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ON A DEGENERATE PARABOLIC BOUNDARY VALUE PROBLEM

Jozef Kadur
Bratislava, Czechoslovakia

A nonlinear degenerate parabolic boundary value problem is
considered in the form

u N ]
(E) a(x) — = — ai(x,u,vu) + ao(x,u,vq) = f£(x,t)
. 3t i=1 ax

b]

on 2x (0, T) 20 where 2 C By is a bounded domain and a(x)20
is a measurable function on Q. A corresponding Dirichlet boundary
condition and initial condition u(x,0) = uo(x) is assumed.

Together with (E) a corresponding parabolic variational
inequality is considered. The problems of the existence uniqueness
of the solution in the corresponding functional spaces is solved.
Two cases are considered:

I. a(x) > 0 for a.e.x e @
II. a(x) =0 in g, <@ (n2 is an open subset in Q)
and o(x) > 0 a.e.dn @ = Q- 9, where the boundaries

aq, a8, 2, are Lipschitz continuous.

The problem (E). and the corresponding variational inequality we
set in an abstract form,

*
Case I, Let X be reflexive B - space with its dual X

with the corresponding norms [l . |l . le*. The duality

xl
*

between X and X we denote by <. , > .

Let Hl' Hz be the real Hilbert spaces with the corresponding norms

e 1,y N Il ,. Suppose that [. + . ] is a continuous bilinear

form between the elements of H and H satisfying

1 2

I [u, vliz nuaiy vy for ueHy, VveH.

We identify Hl, H, with their duals, A linear.operator GcL(Hl,Hz)

. #
is considered. Let A : X + X be a monotone operator. We assume

that Xn H, 1is a nonempty B - space with the standard norm

. I'Vhﬂl =1l le + 1. II1 . Moreover we assume that IIulh =0
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implies Illu Ik= 0 for ue VnH
<0, T> T <=,

1° By I we denote the interval

Problem P Let u, ¢ XnH

1° 0 1
Find a u eL_(I,Xn Hl)(\ C(I,Hl) such that u(0)= u

and f ¢ C(I, Hz).

0

du
— eL, (1, Hl) and the identity
dat

du(t)

§%) [e s v} t<cauw), v>= [ £, vl

holds for every v ¢ XnH and a.e.t € I ,

1
Problem Pi. Let K be a closed convex subset in x:\nl, u, € K

and f e C (I, Hz). Find a u ¢ L_(I, K) n C(I, Hl) such that
du
u(0) = Uyr FT € L (I, Hl) and the inequality

du(t)

a”n [c s v=ul®)] +<nult), v-ud) i [£t),v-ult)]

holds for all v ¢ K and a.e.t ¢ 1.

The identity (1) can be interpreted as the corresponding operator
equation in X* + Hz. Whgn Xryﬂ! is a dense set in X and Hl
then the corresponding operator equation can be interpreted in Hz.
Remark. As an application for the problem (E) we set H1=L2(0,¢),

H, = Lz(n,a-l) (weighted spaces with respect to a, a1, respecti-
vely). We put [u, v] = é uvdx, Gu=oa(x)u and A : X+ X*

we define by the form

N v
<Au, v>=[{L — a, (x,u,V u) +v ao(x,u,v u) }dx
Q i=1 ax1

for u, veXs= 8; (§1)]

under the assumption lai (x, E)IS Cc(1 + lElp_;) (p>1)

for i1=0,1a..,N. In general case Bl is not necessarily separable

and XnH, is not dense set in X and Hy.
i, in

when é a(x)lxll ...lxNI dx < » for all 0 2 1,<=,

2=1, ..., N, then the space Hl is separable and Xriﬂl is a dense

set in X and Hl'
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The problems P, and Pi we solve under the following assumti.

1

ons:
(2) A : X +» X* is bounded and demicontinuous;
(3) <Au-Av, u=-v>2090 for u, v ¢ X;
4) f e C(I,H)) with var (f,H)) < = ,
2 I 2
m m

where Var (f,H,) = sup I IMECe) = £Ck M, and {t,},

1 (e Mi=1
is a finite division of 1I.
(5) ( <Ay, w +oCllu 13) / Nully = for lully »=,

for suitable of2 0.

In the case of the problem Pi we replace (5) by the assumption
(5") Jvogek:<Au u-vy>/fuly+= for [u] =

where [u] is a seminorm in X satisfying : 1 8 > 0 such that

fuly, +8Mul;, 2cnuiy for ueXnH,.
We assume
(6) [Gu,vlsnun, nvn, and [6u, ul = nuni.

Theorem 1.

i/ Let uy e X H and let (2) - (6) be satisfied. If

1
7 sup l< A Uy, v > € =
Ilvllls 1, veXaH, _
holds then there exists the unique solution of the
problem Pl'
ii/ Let u, ¢ K and let (2) - (7) be satisfied.

0
Then there exists the unique solution of the problem Pi.

The method of the proof is based on Rothés method /method of
lines/. Let u1(1=1, eses N) be corresponding problems

8 . [Gu vl +h <auv>=h [ £, vl -[cu_,, vl

8%) ([6 u, v = u] +h <Au,v-u> 2 h [£(¢,),u-v]-[G u,_,,v-u])

1-17
T

where h = - , tj = Jh (§J =1, ..a,n). By means of u, (121, ee.,n)
n

we construct the function
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- —1 - -
u (&) = +RT (et (g - ug ), by St Sty

Y3-1 3 3’
j= 1, vu., n.

On the base of (8) ((8’)) using (3) - (7) we obtain (similarly as
in [2-4]) the apriori estimates
dun(t)

H—— 1, 2C, llu(t) Il
at 1 n XnH,

£ C (C is independent
on t and n)

which allows us to take limit for n+ « in the approximate identity

du (t) -
9) [c s V] +<Bu (t), v>=<£(£), v>
at n n
which we obtain trom (7) where u (t)= uy for ty, <t ty,

Gn(O) =y is the step function. Analogously we construct fn(t).
Similarly we proceed in (8'),

Theorem 2,
Let (2-7) be satisfied and f: I -+ H, is Lipschitz continuous,
i.e., NE (£) - £C(£)II sC It~ t'l.

Then the estimate holds

2 .
c1, ")) *a

Q

Ilun(t) - u(e)l

where u(t) is the solution of the problem Pi(Pi).

The case II. To give an abstract formulation corresponding to
this case we follow the concept of [1].
Let A, G, Hl, Hz and X be as in the case I. In the case II. they
correspond to the subset 0. Let Y be a reflexive space with its
dual Y* and duality <., .>3. We consider a demicontinuous, coer-
cive and strongly monotone operator B : Y+ Y* satisfying

(10) <Bu-Bv,u=-v>, 2Cllu-=- vng (p > 1)
11) <By, Y >/ Ilylly + @ for IlyllY > o

(Y and B -correspond to the subset nz). We define Cartesian pro-
duct W = XaH, x Y with the standard norm. Let T : W~ W* be
the operator defined by the form

(T u, v) = <A Uy, V> H<B Uy, v, >y

2
for u = (ul, uz}, v = { Vir v2} € W,

We denote by (f,v) = [f ,v,] + < £f,, v, > for £, e Hy £, c ¥*,

2
Let V be a (suitable) nonempty subspace of W.
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Problem P,. Let f, e C (I, Hy), £, e cC (I, Y*), uge XAH,. To

2

1
look for u e L_(I, V) (u(t) = {ul(t),'uz(t)}) such that

du
—L e L (1, H)), u(0) = u; and the identity
dt
dul(t)
[G _— v1] + (T u(t),v) = (£(t),v) for all v e¢ V.

dt
Analogously (as in the case I) we define problem Pi correspon-
ding to the variational inequality.

Example. Considering problem (E) under the growth assumption
la;(x, €)1 < c1 + 121P7 (1 = 0,1,00e,N; p > 1, we set?
-1
1 ° Lz(nl, a), HZ = Lz(nl, a ),

}

H
- I evs
X = {ve wp(nl).v 0 on 3 n anl

= 1 V=
Y = {ve wp(nz).v 0 on 3an 2, }
N v, )
< Aul, vy > = f{z a, (x’ul' vul) _ 4 ao(x,ul,Vul)v1 } dx
Q i=1 X
1 i
- N v
< B“z' Vg *x T J {t a, (x,u,, Vu,) —2 . a,(x,u,,%,)v,} dx
Q i 2 2 0 2 2°72
2 i=1 axi

The elements u = {ul, u2} € W we represent as a function on @
such that u =u

L@at

o , °on 2, and u = u, on 02. We define
=W
v P

2 (ﬂl,u).

Theorem3 ..
Let (2)-(7),(10)(11) be satisfied., If Var (fl,Hz) < o,
I

Ilfz(t) - fz(t’)IIY* S Clt=-t'l (t,t' ¢ I) holds then there exists
the unique solution of the problem Pz.

Similar result can be obtained for the problem Pé correspon-
ding to the variational inequality.
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