
EQUADIFF 5

Yoshio Yamada
On some semilinear Volterra diffusion equations arising in ecology

In: Michal Greguš (ed.): Equadiff 5, Proceedings of the Fifth Czechoslovak Conference
on Differential Equations and Their Applications held in Bratislava, August 24-28, 1981.
BSB B.G. Teubner Verlagsgesellschaft, Leipzig, 1982. Teubner-Texte zur Mathematik,
Bd. 47. pp. 370--373.

Persistent URL: http://dml.cz/dmlcz/702324

Terms of use:
© BSB B.G. Teubner Verlagsgesellschaft, 1982

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides
access to digitized documents strictly for personal use. Each copy of any part of this
document must contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech
Digital Mathematics Library http://project.dml.cz

http://dml.cz/dmlcz/702324
http://project.dml.cz


ON SOME SEMILINEAR VOLTERRA DIFFUSION EQUATIONS ARISING IN ECOLOGY 

Yoshio Yamada 

Nagoya » Japan 

1. Introduction. The purpose of this lecture is to study the asymptotic 

behavior of solutions for a certain class of semilinear diffusion equations with 

memory effects. Let 1. be a bounded domain in R with smooth boundary Sfi. 

We consider equations of the form 

(1.1) g^O^t) = Au(x,t) + u(x,t)(a-bu(x,t) - k(t-s)u(x,s)ds), x e fl, t > 0, 
J -oo 

where a and b are non-negative constants and k is a non-negative smooth 

function satisfying k, tk € L (0,«). Equations of the form (1.1) often arise 

in ecology and describe the evolution of the population density of a species 

living in Q. The Volterra integral in (1.1) means that past history affects the 

present state of the population. (For the derivation of this model, see e.g. 

Volterra [7].) We treat (1.1) as the initial boundary value problem with the 

homogeneous Neumann condition 

(1.2) Sifc'^ = °> x €3fl, t > 0, 

and the initial condition 

(1.3) u(x,T) = <(>(x,T), x 6 0, T £ 0, 

where <j> is a given non-negative function (-f 0). We assume the smoothness of 

<|>(x,T) in x and T for the sake of simplicity. 

Recently, asymptotic stability properties for semilinear diffusion equations 

with memory effects have been studied by several authors ([2],[3],[4]). Espe­

cially, Schiaffino [3] has obtained an interesting result for (1.1)-(1.3). 

Roughly speaking, his result says that, if k satisfies f Q k(t)dt = a < b, 

then every positive solution converges to u* = a/(b+a) uniformly for x e ft as 

t •+ °°. 

Our main interests lie in the following two points. The first one is to 

extend Schiaffino*s result to give more general conditions for the asymptotic 

stability of the equilibrium state u -= u*. The second one is to study some 

effects which the time-delay has upon the asymptotic stability. 

2. Some preliminaries. Let p > n/2. To treat (1.1)-(1.3) in Lp(fl) 

with norm || • || , we introduce a closed linear operator A defined by 

Au -Лu for u e D(A) -- {u Є W2,p(fì); ^ -= 0 on Эß}. 

It is well known that -A generates an analytic semi-group {e~ } Q of 

bounded linear operators in LP(ft). Observe that fractional powers of A satis­

fy the following continuous inclusion relations (see, e.g., Henry [1]) 
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D(A a)c; C(ft) if n/2p < a < 1, 

where D(A a) is equipped with the graph norm |||u||| = ||u|| + ||Au|| . 

In the usual manner, one can show the existence of a local solution for 

(1.1)-(1.3) by reducing it to the integral equation represented in terms of 
-tA 

{e }. Moreover, by the comparison theorem, the solution is non-negative. 

Hence, another application of the comparison theorem enables us to conclude that 

(1.1)-(1.3) has a unique non-negative solution which exists for all t > 0. 

3. Asymptotic stability. In this section we shall give some asymptotic 

stability results for (1.1)-(1.3), whose proofs can be found in [5],[6]. 

3.1. Global stability in the case b > 0. We first note 

Theorem 1. The solution u ojf (1.!)-(!.3) satisfies 

0 < u(x,t) £ max {a/b, sup |<j>(x,0) |} for xeft and t > 0. 
= xeft " 

For k € L (0,°°), we define its Laplace transform k by 

k(X) -- I e" X tk(t)dt for Re X > 0. г 
J
o It is said that k is a positive kernel (strongly positive kernel) if k(in)

r
>0 

for every n
 c
 R (£(in) .> Y/(l+n ) for every n € R with some Y > 0) • 

Our asymptotic stability result is 

Theorem 2. l£_ b + Re k(in) > 0 for n e R , then 

Jim u(x,t) = u* (= £--—) uniformly for x £ ft. 
t->«> b+ct  

This theorem can be proved by the energy method with use of the following 

Liapunov functional 

E(u) =- ( {u(x) - u* - u* log ^prMx. 

Theorem 2 seems to give the best possible condition for the global asymptot­

ic stability of the equilibrium state u = u* (see Section 5). 

3.2. Global stability in the case b -- 0. In this case we require some 

additional assumptions to get the stability result. 

Theorem 3. Let k be a positive kernel. If u* /" tk(t)dt < 1, then the 

solution u of (1.!)-(!.3) satisfies 

0<,u(x,t)<sM for xeft and t > 0, 

with some M > 0. 

Moreover, if k is a strongly positive kernel, then 

lim u(x,t) -- u* (i ̂ ) uniformly for x e ft. 
t-*» 

3.3. Local stability. So far, we have discussed global stability. In 

order to study local stability of an equilibrium state for a nonlinear equation, 
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it is usual to carry out the linearization procedure about that state. In our 

case, the linearization about u* is 

3v f
t 

{ ^ -* Av - u*(bv + k(t-s)v(s)ds), x e «, t > 0, 
3t
 Jo 

j^ = 0, x G 38, t > 0. 

We shall assume 

(A) For every Re X ̂  0, the "characteristic problem" 

(3.2) Xw - Aw + u*(b + k(X))w -= 0 in ft, ̂  = 0 on 3fl, 

has no non-trivial solutions. 

(We say that X satisfies the "characteristic equation" associated with 

(3.1) if (3.2) has a solution w + 0.) 

Theorem 4. Assume (A) and fix n/2p < a < 1. For any 0 < e < e
ft
 with 

some e
n
, there exists a positive number 5(e) such that, if sup |||$(T)-U*||| 

T < 0 P
, c t 

< 6(e), then the solution u of (1.!)-(!.3) satisfies =-

and 

| |u(t) - u*|| | < є fora l l . t > 0, 
p,a ^-* "" 

lim | | |u(t) - u*|| | fi = 0 for every 0 < 3 < a. 
t-x» P**

5 

4. Hopf bifurcation. When the stability condition (A) is violated, what 

will become of the asymptotic behavior ? To study this situation, we regard one 

of a,b,c,a,»»« as a parameter and denote it by y . Suppose that X(Y) is a 

simple "characteristic root" of (3.2); thus (3.2) has a non-trivial solution. 

Our assumption is 

(B) *(Y
0
) - iw

Q
 with Re X * ( Y

0
) + 0 and nice (n * 2,3,---) does not 

satisfy the characteristic equation associated with (3.1) for Y - Y
0
» 

Moreover, u*(Y
0
)k

x
(i<D

0
;Y

0
) + -1. 

Then we can show 

Theorem 5. There exists a one-parameter family (Y(e),a)(e),u(x,s;e)) (e 6 

^*
e
o'

e
o-'

 w
*

t n s o m e en >
 °)

 s u c n
 that 

(i) Y(0) * Y
0
, w(0) =- u)

0
, u(x,s;0) * U * ( Y

Q
) , 

( i i ) u(x,s;e) is_ 2TT-periodic in s, 

(iii) (Y(e),u(x,a)(e)t;e)) is a solution of (1.1)-(1.3). 

5. Some remarks. We shall explain the preceding results by choosing a 
2 

special kernel k(t) * at exp(-t/T)/T . This kernel function takes its maximum 

value at t ~ T. Since k(X) -- a/(l+XT) , the equilibrium state u • u* is 

globally asymptotically stable if a < 8b (Theorem 2). After some calculations, 

we see that (A) is equivalent to 
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(2-aT)a
2
 + b(4+3aT)a + 2b

2
(l+aT)

2
 > 0, 

which assures the local asymptotic stability of u* (Theorem 4). The stability 

region of u* is indicated as follows. 

'VVVVX-N 
C: (2-aT)o.

2
+b(4+ЗaT)ot+2b

2
(l+aT)

2
=0 

| N " N / N " N " N " N " 1 local stability region 
\ S N 

8b a 

When (a,T) crosses the curve C, a pair of characteristic roots of (3.2) cross 

the imaginary axis. Hence this is the case to which Theorem 5 can be applied; 

we can show that non-constant periodic solutions bifurcate. 

Finally, we remark that our theory developed here is extended to the study of 

stability for semilinear Volterra diffusion systems (see [6]). 
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