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GENERALIZED SOMMERFELD HALF-PLANE PROBLEMS

Erhard V. Meister
Darmstadt, w.- Germany

In NOBLE's book (1958) [7] the classical Sommerfeld half-plane diffraction pro-
blems are discussed. A one-dimensional Fouriertransformation with respect to the
variable x parallel to the screen &= ((x,y)eIRz: x20,y=0} 1is applied upon
the scattered wave-function @sc(x,y) being a solution to the Helmholtz equation.
In the cases of pure Dirichlet and Neumann conditions, respectively, the corres-
ponding Fouriertransforms may be written for y20 as

e, g0) == 3 v I, 00 VI ang M

B hoy) = 38,00 eIy (2)

sc'o
the screen 47, respectively. Introducing additionally the unknown left unilateral

Fouriertransforms E_(A) =%_(2,0) and V_(A) = 3/3y $(1,0) the following two
scalar Wiener-Hopf functional equations hold for - kzcos 0 <Imac< k2 in case
of an incident plane wave exp[ik(xcos e + ysin 0)]:

with the unilateral Fouriertransforms of the jumps [aisc/ay]o and [¥__] across

E_(r) + % 7-1-5+(A) = -[1/Z7(r+kcos 0)] 7} (3)
V.(r) + % v - 3,00 = ksin o-[V27(x+kcos )17} (4)

Y := JAz-kT with branch cuts extending from k = k1 + ikz to i= and -k to

-ioand Re y 2 0 in the strip |Im 2| < k, . By means of the classical scalar
Wiener-Hopf technique the egs. (3) and (4) are solved for E_(1), 3+(A) and
V_(r), 0+(x). respectively.

We generalize now to the mixed Sommerfeld half-plane problem where Dirichlet data
are prescribed on the upper face y = +0 and Neumann data on the lower face

y = -0 of the screen A°. Now the Fouriertransformation leads to the 2x2-Wiener-
Hopf functional system

vE.(0) + T(0) + 81(0,40) = iy.[/Zr(rskeos 0)]17) (52)
vE_(2) -V_(2) + v+8,(1,-0) = ksin o[ /Zr(r+kcos e)]'1 (5b)

with the right unilateral Fouriertransforms of the unknown values 3/aye(x,y)| =40
and ¢(x,-0) for x>0. After introducing the lower and upper complex half—p¥ane
holomorphic function-vectors
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- 2 i (6)
\V_(\)yiw \5;(1,»,0)//—“;(/
we arrive at the vectorial Wiener-Hopf equation
A-k
ko - -
3.(2) = - 3,(0) + 7(x) (7)
-1,

with the 7(A) containing the transformed boundary data. The 2x2-matrix has been
factorized into K_(x)-[l(,'().)]'l explicitly by A. D. RAWLINS (1980) {10] and
the author ([1981]) (6]. The matrix elements are given by

Ky (2) = 1AL/ + 1A 2 (8a)
Kp() = -1/ + 1ARTY2 (8b)
Kpy(A) = -1/ + 15K 112 (8¢)
Kpph) = 1-[/R + 1A 12 A (8d)

being holomorphic for Im a < kz and

i) = fERARIYZ  vR-iA YY) (%)
K0 = HaR-1ARYE - (AR AR (9b)
Ky = pZARIY? - A Y/ (9¢)
Ky0) = HU/RGARIYZ 4 (/AR 2 AR (94)

_ being holomorphic for Ima > -k,.

After multiplication of eq. (7) by [K_()\)]'1 and splitting ';'(x) = [K_(x)]'lF(A)
additively into 3, () + $_(2) the unknown vectors may be represented as

= 3

3,00) = K,(0)s,0) (10)
from which an explicit formula for &(x,y) may be derived. Generalizations to
different impedance boundary conditions on the two faces where treated e. g. by

A. HURD (1976) [4], A. D. RAWLINS (1975) [8].

Here we generalize the Sommerfeld problems to the cases of two parallel semi-
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infinite screens at a distance 2a and to a periodic system with gap-width a .
The classical cases with pure boundary conditions have been treated before, e. g.
by A. E. HEINS in (1948) [2] and (1946/50) [1] and the author (1970) [5] but
those with mixed Dirichlet-Neumann conditions seem to be new. Applying the
Fouriertransformation leads to three regions, viz. y»>a, |y|<a, y<-a for 3()..y).
Now four unknown unilateral right and left Fouriertransfonns arise corresponding
to the four half-lines y = ta, x 2 0 E (x). v a(A). being holomorphic in
Tower A-half-planes, and @ +(2.2(2-0)), a/ayo (x,z(a+o)), being holomorphic in
upper A-half-planes, respectively. After suitable combinations of the resulting
equations in the A-domain one arrives at two systems of 2x2-Wiener-Hopf functional
systems

for 0 [meEE 1petr | ) 0
or + %- . or = or (11)
&) (e 2y, (ge2wfk [ § () #Y)

with known transforms §(+)(x) and ‘s';(')(x). An explicit factorization of these
2x2-matrices K(t)(x;a) is not yet known!

By a similar procedure one can reduce the mixed boundary value problem for

0. (x.y) solving (a+k2 )o . = 0 outside the stack of plates U 4" where

,{ : = ((x.,y)ell!2 x 20, y=n -a} with the underlying boundary conditions
osc(x.nam) = -exp[ik(xcos o + nasi‘n o)1 and 3/d3y osc(x,na-o) = - iksin o
-exp[ik(xcos e+ nasin ©)] for x > 0, n€Z to a Wiener-Hopf-(2x2)-functional
system making use of the quasi-periodic boundary data with respect to y. Intro-
ducing 3 (») and 3 (1) similar to eq. (6) we obtain

3_(2) + K(X;a.e)'of,(x) = [M(x;2,0)) 1. F(2) (12)

with the following two function matrices having elements

. .. 1 f=k _-iaksine i.sin (aksing)
Kjp(rsa.0) 1= 5 viqp e [1- ] (13a)
nl ) 7% cosh(ay)-cos(aksine)

Kyp(r3a,0) := J [coth Yy=iksine) + coth 3 (y+iksine)] (130)

Kpy(132,8) := 1 [coth 3(s-tksine) + coth Hy+ fksine)] (13c)

Kyp(152,0) :_% 14 i.sin (aksine) ] (13d)
cosh (ay)~cos(aksine)

x—
and

faksin 8.cosh(ay) (14a)

Mn(l;a.e) : = 1l-e
Mypriase) : =5k ¢12KSIN ©.ynn(ay) (14b)
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My (riase) : = elaksin o

Myp(2ia,0) : =-J%[E [1-¢iaksin 9.cosh(ay)] . (14d)

An explicit factorization of K(Aja,e) is not khown up to now.

-sinh(ay) (14c)

Similar systems of Wiener-Hopf functional equations in the Fourier transform
plane may be derived for mixed impedance boundary conditions on the different
faces of the plates of the infinite periodic system or for semi-infinite circular
tubes (cf. e. g. A. D. RAWLINS (1978)[9]!). A detailed version of the material
presented here may be found in the author's lectures held at the Stefan Banach
International Mathematical Center, Warsaw, Spring term 1981 [6].
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