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THE SOLUTION OF PARABOLIC MODELS BY FINITE ELEMENT
SPACE AND A-STABLE TIME DISCRETIZATION

J. Nedoma, Brno

In papers on solution of parabolic differential equations by the
finite element methdd error bounds are given either in the case that
the union of finite elements (straight or curved) matches exactly the
given domain (e.g. in Zlémal’s papers) or in the case of curved ele-
ments which do not cover,in general,the given domain (e.g. in Raviart’s
papers).In the former case the error bounds are given for fully (i.e.
both in space and time) discretized approximate solutions.In the latter
case the numerical integration is taken into account,however the error

bounds are given only for semidiscrete(not discretized in time) appro-
ximate solutions.Error bounds introduced in this lecture are given
for fully discretized approximate solutions and for arbitrary curved
domains.Discretization in time is carried out by A-stable linear mul-
tistep methods.Isoparametric simplicial curved elements in n-dimen-
sional space are applied.Degrees of accuracy of quadrature formulas
are determined such that numerical integration does not worsen the
optimal order of convergence in L2 norm of the method.

l.The finite element space discretization of the problem

Let us first introduce the parabolic problem in the variational
form. Let x-(xl,...x )¢ R®, Let 2 be a bounded domain in R®. Let
the functions g(x), g;.(x), i,j=1,...n. defined on $2 and the func-
tion f£(x,t) defined on Rx (0 ,T] be smooth enough, Let
(1) gij(x) = gji(x), glx)> go('=const) > o0, M¥xel

and let the differential operator

—
) L= 23",:_1 -(gla(x)s--)

be uniformly elliptic inR.Let alu,v) be the bilinear form correspon-
ding to operator L,i.e.

(3) a(u,v) —S :E g; 25- 2. ax.

@25 ijexy X

We study the following problem:
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Find a function u(x,t) such that

LG (), 2} e Lo (),
() (@%F /g, g * alu,¥) = (£,9) o, ¥V € Hy(SR) end t € (0,T]
u(x,0) = uy(x) € LA(S).

Here H(])'(S?‘) is the closure of the set CB"(SE)(i.e. of the set of infi-
nitely differentiable functions with compact support in 9R) in the
Sobolev norm “'“1’5?.' '1(52,) is the space dual to }%(SE) (with dual
norm).L (H®(S2)) is the space of all functions v(x,t),x=(x1,..xn)€5?.,
t € (0,T] such that v(x,t) € H"(SX), ¥ t ¢ (0,T] and the function
“v(x,t)“m,ﬂ is bounded for almost all t ¢ (0,T].

First we discretize the problem (4) by the finite element method
with respect to x.For this we use a k-regular family of isoparametric
simplicial curved elements in n-dimensional space which are construe-
ted in Raviart’s paper[1].Let f be a k-regular triangulation of the
set S2 and let Vh be the correspondmg finite element space.The union
of the elements e from th forms some set Slh which,in general,differs
fromS}..We extend the functions g(x),g. J(x) uo(x) to a greater set
S?. > S such that the conditions (l)and (2) are satisfied.In such a
way we obtain the functions g(x),gij(x) and uo(x).Obv1ouely,for suf-
ficiently small h,it is true

(5) R R,
About the solution u of the problem (4) we suppose
(6) u, 2 <« LNHIR)).

By the Calderon extengion theorem,for every t ¢ (0,T] there exist
extensions U(x,t) , 3—% . Let us denote

(7 ?(x,t) = Z(x) -%% -Yffx‘,

where

~ n
(8) L = %13§3(81J(1) ---

According to (4) we define now the following semidiscrete problem:
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Find a function ug(x,t) such that

21
ug, 3-% < B vy (),
(9) (2(x) --{ ,v)o 2y + a(us,v) €3 "o VR, ¥ve Vy, t ¢ (0,71,
ug (x,0) = uy e Vy,

where u, is an approximate of uo(x) and a(u,v) is the bilinear form

a = du_ 2V
(10) a(u)V) = f 12::]_181‘](1) 'é-i_ _5:—:- dxe.

2.The_A-stable_time_discretization of the problem

We called the problem (9) semidiscrete because it is discretized
with respect to x only.It is obvious that (9) is a system of ordinary
differential equations with an unknown vector function of parameter
t .From here we find the way how to discretize the problem with re-
spect to t.We solve the system by - =step A-stable linear method
(for v =1,2) ot order q.We diwide the time interval [ C,T] into a fi-
nite number of intervals of the same length At.We introduce the fol-
lowing notation

(11) {:“‘ = $™(x) = $(x,mat), m = 0,1,...

for any function Cb(x,t). .
If we apply to (9) a v-step (VY = 1,2) A-stable linear method we get
the following discrete problem:

Find a function uy(x,t) such that
u € Vh for any t = 0, At, 2At, +s0 T

v .
(12) (F(x) %‘*ju’gn"’)o,& + Ata(z m+J,
= At(Zlem" ) Ry ¥ V€V BT O,

vg = Yo € Vs
here (see (11] and {127 )
a) for one-step A-stable methods
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y=1, &, =1, 0(0 =-1, @3; =1-9, B, =%,®‘;%is any real
number.If @ = 1/2 then the method is of order q = 2, in all the
other cases the method is of order q = 1.

b) for two-steps A-stable methods
V=2, Ak, =@, &) =1-20, %, =-1+0, @, = (1/2)0+ 8§,
@, = (1/2)-28, By = (1/2) - (1/2)0+§, @ = (1/2), §>o0.

3.The_numerical integration

Since it is either too costly or simply impossible to evaluate
exactly the integrals (.,.), Szh,’a'(.,.),we must now take into account
’

the fact that approximate integration is used for their computation.
For this purpose we use the isoparametric numerical integration (see
£11]).We remerber:

Every finite element e efh is the image (i.e. e = Fe("f)) of the

A
unit n-simplex T through the unique mapping Fe: T-R%Let us suppose
that we have at our disposal a quadrature formula of degree d over
the reference set ?.In other words,

7N
an fLpmar =>E, $E

for any function A('i) which is defined on T and for some specified
points /l;r e T and weights Gr.Let c‘:(x) be any function defined on e.
Then using the standard formula for the change of variables in mul=-
tiple integrals,we find that

(14) I $(x)ax zzar\aetﬁr)w(pe(ﬁ;»)

where J, (%) is Jacobian of the transformation e =F, (T).
We see that the quadrature scheme (13) over the reference set T in-
duces the quadrature scheme (14) over the element e,a circumstance
which we call "isoparametric numerical integration®.

In agreement with (14) we replace in (12)

(15) (-,o)o'Rh’,:‘.a (o,o)h, ’é‘(o,-) ~ ah('.,o)

According to (12) and (15) we define the following full discretized
problem:

Find a function u,(x,t) such that
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uh€ Vh for t = O,At,tooT
(16) (g(x)%o( B vy +Atah(% B B ,v)
= 3 +j J = seoe
At(jgo pme Wi ¥ VE Y, n= 0,1,

0 ’ -
um=uoe\ﬁ .

4.Error_bounds

Theorem.

Let u(x,t) be the solution of the problem (5) such that
u

u, ?--; € Lw(Hk'B(&)),r =1,...q.Let th be a k-regular triangulation
2t

of the set S}.h where k is a positive integer such that k > n/2 - 1.

Let the quadrature'formulas on the reference set ’ffor calculation of

the forms (.,.), q, and a(.,.) be of degree d> 2k and d > 2k - 1,

LR o}

respectively.Let a given y -step time discretization method be A-sta-

ble and of order q.Let y =1 or 2.

Then the full discrete problem (16) has one and only one solution

uh(x,t) and there exists a constant c¢ independent of t and h such that
V=1l y
a7 \u® - uhuo JRnRy, c(At + n¥*1 4| €0 n ey e

[Here ao, &y-l are the errors on the first Y steps, \&\h = J—(ga ’é)h"l

Outline of the proof.
Let us denote

as) W = Ylj * Yj’

where -vl'j =Yl('x,jAt) is the Ritz approximation of the function

2 = W(x,jAt).We recall that W and 2 { are extensions of u and at

satisfying the inequalities

(19) \lﬁ\lkﬂ,n < C“U“k.,a’&’ “ f“k+3 &5 °‘a’i“k+3 R

Next we recall that by the Ritz approximation of the function u(x,t)
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we meen the function Y|(x,t) € Vy (V) ¢ H3(Ry)), ¥ t € (0,7 such that

(20) @®) §F ;7)o g *B0Ux,0),¥) = ('F(x,t),v)o,ﬂh, ¥ Ve V.

It is easy to prove that M (x,t) is an orthogonal projection onto Vy

of the function U(x,t) in the energy norm given by the bilinear form

B(e,.),i.e.that it satisfies
~ yr

(21) a(u -’rl,v) =0, ¥ veV.

For the Ritz approximation the following estimate can be derived
y k+l-1 .
(22) \\u -"l“l Sy, « ch “u“k*ﬁ,&’ i=o0,1,

where c is a constant independent of h and t.
From (22) and (18) we get

@) i, 0, =1 - o, < Hlul; g

From (18) it follows

(24) ““j - “ijx\\o,sz,‘ghs I - uﬂ\lo’&hs “gj“o,gh + “‘L - “n“o Ry
Hence,it is sufficient to give an estimation of error bounds for
(25) &9 =‘Tj - ug .

By simple calculation we get from (14) and (16)

hJ : N .
(g% okJ.gm*J V) + ata( % g,jgm*.] V)
J =

(26) = (1, Y

. Y .
- @) Wo,g, T AEY %@-{t‘m*% - B = o)
-AtE( ZglJ -ax i@l'}l--—) ¥ v € Vh ,

where
b

@7 5 | 0( il -Atp}-{- %), b = sZ“ }m*j E($) -L‘q\n o)

and where Ee(§) is according to (14) the error given by the isopara-
metric integration,i.e.

(28) 5,04) =[pnrax - ZBY, | fer B .
’ €
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We denote the expressions in identity (26) by A;‘(v), Bj(v), Dj(v),
F;,n(v), G':(v), Hl)’,‘(v) respectively.Next we denote QI: =AtF;ll - Gg -AtH:l.

The identity (26) is true for all v € V., hence it is also true for
(29) v =g = yZp.gm*J' .
350 9
From here we get the following basic identity
(30) sz-iA‘“(’g) +At<sﬁsm(’y) = <E2‘_113“‘(};) + sz'qu@
=0 Y m=0 Y m=0 m=0 »

valid for any s such that sat < T, s> V.
Using the similar technique as in [ 1171 we prove

8=y 2 2 2
|8 o v-l =
(31) 3 A3 2 cyfef “0,52," cl[|£ I +le \h], v=1,2.
To this end we use the inequality
(32) °3“V“O,Qh§ \v\h » ¥vevy

valid under the assumption that the quadrature formula on the refe-
rence set T is of degree d > 2k.In the inequality the notation

2 _ .
lv\h = (g(x)v, v), is used.

It is easy to derive the following inequality

8= 8=-Y , ¥ 12
p m+J -
o S > ¢ = e g, v
For this purpose we use the inequality
(34) cs]vll’ahé fviipy ¥ vev,

valid under the assumption that the quadrature formula on the refe-

rence set @ is of degree d = 2k-2.In this inequality the notation
2 _ .

vl = a,(v,v) is used.

Next, we prove the inequality

8=y k+1 S=VY ¥ i .
(35) %\Dﬂ(g)\ < ceht(pt? + h )mz=0:“,§o (535“ J“O,.szh’ V= §,2.

For Q':(g') the following estimate can be derived
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8=y 8=y b4 .
m,. k+1 m+j =
(36) m2=0 ‘Qv(g)\ % Coith %% i J'Z=O @J.g ul,St.h’ Yy =1,2.
To this end we use the inequalities

|Beww| < °8hk*1“w"k*l,S?-h“v“l,ﬁh’

37D |Ew)| < °9hk*1||u“k+3,g.“vul,sah'

| 33 '-a-'L ---)\ < o) b lllullkﬂ,g\\vlll’_\ﬁh

valid for all w e_Hk+1(9. )y Ve Wy, € Q ), ue Hk+3(SE)) t ¢ (0,7]
and b(x) € Ckﬂ(Qh) under the assumption that the quadrature formula
on the reference set /'f is of degree d > 2k-1l.

From (31), (33), (35) and (36),using several times the inequality

(38) |ab| < 3ra® + 3= bP

we get
2 2 2 s=1 2
_ 2 2(k+1) _, .0 -1 :
(39) “iB"o,.szh < 0y (at?d + n2 el +)e7 ) At zm: "E—mHO,S?.h'

From (39) and from [9] (see Lemma 2.1,p.396) we get the estimate. (17).
In the end let us add the following remarks:

Remark 1.
From (17) we see that the Ly-norm of the error is of a magnitu=-

de of the order Atq (@ = 1,2) with respect to At and of the order
hk+l with respect to h.

Remark 2.

According to our result, for l-regular triangulation (i.e.for
linear isoparametric elements) the quadrature formula on the refe-
rence set T for calculation of the forms (eye)o 2 and a(.,.) must
be,in general,of degree 2 and 1, respect:wely.It can be proved that
using the quadrature formula

(40) S,T}f(ii)di? mes T [(0,0440) +(0,1,4420) + e +1(0,0,...1))

(which is of degree 1) for calculation of the form (.,.)O R we obtain
the same estimate as in (17).In this case the mass matrix is diago-
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nal.In the engineering literature this effect is called the mass
lumping.

Remark 3.

For the three-dimensional space the simplicial curved elements
have no practicael use.For such case the theory using quadrilateral
elements must be developed.We are working on this problem now.
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