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SOLUTION OF SYMMETRIC POSITIVE SYSTEMS
OF DIFFERENTIAL EQUATIONS

U.M.Sultangazin, Alma-Ata

S.K.Godunov and the author showed in 1969 that the hyperbolic
system obtained from the one-velocity kinetic equation in P2n+1 -
approximations of the method of spherical harmonics under boundary
conditions of Vladimirov’s type is symmetric positive. Writing the
system of equations of the method of spherical harmonics in the form
of a symmetric system in the sense of Friedrichs together with a
proof of dissipativity of the boundary conditions have made it possib-
le to discover new qualitative laws of the theory of spherical har-
monics. Under general assumptions concerning the dissipation indi-
catrix, the author proved weak convergence. A little later V.Skobli-
kov and A.Akisev studied the problem of strong convergence of the
method of spherical harmonics. It is also important that the symmet-
ry of the system and the positivity of the boundary conditions allow-
ed to construct effective computing algorithms for the solution of
the three-dimensional system of equations of spherical harmonics.
The present paper offers a survey of results of the study of symmet-

ric positive systems which appear in the method of spherical harmo-
nics.

1. Formulating the problem

Let G be a convex domain in the three-dimensional Euclidean
space R3 whose boundary is a smooth surface /' . Let us assume
that the surface [ belongs to the class C1 and has a bounded ra-
dius of curvature at any point. In the cylindric domain
ST = [p,T]-Gxil with the base Q = Gx{) we consider the following
initial-boundary value problem for non-stationary one-velocity kine-
tic transport equation:

) Lus%+g%§+f2—g—‘—;+;%‘;‘+<ru-
) - = —
-z-,-,’-’-/z(w.a)’)udw' =f,
[+
(2) w0, 7, @) = ¢F, ) ,
(3) u(t,r,w) = 0 for (@,n)<0, TET

where r = (x,y,z) are space coordinates, = (g,’z, ) are
angular variables which may be written in terms of spherical coordi-
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nates as §=cos sin 6 , Q:sinL/sinG,§=cosG,Q_=
{Y, & : oSy =27 , oSeSar} , u(t,r, @) is the function of
distribution of particles, f£(t,r,4) is the source function, G(¥F),
68(5) are the macroscop:.c sections characterizing the properties
of the medium, 47, g(Ww, w®) is the dissipation indicatrix,
weEQ, pEeEqr
Definition 1, A function u(t,?,q—})EC(EO,T]; L,(GxQ)) is call-
ed a generalized solution of the problem (1)-(2) if it satisfies
the integral identity

(4) f L*vudtdrdw +f Q)(F,w)v(o,?,w)d'fdw =/ vfdatardw
Sp t=0 Sp

for all continuously differentiable v(t,r,s ) with
(5) v(T,T, )
(6) v(t,T, w)

0,

0 for (m,yg)z0, TEI .

The formula (4) which is the basis of the above definition requires
that the coefficients of the equation (1) and the initial data ful-
f£il the following minimal conditions:

(a) & , Gy are measurable in G and G, 6361‘2(6) ’

(v) £€c([o,1] ; Ly(axQ)) ,

(c) der,(a:0)

It is easy to see that the integrals in (4) exist provided the
conditions (a)-(c) are fulfilled.

Theorem l. Let us assume that

(i) the coefficients 6(r), G,(T) are bounded and fulfil the
Lipschitz condition with respect to x,y,z with constants 6x ’
Gy , Gz » Ogy » Ssy * Ggz * respectively (e.g. the Lipschitz condi-
tion in x:

|6 (x*,y,2) = 6(x",y,2) | SGXIX’- x*|);

(ii) the source function f£(t,r, o)) is bounded, i.e.
l£ct,7, w)] Sf, and it fulfils the Lipschitz condition with respect
to t and x,y,z with constants ft ,f £ ’fz , respectively;

(iii) the initial function @(r,w) is bounded, i.e.

@(r, a/)l = @ and it fulfils the Llpschltz condition with respect
to x,y,z with constants éx , q_> @z , respectively.

Then there exists a bounded generahzed solution u(t,r,4))
which is absolutely continuous with respect to t,x,y,z and, more-
over, Lipschitz continuous in the domain ST with respect to t,x,
YsZ o
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A proof requires only to establish a priori estimates for the
differences u(t’,r,y) - u(t?”?,r,w), ul(t,r’',w) - u(t,r*’,w) by
virtue of the integral equation

- t —
fvﬁ(r-u (t-s))as
(7) u(t,r, w) =e u(t*,r=,w) +

L. - tfa 6G(r-w (t-s’))ds’
+ fe Bu(s,r=-w (t-8), «))ds.
t

Here t*, r* correspond to the point of intersection of the charac-
teristic T - @t = const with the side boundary of the domain Sp
and with the plane t=0 , respectively,

0 ir t¥>0

k

u(t¥,r*, ») = _
e PE,w) if t=o0 ,

Bu =42 | &(@,@)u(t,F, 5@’ + ¢ .
Q

We have

Iu(t";’a—)) _u(tn';'a_))l SulitQ_tnl ,

a(r’,r”, LT))IH(T-.;’,ZJ) - u(t,f‘”,Z))l < uzl;";"l
where “:‘. depend on T and the constants which appear in the assump-
tions of Theorem 1, d4(r’,r’,y) = min {d(?’,D ), d(r*, 0 )}
d(r, tJ) is the distance from the point whose coordinates are
T = (x,y,2z) to the boundary /7 along the direction 4 . A detailed
proof of these estimates is to be found in [6] ’ [7:'

2. Method of spherical harmonics

Let us introduce a projection operator
n

k
PRSI
where k=0 m=0

(m)

(2kc+1) SEmUd P(m)(g) cos miy

& k+m
5™ = (2c41) {l;;—g}% p™(5) sinmyp

(u,v) -frf uv sin ededf .

Then using the method of spherical harmonics, we determine the
approximate solution
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n k
=1 S a(m) (m) (m) ., (m)
Vo ST 0 Lo pi + 8 e ]
k=0 m=0
from the equation
(8) f v, = (Pnf .

This system of equations together with the corresponding initial
and boundary conditions can be written in the form

ov 2]V Vo 9[21" 9[§]vn

n
(9) 7t T ox YTy 7%z t % -

Ss dw’ = f
v EpVpdw” =1ty

Q
(10) n|t'0 @n(r’ W) ’
(11) vn€fV+(s) , B8ET
where

Hite) = {vn ¢ (v, s (ngg nyy 40,2 )vn)Zo}

are the components of the outer normal n ; £ UK

ny any ', £,
are operators which map a harmonic polynomﬁi.al v, onto another such
polynomial without increasing its degree LZJ .

It is known that the system of equations of the method of sphe-
rical harmonics may be written in another form which enables us to
express the system in the form of a symmetric hyperbolic system in

the sense of Friedrichs, namely

;)V v AN CAM
(12) ——+A1,£)t + Ay Dy + A3y +Dv, =F ,
(13) Vo0, = ¢,
(14) My, (t,7) =0 for ren
where {LJU (m) (m) } is a positive definite matrix,

Ai are symmetrlc matrlces [2] , M is a rectangular matrix satis-
fying boundary conditionsof the type of Vladimirov-Marsak. The boun-
dary matrix A = Al + n A + nzA3 has a constant rank on the

boundary [? . In virtue of dissipativity of the boundary conditions

(11) it is possible to establish a priori estimates

max vidrdw <M ,
t n 3
G’‘Q
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max lj(ﬁ),n)vﬁdsc}@ < M,
t Q

where M3 ’ M4 are independent of the number of harmonics n . On
the basis of the a priori estimates we can prove also the absolute
continuity of vn(t,?,a—)) with respect to t,r under the conditions
(i)-(iii).

Let u(t,r,i ) be a generalized solution of the problem (1) -
(3) which is absolutely continuous with respect to t,r and let
vn(t,F,a—)) be the corresponding generalized solution of the problem
(9) - (11). Then the following theorem [4 is valid.

Theorem 2. The Sequence {vn(t,?, 5)}] approximates u(t,r, /)
with respect to the norm of the space C([O,T:] H LZ(GxQ_)).

In order to prove Theorem 2 we introduce W, =u, - Vi where
u, = fnu « Then the Green formula
[ w2t 3 5 yaRas = 2(0.3 = yarg s
(15) Nn(t,r,w)drdw = W, (0,r, )drdw -
G/ Q G/Q

t
Gg -
- //jlswn -ﬁ-j g W dw |W dtdrde +
0/c/a Q
t

t
+ szj(f-fn«fRn)wndtdfda—J - [// (a,i)wﬁdtdsdw ’
o’a o’r’

Q.
holds for the difference W with f = J“nf )y & = /ng and

~(m)

n
-1 1 {n-m+2‘! m=-1 én-m;! m+1 2Yn
Ry =72x {2[2 (- %G+ T Cn+l * Tntm %) " ox *
n=0
1 +2)1 1 ! 1 Qg(m)
n-m m- n-m) l m+ n
+ 3RS - s ) ¢
~(m) n
7y
n-m+l){.n n S7ri. {n-m+2)!l.m-1
* )t ol oz 1+2[5¢ (n+m) ! on+l
m=

—~(m)
9.
én-mgl m+1 ¥n l, (n-m+2)!.m
* ) Ton+l 7%~ "2 )T el *

~(m) ~(m)
+ fpmaltond Yn _, (n-ms1)1 2 ¥n
n+m) { n+l 2y n+m) ! 22 J}
~
where Nl(lm), r(lm) are the coefficients of the representation of

u at the last harmonics.
We estimate (15) by
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“W ||2 = ”W ”2 +k “w ”2dfr + “f 4Ry “2 j}(n, w)w dtdsdw
o’

“w ||2 [[wzdrda) .

In virtue of the properties of harmonic polynomials we obtain
the inequality

t
[ Gl S)wldtard o —u |12 .
IO/P/Q (n, W)W dtdrdw ﬁ”u un”C([O,TJ;Lz)t
Using this inequality, we conclude finally
lag-vall3 [0,1];1,)=C1(T) {Il graa [u-u, | ]I [o,7];1,) *
+ ”“‘“n“g([o,w];Lz)}

with

which proves the theorem.

3. Estimate of error

Let us consider the stationary problem for the kinetic equation
in the case of the plane geometry. Here the boundary value problem
for the equations of the method of spherical harmonics in P, ., =
approximations assumes the form

1
[ 5 ova = [ wap ey
-1

Iopasﬂ(/u)vn(o,/b)d/u =0

0,
j P28+1(/h)vn(ﬂ,/b)d/u= 0, 820,1,¢..,n ;
-1
where 1 n-1 1
[/u] v, = -zg (KA PR (WP + 5 0B (Y,

If u is the exact solution of the original problem, then W, =

=v,-u satisfies the equation

(16) 24 w—-gEIWd’ i’ﬂ#[e(o)-
Moz *t O =3 B ya * P 40 Vn'2s

-3 AYRE RCUNIEE EEA
-1
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The function Wn introduced above satisfies the boundary condi-
tions

7) Wn(O,//p) vn(O,/x/) if /¢>0 ,
(18) Wn(H,/p) vn(H,/u) if /u<0 .

Thus we have formulated a boundary value problem (16) - (18)
with respect to Wn(z,/p) « By virtue of the maximum principle [5]
this yields an estmat'e for W,

n+l ()
W, | < max {x:z’ax I’F—'TBT'(LVn_f)/vzo*'%(f)l ) m/a;x lvn(O./b)J ’

n;ixlvn(l{,/u)l}
v G 1
Rn(f) =f-f, 5 Lv, = /pﬁ- ﬂvn-—?—f v_d

where

4. The splitting method for equations of the method

of spherical harmonics

Let us now proceed to the problems of construction of the diffe-
rence schemes for the solution of the problem (12) - (14). To this
aim we divide the interval [O,T] into m equal parts with the
step T =T/m and replace the problem on the interval [m’L’ ’ (m+1)’rZ|
by a sequence of one-dimensional problems. The convergence of this
method was studied in our former papers [8] . Here we show some new
approaches to the realisation of symmetric systems on each interme-
diate step. We consider the one-dimensional problem

2u . 4 2u, o -
(19) BQt+AOx+Du f,
(20) ume,x) = ¢,
(21) Mju =0 for x=0, Myu =0 for x=H .

We introduce the spaces
Ho=A{u: M1u=0} y M= A{v: M2v=0} A {w : Aw=0} .
In virtue of the dissipativity of the boundary conditions (Au,u) =
= 0, u€‘JV+ y (Av,v) <0, vE€ /f/_ « This implies that the spaces ./f/+ ’
. are orthogonal with respect to the metric [u,v] = (Au,v) .,
Let {u} , {v} ’ {w} form orthogonal systems of bases of the spaces
+ 2MN. s Ny » respectively.
Denote the matrix formed by these basis vectors by L = [u,v,w].
Then using the mapping u=LV we can rewrite the system (19) in the
form
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A 2V LBy =
B?t+‘A9x+Dv'8

where B = L*BL , J.= L*AL is a diagonal matrix. The vector V
may be written in the form V = (V',v™,v®) with v*,v",v® corres-
ponding to the blocks u,v,w.

The boundary conditions (21) are

v =0 for x=0 ,

vV =0 for x=H .
After transforming the system into the canonical form it is not
difficult to find stable difference schemes.
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