR0920052.

W. ARENDT AND M. WARMA: The Laplacian with Robin boundary conditions
on arbitrary domains. Potential Anal. 19 (2003), no. 4, 341-363. Zbl 1028.31004,
MR1988110.

M. BIEGERT: The relative capacity. (Preprint, arXiv: 0806.1417).

D. DANERS: Robin boundary value problems on arbitrary domains. Trans. Amer.
Math. Soc. 352 (2000), no. 9, 4207-4236. Zbl 0947.35072, MR1650081.

D. DANERS: A priori estimates for solutions to elliptic equations on non-smooth do-
mains. Proc. Roy. Soc. Edinburgh Sect. A 132 (2002), no. 4, 793—-813. Zbl 1083.35024,
MR1926917.

D. DANERS AND P. DRABEK: A priori estimates for a class of quasi-linear elliptic
equations. Trans. Amer. Math. Soc. 361 (2009), no. 12, 6475-6500. Zbl 1181.35098,
MR2538601.

P. DRABEK: Solvability and bifurcations of monlinear equations. Pitman Research
Notes in Mathematics Series, 264. Harlow, Essex: Longman Scientific & Technical,
1992. Zbl 0753.34002, MR1175397.

P. DRABEK AND J. MILOTA: Methods of nonlinear analysis. Birkhduser Advanced
Texts, Basler Lehrbiicher. Basel: Birkhauser, 2007. Zbl 1176.35002, MR2323436.

J. P. GARCIA AZORERO AND I. PERAL ALONSO: Existence and nonuniqueness for
the p-Laplacian: nonlinear eigenvalues. Comm. Partial Differential Equations 12
(1987), no. 12, 1389-1430. Zbl 0637.35069, MR0912211.



(17]

18]

19]

QUASILINEAR ELLIPTIC PDE’S 1 29

D. GILBARG AND N. S. TRUDINGER: Elliptic partial differential equations of second
order. Second ed. Grundlehren der Mathematischen Wissenschaften, 224. Berlin:
Springer-Verlag, 1983. Zbl 0562.35001, MR0737190.

G. M. LIEBERMAN: Boundary regularity for solutions of degenerate elliptic equa-
tions. Nonlinear Anal., Theory Methods Appl. 12 (1988), no. 11, 1203-1219. Zbl
0675.35042, MR0969499.

P. LINDQVIST: On the equation div(|Vu|P~2Vu)+A|u|P~2u = 0. Proc. Amer. Math.
Soc. 109 (1990), no. 1, 157-164. Zbl 0714.35029, MR1007505.

V. G. MAz’YA: Classes of domains and imbedding theorems for function spaces.
Soviet Math. Dokl. 1 (1960), 882-885. Transl. from Dokl. Akad. Nauk SSSR 133,
527-530 (1960). Zbl 0114.31001, MR0126152.

V. G. MAZ'YA: Sobolev spaces. Springer Series in Soviet Mathematics. Berlin:
Springer, 1985. Transl. from the Russian by T. O. Shaposhnikova. Zbl 0692.46023,
MRO0817985.

J. MOSER: A new proof of De Giorgi’s theorem concerning the reqularity problem
for elliptic differential equations. Commun. Pure Appl. Math. 13 (1960), 457-468.
Zbl 0111.09301, MR0170091.

J. NECAS: Les méthodes directes en théorie des équations elliptiques. Academia,
Prague, 1967. MR0227584.

M. OTANI AND T. TESHIMA: On the first eigenvalue of some quasilinear ellip-
tic equations. Proc. Japan Acad. Ser. A Math. Sci. 64 (1988), no. 1, 8-10. Zbl
0662.35080, MR0953752.

P. TOLKSDORF: Regularity for a more general class of quasilinear elliptic equations.
J. Differ. Equations 51 (1984), no. 1, 126-150. Zbl 0488.35017, MR0727034.

N. TRUDINGER: On Harnack type inequalities and their application to quasilinear
elliptic equations. Commun. Pure Appl. Math. 20 (1967), 721-747. Zbl 0153.42703,
MR0226198.

K. YoSIDA: Functional analysis. 6th ed., Grundlehren der Mathematischen Wis-
senschaften, 123 Berlin: Springer-Verlag, 1980. Zbl 0435.46002, MR0617913.



		webmaster@dml.cz
	2013-03-04T14:30:52+0100
	CZ
	DML-CZ attests to the accuracy and integrity of this document




