EQUADIFF 7

Stephan Luckhaus
Pressure jumps in the dam problems

In: Jaroslav Kurzweil (ed.): Equadiff 7, Proceedings of the 7th Czechoslovak Conference
on Differential Equations and Their Applications held in Prague, 1989. BSB B.G.
Teubner Verlagsgesellschaft, Leipzig, 1990. Teubner-Texte zur Mathematik, Bd. 118.
pp. 187--190.

Persistent URL: http://dml.cz/dmlcz/702340

Terms of use:

© BSB B.G. Teubner Verlagsgesellschaft, 1990

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides
access to digitized documents strictly for personal use. Each copy of any part of this
document must contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech
Digital Mathematics Library http://project.dml.cz



http://dml.cz/dmlcz/702340
http://project.dml.cz

PRESSURE JUMPS IN THE DAM PROBLEMS

LUCKHAUS S., BONN, FRG

The phenomenon modelled is the flow of water through earth dams. Let the region
occupied by the dam be denoted by ,p the water pressure, O the porosity of the
dam, s the (relative) water saturation, J the water flux, p the water demsity
and e, the unit vector in the opposite direction of gravity. Then the flow is

governed by the continuity equation.
[} ats ==VJ

and Darcy's law
J~ (Vp - pez)

where one often assumes the constant to depend on s and x, e.g.
J = -a(x) K(s) (Vp + pez)

with a bounded away from zero, K monotone and continuous with'K(l1) = 1. For the
relationship between s and p there are two models,
a small scale model (saturated, unsaturated flow) where s = s(p) is a

continuous monotone function and a large scale (free boundary) model where
0<s<l,p20, (1 -5s8)p=0.

The boundary conditions on the impervious part of the boundary are (v denoting

the outer normal)

J-v=0 in FN

and on the pervious part FD

P =P > 0 on the boundary to water

p= Pp = O and J-v 20 on the boundary to air
(and for the small scale model p < pp=J-ve= 0) the so called outflow
condition.
Taken together these equations have the weak formulation (for an initial water

saturation so)

gesatc—‘{esop(o)+
(1)

OV O0\“—m"H1

J (aK(s) Vp vz + ap K(s) 3,L) <0
Q
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for all f € H; (0,1) x @) with E(T,-) =0, £ 20onTjandt py=0 on Ty

where (p+- pD) € {u€ LZ(O,T,H;(Q)) | uIF = 0} and for the large scale model
(0]

(2) 0<s<1,p20, (1-s) p=0.

Since in this free boundary problem there is no time derivative for p, it
is natural to ask whether p is a continuous function in time. That this is not
the case follows from the following counter example:
Let Q be a cylindrical domain
Q=Q" x (zo,O) with z < 0

- Ll Al
T Q' x (zo} U 3" x (zo,o)
P =p, =const >0 on I,= {0} x Q'
=0,p=0,0=a=1,

()
n

Then the solution can be given explicitely

z
.- { 1 for z VZp t ) - «{ po(l + Vﬁ;:?rl}f' z <= V?pot
0 otherwise P, f. z, > - V?pot

So there occurs a jump in pressure allover the domain at the time when the

free boundary hits the impervious boundary.

So the possible conjecture left is that pressure jumps up but not down.
And this can be proved under additional assumptions. I shall state the
theorem with more regularify assumptions than are actually necessary to save
some writing. The result has been achieved in collaboration with G. Gilardi,

Pavia.

Theorem (Gilardi-L.)

2
Suppose 32 € C” 3 PD <230 FN =230 N FD ;s T

2 . 2 =
w Tp€C s a€cc@,

oec'@ ,pyecom xa,

and suppose

az a0, v, <Q on FN , where v is the outer normal then:

ap € NVL(O,T) x 2) , 3,p_ €L _((0,T) x Q).
Remark the assumptions on Bz a and vz|r are crucial for the method of proof.

Ifraz a 20 it is a conjecture that s is a characteristic function.
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Heuristically then the argument goes as follows (for simplicity take

a=0=p=1) 3.p is harmonic in s =1, with Neumann data on Ty and c®
Dirichlet data on - On the free boundary T, = 3{s = 1} N Q@ one has

1 2 1
a,p = |vp| - 3,1, 9ol 9p] +veee)) 2= (vere)® 2 -7

So there is a bound on Btp.

Sketch of proof.
. . h 1t 1
To make this precise let 3,p = (p(t) = — [ p(1)dr) 5= -«
t R 2h

One has to show that

Bttlp < C, C large negative implies

attlp superharmonic,
It is sufficient to show, since p is subharmonic and harmonic whenever
s =1 in an open set,

t
12 [ p(1,x) dt > |c| implies s(t,-) =1 in Bh(x).
h™ t-h

Now take a ball falling with characteristic speed
B = BZh(x + (t - 'r)ez) , one calculates
BTJ'(I -s) =- [ ap.
B B
Now for subharmonic nonnegative p on has

Lemma: Let u 2 0 , Au 20 in Bp than there exists a constant C(n) with

fau> C(n) f ulmeas ({u =0} n Bp)]l—]/n

pn+] Bp
The Lemma implies
C(n) 1-1/
R { (1 -s) - o] {P [meas {p = 0}] n
1-1/n
<- :f:j} fo0fa-o
- 1-1/n

SE PO [ -]
1 B

1
since [£(l - &)t - WI" <wl 2n

t
2
one sees that for [ p(1,%) 2=

t-h



1/n
w

f (1 = s)(t) = 0. Which implies that max a:p, - ;2 is superharmonic
B

in @ = {x]|d(x,(Q) > 2h}. Dealing in a similar way with the boundary strip
one gets the result.

Appendix, proof of the lemma (w.l.og. p = 1):

Let v be the harmonic continuation of the boundary value of u. One has for
any B > O the following capacity estimate
1-2/n
= - > -
fau= [ A w,) 2 cBlmeas ({u - u, > 8D]
Tu < % flﬁnothing has to be proved, Otherwise define
B
1 1

so if f
B

I := [meas ({u =0N]", T < % w.l.0.g. 1%tcase : meas ({u=0} N Bl-r) > % r
w(x)>e fu (1 - |x]) by the Hopf maximum principle. et B =c f uT in

n
< =

the capacity estimate to prove the 1emma.2nd case : meas ({u=0} N B ; r,

§-1)

then there is TI' >1-T with ﬂ“"(aar.n {u =0}) > % !

Define ;h by, y =u in aBI U aBr, s bu =u in B~ €] Br.)'
A ;h 20 in B, and IAGh < fAu, as Eh > u. But by Hopf's maximum principle

fas, = S 3o 23T e f wze fur™!,
{u=0}n3B,, B

2
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