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GALERKIN-EINITE ELEMENT SOLUTION OF NONLINEAR EVOLUTION PROBLEMS

Milos Zl&mal
Brno, CSSR

1. Introduction

The generalized Galerkin method for the solution of evolution
problems consists of the following steps: 1) We formulate the given
problem in a variational form. 2) We discretize the problem in space,
i.e. we consider a family {Vh}, 0<h <h* of finite dimensional
subspaces of the basic Banach space V such that lim dist (Vh, v) =0

h=0,
Y vev (see Ne&as [10] p. 47) and in Vh we define a semidicscrete
solution by means of a discrete analog of the variational formulation
determining the exact solution. 3) To compute this solution means to
solve a system of ordinary differential equations. Solving this sys-
tem numerically we get a completely discretized approximate solution.
In case of nonlinear problems the application of linear multistep
methods has advantage in that we are often able to linearize the
resulting scheme without lowering the accuracy. We restrict ourselves
to a narrow class of linear multistep methods: to A-stable methods.
These methods lead to unconditionally stable schemes fulfilling cer-
tain energy inequélities. Both these properties are desirable, the
other providing a simple way for the derivation of apriori error
estimates.

First we describe a class of linear multistep methods considered
in the sequel. If we apply linear multistep methods to the scalar
equation x = £(x, t) we get a scheme of the form

k k
m+j _ n+j n _ n -
(1.1) JZ-::o ox At :j-o(sjf , £ £(x", t)), t, =nat.

According to a classical result of Dahlquist [3] A-stable methods
cannot have a greater order of accuracy than 2. Therefore, we re-
strict ourselves to one- and two-step methods (k = 1,2). Normalized

k
by :PJ = 1 all such A-stable methods are (see Liniger [8])

j=0

Ay =1, = -1,(31 =1 -9,(50-6,65%&1(- 1,
= - - - = 1 - - 1 -

(L) &y = 1= 20, X = =1 4, B = 5+, 2[52, (&o 3 -, 4\(1,2,

> 1 1
q°-70(52>7°‘2 if k = 2,
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The order q is equal to 1 if k = 1 and 6<7 and 2 if k = 1 and
6=1 5 or k = 2. Three best known special schemes are

n+l N L AL fnﬂ’ L0 R . 7{_\t[fnﬂ . fn]'

»®

(1.3)

%anZ -2 x™ . % " =4t 2,

The schemes (1.2) fulfill energy inequalities. Let V be a vector
space and b(u, v} be a bilinear symmetric form on Vx V. We assume
that b(u, v) is nonnegative, i.e.

o £ b(u, u) = Iulz Yuev.
Consider the sequence
k k
" by u™, by u™*dy
J-
where u" € V, n = 0,1,... . Then (see z14ma1 [12] and [13])

.ol sc s:blull . C ):s. n 2 K.

Here CI, C, are positive constants depending on the coeffiC1entsv< ,
5; only. The two important choices of V are: 1) V=1 (Q) and

)

b(u, v) = (u, V)LZ(SZ)‘ 2) Vis a subspace of H (Q) and b(u, v) =

fE ’Du 9v dx, {aij (x)} being a positive definite

matrix .

2. A nonlinear heat equation
As a first example we consider the nonlinear heat equation

N
RIS sl aez [kyy0x &0 w 5%]» £(x, t, 0
in @x(0, V), 0<T<oo,

with boundary and initial conditions
u(x, ) =0 on @Rx(0, M, ulx, 0) = W) in&.

Here QRN is a bounded domain with a Lipschitz boundary oR,

X = (Xgy eeey Xy), {ki (x, t, u)} N,j-l is a uniformly positive defi-

nite matrix and kjy(x, t, u) and f£(x, t, u) are supposed to be uni-

formly Lipschitz continuous functions of tE[O T] and of ué€ (-00,00).
If the exact solution is smooth enough then it holds

(2.2) (u', v), + alt; us u, V) = (£x, t, ), V), in [0, T] Yven) ().
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Here

D
u' = 5%, (u, v)o- J u v dx,
72

a(t, w; u, v) = j: klj(x, t, w) ,-—j dx,

H™(£2) is the Sobolev space {ueLz(R); D ueLz ) V|°L|-<' m} with

the usual scalar product (u, v) (Dd‘u, Div)LZGZ) and the norm
1 :

M jedEn
“U“m = (u, u)z and Hl(Q) = {ulu € Hl Q); ul'a.n.-- Ol'

Let us consider a family of finite element spaces such that
ve H (52). The Galerkin method yields a semidiscrete solution

U(x, t) which for each te¢ [O 'l‘] is a function from Vh. U(x, t) is
uniquely determined by a discrete analog of (2.2):

h

(2.3) (U', V), *+ alt, U; U, V) = (£(x, t, 1), v), Yvevh
U(x, 0) = U°(x);
u°( (r) is a suitable approximation of u %(x) from V . (2.3) represents

a system of ordinary differential equations. Applying the method
(1.2) we obtain

k . K
(%o(,j " j, v, ¢ At%{}j a(tan' Un*j; Um'j, v) =
(2.4)
-at %Pj(f(x, theyr D, M Yvevh 0fnf gk

The scheme (2.4) being nonlinear has little practical value. We
linearize it as follows:

k -
(;:cc ™I, v, Aty ety vl u™, v -

(2.5)
-At(£(x, tg, U).v) ¥vevh, ofaf L.
for k = 1
t, 6<3, - W, e<y,
(2.6) th = " -7
) ~ 1 1, N3 .n_ 1 ,.n-1 1
t,+ 78t 6= g Fut- 3o, e 1,

(see Douglas and Dupont [4]) ,
for k = 2

(2.7) tg =t + (F +x)At, U" = 3 + U o (G - )un
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(see Z14mal [12]). The order of accuracy q of the method (2.5) is
equal 1 if k = 1 and © 4;-and 2 ifk=1,9= ; or k = 2. lotice

that whereas (2.4) with k = 1 and ¥= % is a one-step scheme the
corresponding scheme (2.5) is a two-step scheme.

Remark. Cven when (2.5) represents a linear algebraic syster at every
time step it is not the final scheme in practical computations. In
general, we have to consider finite element spaces Vh which are sub-
spaces of H;(Q h)’;jh # £ (best known example: curved isoparametric
elements). In addition, we have to compute mass and stif{fness
matrices numerically.

We assume that the family {Vh} has the following approximation
property shared by finite element subspaces: to any
ué "p*l(gj) n ll;(q?) there exists uh € \’h such that

<z .
(2.8) Wu - uhno + hilu - uh"‘ = C hp’]vuv‘p*l.

Then if the exact solution is sufficiently smooth the following error
bounds are true:

(2.9) ™ - o™i = C[f—::; tod s udi e WP e ae®, kEm €
(q is the order of (1.2)). For one-step methods (2.9) was proved by
Vheeler [II], for two-step methods by Z1l8mal [12] by means of the
energy inequality (1.4).

The scheme (2.5) is linear, however one has to recompute the matrix
arizing from the form a(w; u, v) at every time step. In recent years
they have been proposed linear schemes which can be more effective.

We refer to papers by Douglas, Dupont and Ewing [6] and by Bramble
(1]. A different approach has been suggested by Crouzeix [2]. In fact,
two special schemes of this kind were proposed much earlier by
Douglas and Dupont [5].

The scheme (2.5) has been applied to the solution of tfe time
dependent Navier-Stokes equations by Girauld and Raviart L7]. The
error bounds have been derived again by means of the energy inequa-
lity (1.4).

3. Nonlinear quasistationary magnetic field

In recent years attention has been paid in electrical engineering
journals to the computation of nonlinear quasistationary magnetic
field. This problem occurs, e.g., in designing the magnet systems for
fusion reactors and in rotating machinery. In two dimensions it can

26 Gregu¥, Tyuadiff ‘ 38



be formulated in the following model way: There is given a two-
dimensional hounded domain 2 and an open nonempty set Re$2 . Ve are
looking for a function u = u(x1. Xy t) (magnetic vector potential)
such that
1)

. 1)6 -

(v2Y + 2y 3&3) +J in R¥X(0, T),

'X.l -,x.l JXZ

(3.2) u(x,, Xy 0) = "o(xl’ xz) in R,

2)
- Ju J . <Ju . - o n
(3.3) 0 uT,("-?z)‘Ti'z'(“ax)’J in Sx (0, T, S =G2- R,

3) u satisfies a boundary condition on aJ-,
4) u satisfies the conditions

(3.4) [u]s -[u‘“s-o on M=ecrnN s,

Here the conductivity @ = (T(x1, x ) is a posit1ve function on R,
the reluctivity VU = v (x;, X,,l l=ylb4\-ull) [l Wu"
("u)z + (;LE)Z, is a positive function on g?xL0,0°),
ux1 uxz
J = J(x,, Xy, t) is a given current density, uo(xI, xz) is a given
function defined on R and n is the normal oriented in a unique way.
The problems 1) - 4) can be easily formulated in a variational
form. Let us, for simplicity, consider the Dirichlet boundary
condition

u=0 onJ2.

We multiply (3.1) and (3.3) by a function v & H;(Q?), we integrate,
we use Green’s formula and (3.3) and we sum. The result is

U 1
(3.5) (G35, V)LZ(R) +a(u, v) = (J, V)LZ(P) Yv e Hy ()
where

. T_' Qu Vv
a(u, v) = 0"1 o dx
(3.5) is taken in Melkes . Zlfmal [9] as the starting point for the
construction of the approximate solution. Here, we briefly mention
some results of Zl8mal f14].
There are given two abstract equivalent formulations of the
problem. One of them is a generalization of (3.5). Without all details,
we are looking for a function u € WR - {ulu € LP(o, T; V);
uﬁ [ LP'(o, T; 95)} statisfying
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(3.6) 3% (up, vp) + alu, v) = {f, v) iny'((0,T) ¥vev,
u(O)R - u°,

Here V is a separable reflexive Banach space, up is, roughly spea-

king, the restriction of u to R, V -Lwlu- Vpp V € V., a(u, v) is a

hemicontinuous monotone form on VxV (linear in v and, in general,
nonlinear in u) such that

a(u, u) 2 o(llu\l‘,, latv, v)| = (‘lullp 1|Ivd Yu, vev,

(W, z)R is a scalar product of a Hilbert space "R in which V is

dense and continuously imbedded, 1 £ p <% |, 1. —l- = 1 and <£ v>
is the value of a functional from LP'(O T; V'). 'l'he fully discrete
approximate solution e V (n=1,2,...) is defined in two ways:

Wp*! - ul, vpg vot a@™, vy -

=5t <fnﬂ,v) Vvevh, Ul = u°,

R
or
3 +2 1 1 +2
G Ut - 20"+ 3 up, vplg At aU™é, v) -
“at {2, v) Yvevh, up! = ug = u°

t
n
with £ aat”! tf £(Y)dT. Evidently, there are used the first and

n-1
the third scheme of (1.3) for time discretization. In both cases, the
solutions (which uniquely exist) are extended to (0, TJ]as step
functions:

uS e in . 8], ne 1,2, S5 (h,AD).

It is proved that the problem (3.6) has a unique solution and that

v —uin LP(0, T; V) weakly if § —=0.

In the special case (3.5) all assumptions are fulfilled (p = 2) if
9(x|. xz.%) possesses Caratheodory’s property, is bounded from above
and
s > o> »
55!7(x1n Xo» g) -Vl\)(x1, xzp’l) =~ ( ?,- n) v.‘#' ’2' v,
A = const > O.

It is also proved that if the exact solution is enough smooth in R
and in S and the elements of V! are piecewise linear functions then

lu Sclh+a], q-=1,2.

g
S U 2o, @)
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4. A damped nonlinear wave equation

Let ‘a (x) by i,5=1 be a uniformly positive definite matrjx. Let
d(x, t, u, 2) nnd g(x, t, u, z) be piecewise continucus with respect
to x and uni{grmly Lipschitz continuous with respect to t, u and z
for (x, t)g 5. x70, T» and u, z &(-v0,-). Further, we assume

d(x, t, u, 2) 3 0.

e consider the equation

(4.1) =35 + d(x, t, u, u') = —— = Lu + g(x, t, u, u') in 9
e
where y
o Hu
Lu = aj;0 5771w = 3
i,J-l Sx ij ot

with the boundary and initial conditions

(4.2) u=0 on o 2x (0, T), u(x, 0) = u’(x), u'(x, 0) = 2°(x) ingz,
w0, 2% el (.

We write the problems (4.1), (4.2) in a variational form; we set

(4.3) u*' = 2

so that 2' = -d(x, t, u, z)z + Lu + g(x, t, u, z). If the exact

solution is smooth enough then it follows

4.4) (z', v)o = -(d(x, t, u, 2)z, v)° - a(u, v) + (g(x, t, u, z), v)o
Vvenl)
where

a(u, v) = l’ﬁ e -?——-’de.
2 i,j=1 ox j
The equations (4.3), (4.4) serve as the starting point for the con-
struction of a fully descrete approximate solution.
First, we define a semidiscrete solution., As before let {Vh}
0 ¢h < h*, be a family of finite dimensional subspaces of H‘(f’)
possessing the approximation property (2.8). By a semidiscrete Galer-
kin solution we mean a couple of functions U(x, t), 2(x, t) € vh
v t&lo, T] satisfying in (0, T)

Ut =z, (2, V), = -(d(x, t, U, 2)Z, V), - a(U, V) +

+ @k, t, U, 2), v, Vvt ux, 0) = 1°x), 2(x, O) =
= 2%x).
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O, The discreti-

Here U°, 2°e Vh are suitable approximations of ul, z
zation in time is carried out by the scheme (1.2) and by the lineari-

zation procedure introduced in section 2 as follows:

k : k k .
mh U™ . ae b ", ot ™, v, .

- At a(é pj U'"j, v) + At(gh, v)o Yv ev“;
j=0
here - - - - -
a" = d(x, tz,U", 2N, " = g(x, t;, U7, 2
and tﬁ, Un, and in the same way Z", are given by (2.6), (2.7).

It is easy to prove that to find U"’k. Zn*s
stem of linear equations with a positive definite matrix. ilence ut,
Z"(k s n € :%) are uniquely defined.

The encrgy inequality (1.4) (used twicec with h(u, v) = (u, v)° as
well as with b(u, v) = a(u, v)) can be again successfully applied for
deriving crror estinates. e state the result for the case of 5-method
with <% which is of order one (q = 1). lesides tle hypotheses
introduced above and besides some regularity conditions which we do
not introduce we assume that U® is the Ritz projection of u°, i.e.
a(U®, v) = a(u®, v) Yv & V", and that 1iz° - z°ﬂ° £cnP*! (e.g., we
can take the interpolate of z° in v for 2°. Then (see Zl&mal sh

means to solve a sy-

LI

™ - o™y
fut™ - Zmuo

“ um - UmIL‘

cP*! 4+ ayy,
chP*' v ar), 18méac!rT,
c(hP  +an),

A

LY
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