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NEW FUNCTIONAL SPACES AND LINEAR NONSTATIONARY
PROBLEMS OF MATHEMATICAL PHYSICS

J.Brilla
Bratislava,lSSR

1.Introduction

The range of physical problems in which the time dimension has
to be considered is great. Very often it is usual to consider the
time dependent problems separately, classifying them according to the
mathematical structure as parabolic and hyperbolic. We shall deal
with equations the structure of which is more complicated and analyse
common approach to their theoretical and numerical analysis.

Consider differential equations of the form

n k s X
I A D u+I b Dfus= £*, in 9 x R+ (1.1)
k=0 k=0
where Ak are time independent elliptic operators, bk are non -
k
negative constants, Dt = 9 /atk, s =n+1 or s =n+2.

According to n and s the equation (1.1) can be parabolic or
hyperbolic and includes the governing equations of quasistatic and
dynamic problems of viscoelastic plates and shallow shells.,

We assume a bounded domain © 4in R® with a smooth boundary
3@ and consider Dirichlet boundary conditions and non-homogeneous
initial conditions.

Simultaneously we can consider integro-differential equations

t
JA(Ct=1)u () dr + pDiu = f*¥ in @ x Rt (1,2)
0

with corresponding boundary and initial conditions, where A 1is an
elliptic operator with respect to space variables,

According to the form of the elliptic operator A the equation
(1.2) can be the governing equation of quasistatic problems for
viscoelastic plates and shallow shells of materials of the integral
type for p =1 and of dynamic problems for o # 1.
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2,Variational formulation

We assume that the right-hand sides of (1.1) and (1.2) belong
to the weighted Hilbert space of function valued in Sobolev spaces

Lz(Rz . Hm, ¢g) endowed with the norm

~20t 1/2

dat) (2.1)

el LZ(R+:Hm.0) = (é llf(t)llem e

Then applying Laplace transform to (1.1) and (1.2) we arrive
at

n 8
T P W+ p b u=t (2,2)
' Ay z X

Ap) ¥ +op%m =7, (2.3)

where tildes denote Laplace transforms and T includes also initial
conditions.

In order to arrive at a variational formulation we -introduce
complex Sobolev spaces of functions Hm(n,p;) which are.parametri-
cally dependent on the transform parameter p and analytic in the
right-hand halfplane p: = {p | Rep 2 0o 2 0} with the scalar product

@ =/t p® ¥ D" ¥ an (2.0
) Q lajlsm
and the norm
N8, =gz T2 aml/? (2.5)
Q2 lalzm

a beeing a multiindex.

Now we define the bilinear form for U,V e H%(n,p:),

G 2 b, B*GE, 9. (2.6)
=0 k=0

B[4, V] =

bR~

Since A, are positive definite operators and b, non-negative
constants, for positive real values of .p B[E,V]viu a positive
definite bilinear form. Then for real values of p Laplace transforms
of U and ¥ assume real values and one can construct the functio-
nal of generalized (in the sense of Laplace transform) potential
enerqgy
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2V @ =8B [uu] -2 &9, (2.7)

Now we can formulate the following variational theorem:

Theorem 1, For T ¢ Lz(n,p;) there exists a unique weak
(generalized) solution U of (2.2) which for positive values of p
minimizes the functional of the generalized potential energy (2.7)
and conversely the element, which for positive values of p minimizes
(2.7), fulfills (2,2). The solution for other values of p is given
by the analytic continuation and the solution of (1.1) by inverse

Laplace transform.

Further one can prove that (2.6) fulfills the conditions of the
Lax - Milgram theorem for p ¢ p: ={=}.

3New functional spaces

When we want to derive a priori estimates it is necessary to
introduce new functional spaces. We shall consider the spaces
K" T(q,0) of functions parametrically dependent on the transform
parameter p and analytic in p; with the norm

= (%W 2
NE I gmer g oy = (p >0 11 NE (py +1py) U ym + ooty
3.1

s +1ptHT U o) + 1pn30) apyl/?

where p = P + 1p2. For r = 0 we arrive at Hardy spaces of
functions valued in Sobolev spaces.

Simultaneously we introduce weigthed amisotropic Sobolev spaces
endowed with the norm

: o 2 -2t
ne u H":’é (a,r%,0) = { {) WE Uym @ dt +

(3.2)
-0t 4,2 1/2
+llfe 1 e (R*, nOm))}
where ‘we assume that
at* (x,0)
ik =0, K =0, 1, eees £ =1, (3.3)

Then we can prove the following theorem,

Theorem 2, Laplace transform is an isdmorphic mapping of
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n“‘:g ,R*,0) on k™T (2,0).
When we want to decide what spaces are convenient for an analy-
sis of a time dependent problem, it is necessary to analyse proper-

ties of eigenvalues., In dealing with this analysis we restrict
ourselves to the differential equation

2 - %
DL u +A D u +Ajus= b3 (3.4)
with Dirichlet boundary conditions and following initial conditions
u (x,0) = Uy s D, u(x,0) = u. (3.5)
Then the Laplace transform yields
2 ~ _ ¥
(p +A1p+A0)u—T +A1u§+puo+ul. (3.6)

Firstly we shall consider the case

Al = g Ao. (3.7
Denoting An eigenvalues of Ao and xn eigenfunctions of Ab
and multiplying scalarly (3.,6) by X, we arrive at
2 . ~

[p° +ep +' 1A ]/ =% +Gd +p)ug +u . (3.8)
Then

-~ bt 1

Uel g [¥ + (2 +puy +u ], 3.9

n=1 pZ+(xp+l)r

Now eigenvalues of the considered non-selfadjoint problem are
the roots of the equations

pz +RAp +2 =0, (3.10)

vhat gives
* 1 4

I + - 1/2
Pny,2 ° p AL [P 2a m) 1.
n

(3.11)

From the point of view of space and convergence analysis it is
important to find limit points of the spectrum (3.11). We have

lim _*

pgy == =000 (3.12)

and
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lim

1
nee Pnz = - -.:_ . (3.12)

Thus the spectrum of the considered non-selfadjoint problem has
a finite limit point and an infinite one.

The similar result can be proved in the case of general symme-
tric elliptic operators AO and Al when we take into account their
asymptotic properties.

Then from an analysis of (3.9) it is obvious that the choice
of spaces K"'Y(2,0) and Hm'g(an:b) depends on the asymptotic
properties of eigenvalues of éhe problem for n=« and not on orders
of derivatives. [1-2].

Now we can formulate and prove:

2(:—1)m,r—1(n'°)

Theorem 3. Let T & K r20 and ug=u,=0.

Then the solution of (3.6) satisfies u e K2I™F

exists a constant C such that

(2,0) and there

Iall <

K2m.r _.C "?lkz(r-l)m,r—l. (3.13)

Then using the isomorphism of spaces KT(q,0) and

Hm'g(nxnfb) we have,
’

Theorem 4. Let f e HZ(:'I)m'g'l(nxkfo).Bzo.u0=u1=0.Then the
’
solution of (3.4) satisfies u ¢ Hz(r'l)m':-l(nxnfb) and there exists
’

a constant C such that

I ull 2Cc £l (3.14)

2rm,r
H :0

When 2 does not belong to K®/¥(g,s), we apply Hardy spaces

H2(r-1)m,r—1
’

Hz(Hm(n.p:)) of 'Hm(n,p;) valued functions parametrically depen-
dent on p and analytic in p: with the norm [3-4]

W e T (pove _{ WEGp + 1’p2)||‘;m ap /2, (3.1
2 "Fo ©

Then we have:

Theorem 5. Laplace transform is an isometric isomorphic mapping
of L,(R,H",0) on H,(H"(a,p})).

Now analysing (3.9) we can formulate -and prove.
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Theorem 6. Let T e HZ(H_m(Q,p:)), uy € H'(2) and

u, € H™(Q). Then the solution. U of (3.6) satisfies

1
Ue HZ(Hm (ﬂ,p;)) and there exists a constant C such that

nan s c {nfn

+
+ -
Hy (" (2,p1)) H.(H m(ﬂ,p;))

2

(3.16)
+ gl + Nu il ).
07 y®cq) 17 g ™eg)

Then applying the theorem 5 we arrive at,

Theorem 7. Let £ ¢ L,(R',H (@), uj e H'(a) and u, € H(@)
Then the solution u of (3.4) satisfies u e Lz(R*,Hm(n)) and
there exists a constant C such that

Iall <c {ufn - +

L, R*, HM(2)) L2(R+‘H B(a))

(3.17)

+ uyll + llu o _ 1.

07 w™a) 1 g ™)
4, Finite element solution
We look for the solution in the form
—~ n o~
= §=1a“( ) ¢u(x), (4.1)

where {06}2 are global basis functions depending only on space

variables and the coefficients Eu(p) are functions of the transform
parameter. We consider global finite element basis functions, which
are piece wise polynomials in space variables. Since the set {Ou)?

is linearly independent, it forms over the fields of functions of p
analytic in p: the basis of a n-dimensional subspace Sn(n,p:) of

Hm(n,p;). In the same we may introduce S:’m(n,p;) families of fi-

nite element subspaces [5,6] in which basis functions are polyno-
mials in space variables of degree k + 1 >m and form a ‘dosed
subspaces of Hm(ﬂ,p:).

Inserting (4.1) into (2.7) and applying the usual variational
procedure we arrive at

w0~ _ -
7, = 3, Blo .o ] - (£, 0 = 0. (4.2)
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Thus
n ?us(p)(f,os)

a(p)=1r ————u-—— (4.3)
@ g=1 A(p)
where ?ue is the adjoint matrix and
A(p) = | B pu,wa)n (4.4)

is the determinant of the matrix of the system. It is obviows that

?GB(p) / A(p) 1is a rational function of p. Thus the inverse tran-
sform can be achieved by the method of decomposition into partial
fractions.

When dealing with the error estimation of this generalization
of the finite element method applying the approach and results of
[3-4] we can prove.

Theorem 7., Let sn(n,p;) belongs to sﬁ'm(n,p:) where

k +1>m and let € = U -u%, where u is the exact solution of
(3.8) with u, =y, = 0 and U* 4is its finite element approxima-
tion, is the aproximation error. Then there exists a constant C
independent of W, h and p, such that for sufficiently small h,
a regular refinement and for ¥ ¢ K2®™3(g,0), 8 2 1

schVuen

neu - -
Km,l/z(n'a) Kz(s 1)m,s l(n,c)

(4.5)

where v = min [k +1 - m, (2s-1) m].

Similar results hold for e = u - u*¥,

REFERENCES

[1] Besov O,.V., Iljin V.P., Nikolskij,S.M.: Integralnye predstav-
lenija funkciy i teoremy vlozhenija, Nauka, Moskva,1975.

[2] Lions J.L., Magenes E.: Non-Homogeneous Boundary Value Problems
and Applications -II, Springer, Berlin-Heidelberg- New York,1972.

[3] ‘Brilla J.: Finite element method for quasiparabolic equations,
Proc. of IV, Conference on Basic Problems of Numerical Analysis,
Plzeli, Sept. 4-8, 1978, MFF, Prague 1980,

f4] Brilla J.: The generalization of FEM for quasiparabolic and
quasihyperbolic equations., Proc.7. Tagung {iber Probleme und
Methoden der Mathematischen Physik, Techn.Hochschule Karl-Marx-
Stadt, 1979.

7C



{s1

(6]

Babu3ka I., Aziz A.K.: Survey lectures on mathematical founda-
tions of the finite element method, in Aziz A.K. ed. The Mathe-
matical Foundations of the Finite Element Method with Applica-
tions to Partial Differential Equations, New York, Academic
Press, 1972, pp. 5-359.

Oden J.T., Reddy J.N.: An introduction to the mathematical
theory of finite elements, New York-London-Sydney-Toronto, John
Wiley and Sons, 1976.

7



		webmaster@dml.cz
	2012-09-12T22:50:20+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




