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FINITE ELEMENT METHODS FOR LINEAR
COUPLED THERMOELASTICITY

Alexander ZeniSek
Brno, Czechoslovakia

According to [1]. the statical two-dimensional problem of line-
ar coupled thermoelasticity can be formulated in the following way:
Let (L. be a bounded domain in the x,,X;-plane with a sufficiently
smooth boundary /T PFind a displacement vector u(x,,x,,t) and a tem-
perature T(x,',xz,t) which satisfy the following equations and
boundary and initial conditions:

e} Tyyq + Q= ¢, T + Ty, in N x (o,t:]

(2) Gygpy+X =0 (1=1,2) in0 x(0,¢]

(3 '.l‘(xvxa,t)lp - T(x,l,xz), t>0

(&) ui(x1.x2.t)lq = U,(x,,x,) (1=12), t>0

(5) Gi,'j vjlr". - pi(xa,xa) (i - 1'2)' t>0

(6) 'J.‘(xq,xz,o) - '.l‘o(x“xa , (21,::2)5_()_

(7) uj_(x,pxzyo) - “10(x1oxz) (i = 1.2)’ (xpxa)e.('l

where

(8) 6y = Dygyy[Exy - (T - 1) J\n]

9) 513 - (ui’:] + ud,i)/z

(10) Dypi€iy3€x1 > Ao E13E15 VY Eig 4= comst > O

A summation convention over a repeated subscript is adopted. A com-
ma is employed to denote partial differentiation with respect to
spatial coordinates and a dot denotes the derivative with respect
to time. Thus equation (1) is the coupled heat equation; the sym-
bel Q denotes a prescribed rate of internal heat generation per
unit volume, cy and ¢, are positive constants depending only on
the material of a considered body and Tr is a positive constant
which has the meaning of the temperature for which the material is
stress-free, Equations (2) are Cauchy’s equations of equilibrium,
the symbols x4, xz denote prescribed components of body forces per
unit volume., The functions on the right-hand sides of relations
(3) = (?) are prescribed functions. The symbols o {; denote two
disjoint subsets of [ such that mes /; > O and [7 = [] + [3. In
equation (5), v,, and ))2 are components of the outward unit nor-
mal to /. In equation (8), O is the coefficient of linear thermal
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expansion, ij is the Kronecker delta and Dy . are material con-
stants. We consider isotropic materials only.

In what follows we shall suppose that the problem (1) - (10)
has a solution u, T. Then, according to [1, pp. 38 - 40], this so-
lution is unique.

We shall solve the problem (1) - (10) by the finite element
method using curved triangular elements and numerical integration.
We approximate the domain () by a domain (), the boundary /} of
which consists of arcs of degree n. These arcs are the curved sides
of curved triangles. On the triangulation ‘Z'L of "D‘h we shall con~
struct two finite element spaces Vh and wh which are finite dimen-
sional subspaces of co(-(Ln). For a given t = tm the displacement
field u will be approximated in the space Vh X Vh and the tempera-
ture field T in the space Wpe

In applications we usually choose n = 3, In this case the bound-
ary /7 can be approximated piecewise either by arcs of the Hermite
type or by arcs of the Lagrange type. The construction of the cor-
responding spaces Vy can be found in [2), [#],[5] The spaces A\
have the following interpolation property: If £€ Hn”(ﬂh) and
er Vh is the interpolate of f‘ then i

lz-2ll50, ¢ ™l (3= 01)
where the constant C does not depend on h and f.

In the case of curved elements the construction of the space
wh depends on the choice of the space Vh. We choose p{ n (usual]q
p=n -4) and construct the space W, in such a way (detaila are
described in [8]) that it has the following interpolation property:
1£ £e BP*(Ll,) end £1€W, is the interpolate of £ then

e - fI":i.-ﬂh < cnPt-d ”f“pu,nh (3 = o,1).

It should be noted that in the case of polygonal boundary /7
the spaces Vh and wh can be constructed quite indepedently.

It is well-known that all numerical computations in the case
of both curved and classical triangles are carried out on the unit
triangle K, which lies in the §,§ ~plane and has the vertices
(o,0), (1,0), (0.1) (see, e.g., [2],[5],[6])- Let us choose on Kq
and on the segment [0,1] certain quadrature formulas (see Theorem
1) and using them let us compute approximately the integrals

?J'h(v,w) = vywax, (vwogq = [ wwax,
2, Rty
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(mo,a, = f wamdx. <p¥>p = [ eyl
ay Ih2

where Ppy denotes the_ function which we obtain by "transferring"
the function p; from the curve I’.‘; onto the curve th (details are
in [6]), /;2 being the approximation of fé Then we obtain the
forms Dh(v,w), (v’w)ho 311(‘_".‘!)» (x:ﬂ)hv <2h’!>h'

Further, let us define the sets

vo --{vevh: v =0on I'I’M} , vljiu = {v €Vy: v = ﬁgpr on /;1},

who-{wewh:w-OOn f;}, WhT-{wewh:w-Ta'pr on Fh'}
where F];A is the approximation of [ and ﬁi‘pre Vv, and aPT ¢ W, are
the interpolates of the functions ﬁi and T, respectively.

Let us choose an integer M, set At = t*/M and define ty =
= n4t (m = 0,4,...,M). Let us use the notation £" = fm(x,vxz) -
- f(xvxa,mAt). If we use one-step A-stable methods for the time
discretization then we can define the discrete problem for approxi-
mate solving the variational problem which corresponds to the prob-
len (1) - (10) in the following way:

For each m = 0,1,...,M - 1 £ind a vector _qg"'e vl;'u X vfm and
a function Tp''e Wy such that

4 4
(11) Ach(Z ﬂdTg"J,w + 04(20‘31‘?3"’ Bt
ivo = °,
* °2Tr(Z°‘J“£-§§1"9h - 4"(%"3:1‘3“3"% Ve,
e~

t}

4 4
(12) "*(5 ofﬁ;pzﬁ* J-x) - 03(_2‘;/531‘?:3 - Tr'vi'i)h -
- (Zﬂdx‘”"‘.z n+ {PnIdn V‘_’thox Yho

3=0
(13) -1 En) - F(x0x)
where ¢, is a constant depending only on Di:]kl and X, Tgpre Wy, is
an approximation of the function T, udP e V) XV is an approxi-
mation of the vector u, and

Q) Ag=-1, Ky =1, B,-0, B-1-0
where (M £ 1/2 is any real number.
Thet;rem 1. Let the boundary I” ve of class C“H. Let every tri-

angulation T3 satisfy the condition B/h 2 ¢, where cq = const>0,

f = min h = max h,. Let a drature formula on the unit
Ket,, hx and Ket, hK qua
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triangle Koifor calculation of the form Dh(",w) be of degree of
precision 2p - 1. Let quadrature formulas on K, for calculation

of the forms (v,w),, (¥,¥), and a,(v,¥) be of degree of precision
2n - 2. Let a quadrature formula on the unit segment [0, 1] for cal-
culation of the form {py,¥>), be of degree of precision 2n - 1,
Let the exact solution T, u of the problem (1) = (10) satisfy
kr/atke 10 (8**3(Q)), 9¥uy/ e (B*A(Q)) (x = 0,...0qH,
i = 1,2) where q is the order of the @ -method (q = 1 for @ < 1/2,
q= 2 for ® = 1/2). Let QeI (BM*1(N)), x,€r°(a*(Q)). Then
for sufficiently small h there exists one and only one solution
Thy up (m = 1,...,M) of the problem (11) - (14) and it holds

g 'E‘ﬁ"i,nh « % - Tﬁno'nh £ C(Atq + P L B, so)

where C 18 a constant indepehdent on h and At, g and 'i'are the
Calderon extensions of u and T, respectively, and

so= luR - %lly, 0 + 120 - 7o 0,
Z and?y being the Ritz approximations of E and 'Tv, respectively.

Theorem 1 is proved in [8]. The proof is a generalization of
devices used in [3],[6] and [7]. The obtained result can be ex-
tended to the case of two-step A-stable methods.
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