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ON CHAOS IN DIFFERENCE AND DIFFERENTIAL-DIFFERFNCE EQUATIONS

Kristina Smitalové4
Bratislave, Czechoslovakia

Discrete models of various biological phenomena have usually
the form of difference equations, while certein continuous models
can be described by differentiel-difference equations (cf. [2],
among others). '

It is known that both these types of equations can be cheotic
in the sense of Li and Yorke. Moreover, in [3] there is given a
simple delay-differential equation whose solutions have chaotic
behaviour.

Consider the simple difference equation

a X4q = £(x,)

where f is a continuous selfmapping of a compact real interval I.
The equation (1) generates for each x = x,€I & sequence X, Xy,

Xy eee of points which may have one of the following two types

of behaviour: (a) it is assymptotically periodic (in this case

the sequence has a finite number of cluster points) or (b) the
sequence has infinitely many of cluster pointe - it is chaotic.
When for each X the case (a) occurs then f is non-chaotic. In
modelling this represents a highly desirable form of behaviour.
However, Cloeden [4] has recently proved the following rather start-
ling result: The chaotic functions are dense in the space C(I) of
continuous functions I —»I with the mex-norm. In [5] we have
proved that the chaos cannot be large when a function is near to

a suitable non-chaotic function: -

Theorem 1 (cf. [5]). Let £: I — I be a continuous function.

Assume that f has only cycles of order £ 2k. Moreover, assume that
both the set of fixed points of £ and the set of cyclic points of
£ are nowhere dense sets. Then for each £>0 there isa d >0

such that for each continuous g: I —>I with JIf - gl|< d,
limeswp [£2-g1< €

n-—-» oo
where £° denotes the n-th iterate of f.
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There is a natural connection between the difference equation
(1) and a delay-differential equation of the type x°(t) =
= hi(x(t - 1)). The step method of integration of such an equation
generates a sequence of functions. The main aim of this report is
to show how the above quoted result can be applied in the continuous
case.

First we introduce some notation. Let € >0 be a constant,
let § ve a system of continuous functions [0,T] —»R end ¥
a continuous bijective mapping ¢ —>I, where I is a compact real
interval. Let ¥ be & system of continuous functions RS—>R, and
assume that for each ¢ & ®, e F there exists a unique solution
of the equation
x’(t) = £(¢, x(t), x(t - T)) 12T
x(t) = ¢@(t) te[o,T].
Denote this solution tzy.x(t,(( s £). Finelly, if y is a mapping

(2)

[0,00) —> R, and a > 0, let Yo be as usually the mapping
[0, ©] =R Qefined by Ya(t) = y(t + a). Now we are able to

give our stability theorem.

Theorem 2. Assume that for each ({GY, £¢e¢ T, and each
positive integer n, x, . (t,¢, f)€ ¥.

(a) Let for some £ & ¥, and some integer k, the sequence
3) v ('f), Vixglt, ¢, £)), ooy Vix (2,9, £)), «ee
has for each ¢¢ Y at most k cluster points (it follows that (3)
is asymptotically periodic, for each ¢/ ). Denote by € the set
of those ((G Y, for which the sequence (3) is periodic or constant,
end assume that Vv (@) is nowhere dense in I. Let € >O0. Then
for each g6 5 sufficiently (uniformly) near to f, the sequence
(3) with £ replaced by g is for each y&ff agymptotically periodic
up to § -perturbations. (In other words, there is an asymptotically
periodic sequence z;, Zy, <o- such that Izn - (xnt(t,y »y <L e
for all sufficiently large n.)

n



(b) If for some fixed fe&¢ F and ¢e ¥ the sequence (3) is
not asymptotically periodic, then for each ge & sufficiently
near to f there is some y& ¥ such, that the sequence

viy), vix.t,y¢, g), ..., v(xm(t,y, &)y eee
is not esymptotically periodic.

Proof of (&) is based on Theorem 1, part (b) is a consequence
of a theorem from [1].

As an illustration of Theorem 2 we give the following

Example. Let h(a, t) be & continuous function [0, 1]2 —_>

—> [o, 1], which is continuously differentisble with respect to the
second variable. Moreover, assume that for each a, h(a, 0) =
= 23h(a, 0)/3t = h(a, 1) = 2h(a, 1)/0t = 9h(a,-1/2)/03t = 0,

h(a, 1/2) = &, and let h(a, t) for erbitrary fixed a, be monotone
in the intervels [0, 1/2] eand [1/2, 1]. Let ¢°(t) = h(a, v,
and put ff = i(pa; aE [O, ’1]}. Let g: [o, 1]—9[0, ’.L] be 2
continuous funct.ion. Let fg(t, y) be a continuous function

RX [0, 1] — R, periodic with period 1, which is defined by

£.(t, ¢% e = (({3(3))'&) for telo, 1].
Fixe some g and a and consider the equation
x(t) = £_(t, x(¢ - 1)) for t>1
() &
x(t) = Q) for tefo, 1].

Clearly for each positive integer n there is some a(n) such that

xt) = @2 ™Mo for t&[n, n+1].
(In fact, a(n) = g™(a).) It is easy to verify that when g is
chaotic then for suitably choosed a the solution of (4) behaves
chaotically. When g has only cycles of finitely meny different
orders (which are all necessarilly powers of 2) then the sequence
of locel msxima of each solution of (4) is asymptotically periodic.
If moreover the periodic points and fix points of g form a nowhere
dense set then the equation is structurally stable, with respect
to small change of g, in the sense of Theorem 1.
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