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ON SOME BOUNDARY VALUE PROBLEMS FOR SYSTEMS
OF NONLINEAR ORDINARY DIFFERENTIAL EQUATIONS

KIGURADZE 1., TBILISI, USSR

The theory of boundary value problems for systems of ordinary
differential equations has been as a matter of fact constructed in
the last thirty years. During that time the a priori estimate tech-
niques and topological methods were essentially developed, enabling
one to establish the solvability and correctness for a wide class of

nonlinear boundary value problems (see [‘l] and references cited
therein).

The present work contains new - not included in [1] -~ sufficient
conditions of the solution existence for a system of vector differen-
tial equations

du,-L :
— t = ..,m 1
w—¥t( )u1,.~.)um) (L 1" 2 ) ( )
satisfying boundary conditions of the form

{(u.,...,u,,,): 'ﬁ(u’v”-;uzm)' €]

These results were obtained by the method having much in common
with A.M. Liapunov’s second method.

The following notation is used in the paper:

R: J-oo,+ oo[ , R+:[O,+OO[)
k
R is a K -dimensional real Euclidean space of vectors

2¢=(%)1cick with the norm

K
||-ocu=_Z_‘la\ ;
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= {(Eb)m,ékeﬁ)k:3430""’3!30} >

kxn

R is the space of real Kx h -matrices X ( ,J)m.sk
1£4<n
with the norm

| Xl’ﬁz Zz 1%l 5

oY  ip the scalar product of the vectors oC and HCH
Ax is the product of the matrix Ae R *N and the column-
vector x¢R”
detA is the determinant of the matrix A, A" is the trens-
posed matrix H

C ([0/)%]; Rh) and C ([a'rg]J Rn’m ) are the spaces
of continuous vector functions OC : [c“;gj - Rh and of matrix
functions X : [0,, £]— Rnxn 3

hacll, = mc»oc{“ cw):oocte8l

n
C (R R’) is the space of continuous functions W: R"’R
while C (Rr R) is the space of functions W: R—?R having con-
tinuous partial derivatives of the first order;

P
L(fou,g]; R) ena L([cx,{&], Rnxh) are, respectively, the
space of summable functions oc :[cCu,8]— R and the space of

matrix functions X :[&/,8]——> Rnxn with components summable to
the power P ;

CIRIR) = weCIRIR) om0 ror el ]
Lo 25R.) = {vel. cen8,R) Y0 o b e v, 81 5



l‘<, ([aﬁg])@4 ; 92) is the Carathbodory class, i.e. the met
mappings ¥: [, 81%D, —>$2 such that :f(-, oc): [, 8] -——)_91
is measurable for any = ¢ _@1 . f({;).) ;S)' —_ @z is continuous
for almost all t €[c,f] and

Sup {1902 2, ] eL.(fa, €L R

for any compactum 9‘, (e $' .
In what follows it will be assumed everywhere that

'%e K ([c»,@]th) R”@) (4=A,...,m), ”?i”ﬂ ,

{:C([O—)e-];R,h) —_—> Rh is a linear continuous operator

—K:C([c\,,{),]) R")—> R,n is a nonlinear continuous operator
bounded on each bounded set of the space C(LC(«,QL-R ).

Prior to proceeding to the formulation of the main results let
us introduce 1{/nh

Deriniti%n. LetweCU?,-,R) . The operators

. n . n

will be said to be W -compatible if there exist a matrix function
Pe L([O,,(’,]J- R™ ") end a positive number Yy~ such that

1) the homogeneous problem

%:ﬂ’({;)w, 2(w=0

has the zero solution only;
2) the inequality

PR - g{"cch wi(x) 30

is fulfilled on [, 8JXR" ;
3) the estimate

W) —w(wlw) < ¥y

holds for any vector function W € C(COL,@] 5 Rn) satisfying
the equality —e(w)zd -K(Ua) for some oLE[0,1] .

Theorem 1. Let there exist a function W€ CYQ’:R)
such that the operators £ and 4% are W =-compatible and on
Cee, 8IXK™  we have the inequalities
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4, (£,5¢052,.) 2 SE IR, 128ml) - S,(8) 3

and

4,200 ) <[ 5,08) 4% [ £, 2245 20| J (A4 1122, u)
4,0 < @

<[(§-u: xh ) u—|)+xt(x1r )x{‘—q)lf ('b 1, i) m)l](_’“—l{xtll) (_L=2)...,m)

where

’£°(t’ xh. ”)xm) =Z :fi,(t;xn" 2 xm)%thwcxh)xm) )
4=

h
5elcotLR) . weR, 5, el (Co R R,
¥ € C( h” iy 5 ]Q...) (i 2y, M) and the func-
tion § :[&,@]XR+ ——>R,+ is summable with respect to the first

variable, does not decrease with respect to the last ™ wvariables
and

2
Bira { ST8,8, 5 Yt =00 *

™ L
Z ? — 4+ 00
= Tt
Then Problem (1),(2) is solvable.
Remark 1. Condition (5) is essential and cannot be neg-
lected unless additional restrictions are imposed on the operators
and §
Remark 2. In the right-hand side of each of inequalities
(4) the multiplier A+ 1 2¢;ll cannot be replaced by the multiplier
(4+ lloc )“' no matter how small € >O is.

Let us consider the case when the boundary conditions (2) have
the form
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Wy lo)= BL'u, L(@)-«—
4 S (U, W), U (), U (8) (A= 1oy ) @h

where
3. € Rh‘;xh{ > ‘:?L € C( R!&h) Rni) (L=beym):

From Theorem 1 we obtain
Corollary 1. Let there exist nonsingular symmetric

n, XN . n
matrices A{ € R L™ (L=4%...,m)  such that on [OLIKJXR
we have inequalities (3) and (4) where

<fo(t,:>c,,_v_, xm) ZZ £1',H;'x"' ) oc,,,) 'Atx
i=1

Ty 93, 237 » d; ({=2,..,m) and O are a number and functions
satisfying the conditions of Theorem 2. Let, besides, one of the con-
ditions below be fulfilled for any i,e{4,...lm_} :

1) the matrix B:ALBJ,—A{' is positively defined and +he
function ?1. is bounded;

2) the matrix B A B A is non-negatively defined and
the function (3Cy,-..,2¢m, Yy, )5'-«)“)(“3“’&““'“3 “)y(xh"):n"")si- )

is bounded.
Then Problem (1),(21) is solvable.
Let us concretize Theorem 1 for the boundary value problems

du
E-_t-": £4(t)u”)u’2) ) %léé= :Fz({l Z"’bu"z)) ()

Uy (=T, (W00, Ugle), U(8), Ug(B),

u ) _50(u,<a) W), Uy (8), U gl 8)) (7)
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w' = ft,w, ), (8)

(L‘ (c0) =" (utew), il ev), wtd), u(@))

%"U&) e, e, wue)) @

vhare’lz and 4 C{4 2‘}

g K [ttt R, 9, C (R R,
g K (etkRR), 1 e CR™ RY).

Theorem 2. Let there exist a natural number N, and

. hoxn; n
matrices Aié RTex M (i=1,2) such that on (¢, @an Ny e
have the inequalities

£, (4,5¢0,9¢,) 2 SE, eyl lloe, ) -5, (£), 10)
19,422, 20l < [500005 bt 200,200 | [ (4124l
14,450, sl 2 [y e+ 25|ty 220 (1412221

an+2h,
and on the inequality

Aiz\fz(w"ocz’31)82)'A3'i-2,53'i'; A{q\ﬁ(x“ S”SZ) B-i, 3 1 <
<

where
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{ U’- x4 302,) Aff('txq, 2,)A:1"2,+A':C1 4)({ gchgc.z) )

s,;eli(fon 81 Re)  Te R,, & EK([O«»QJXR R.).
B’GC(R ;R +), and the function gm,gjng -—>R+ is

summable w:.th respect to the first variable, does not decrease with
respect to the last two variables and

4
}la,mj S(E, 5, §y bt =+ 0o - (12)
_P+SJ — + 00

Then Problem (6),(7) is solvable.
Remark 3. If Ly and ) is bounded, then (10) and
(12) can be replaced by the condltlons

4 (4,2,9¢,) 5 Sl 1%2,0)- 5, )

and

2
N SSH: Pt =+, (13)

9——)-\—00

if however 4.:1 R {2:2 , ‘_'?1 is bounded and
" \yz(x’l)xfz,) H‘U92,>” < \90(.&1/31)

2h
where t?o : R 1—> Q_‘. is a continuous function, then instead of
(10) and (12) it can be assumed that

£, (£, 9¢,,¢) > - 5 1)
Corollary 2. Let there exist a p051t1ve1y defined

symmetric matrix A€ f?,hxh such that on [Cb, @]Xﬁ, we have
the inequalities
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P(¢,¢,9)-Ax > S, 1ell)- 5,1) |

144, 2¢, Dl < [ 5,4, e)+570M8I*] (4 +191),

RN n
and on the inequality

\.Pz(ﬁc 1,%2, 31;32)'14'53—"2—\*’4(364)06.2)94) Hz)A x3-i,, .8 (14)

wore 3¢ [,([0,81,R,), 5,eK ([ RR..). 5 eC(RTR,),
e R+ , end the function §:[a,4]X R,— R+ is summable with
respect to the first variable, does not decrease with respect to
the second variable and satisfies condition (13). Then Problem (8),
(9) is solvable.

Remark 4, Let

Yiloer, 25,81, ;) =By Xaq, ¥ ByaY-i, (k=1,2)-

Then condition (14) is fulfilled if and only if the matrix

AB“ , AB12
—AB,M _ABQZ

is non-negatively defined.

Finally, we shall give one more existence theorem for Problem
(6),(7), complementing the above results.

Theorem 3.Iet [,={ ,{,=2 , the function :?1 be
bounded and the function 3)2, admit the estimate

“ E?l(xn'xz; 91,32)" < EPO( 3(:,,3(‘,2)

2h
where \ﬁ c C( R 11- R.,.) . Let furz;thermore there exist a natural
nexn g
number N, and matrices A € R, ° (A=1,2) such that on
hy+Nny t
[Q,) @]X R we have the inequalities
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4 (4,2, %5)5 = 5,04, 13+l 2eq ),

4
194, 20,205 ]¢ S)G+loe )+ | S @)% 2,220 | 2
’ )
1,
14,2, 200l & (e )(1412ea0) +[ 0, 22) (6222 ) 2

2n1+9,Hz
and on R the inequality

A,'Z.\:?z( SC,“ OC',Z )94;32)‘)4‘51— A1£(x1) xz; 54) 3_3) Azxz <
< ¥ U +1%5H) |

where tf is the function given by (11), 56{,([& @] R.‘.) ’

5' GK([CA g]xR,hi R ) e R+—-> R +isa nondecreasing function
satisrying the condition

?f(f’)
Lim 52

P_-)A-OO

and the function .50'.[0«,%])( Q_,—’ R+ is summsble with respect to
the first variable, does not decrease with respect to the second va-
riable and

=0

g
,&MPS S., et =
5’—>+<>e

Then Problem (6),(7) is solvable.

As an example we shall consider the following boundary value
problem that arises in the optimal control theory (see 2 , § 3.2):

s Py, + ey B, O U,

15)
L
%I{_%;—F*('t)u1+ Jz(‘k)uz )
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w ()= (Ul , Wy (0= (Un(8)) (16)

where

Fel (fow8l,R™")  Hel (ta,61,R™),
Y, ¢ C([e, 83, R™™") el ([ 4LR™")
\géC(R")R") (i=1,2).

From Theorem 3 we obtain

Corollary 3 Iet the matrix " (t) ve positively
defined for any t € [Cv,{] and let the matrix ’92 (t) be non-nega-
tively defined for almost all te[c»,@]. Let furthermore the ineque-

\9‘(30)-9(‘,?0 ) (?z(m)_%(o))‘oc <0

o]
be fulfilled on R . Then Problem (15), (16) is solvable.

References

1. I.T. Kiguradze. Boundary value problems for systems of ordinary
differential equations (in Russian). In the serial: Sovremen.
problemi matematiki. Noveyshiye dostizheniya. V. 30 (Itogi nauki
i tekhniki VINITI AN SS8R). Moscow, 1987, 3-103 .

2. E.B, Lee, L. Markus. Foundations of optimal control theory.
Moscow, Nauka, 1972,

46



		webmaster@dml.cz
	2012-09-13T03:27:18+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




