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GRADIENT ALTERNATING-DIRECTION METHODS

Ve I1?in, Novosibirsk

l. Introduction
We shall be concerned with iterative methods for the solution
of the system of equations

(1) Ax = T,

where A is a symmetric square matrix and x, f are N-dimensional
real vectors. We suppose that the eigenvalues ’Lk of the matrix
A are non-negative, 0 =& = /1,152125...5/1,]\]5[3< oo

and that A may be expressed as a sum of positive semi~definite

P
matrices which are easily invertible, A = > Asy (Ayx,x) Zo,
i=1

i = 1,2, The alternating-direction iterative methods were intro-
duced in the papers by Peaceman, Rachford and Douglas in 1955. These
methods, which have passed extensive development since then, use

the inversion of matrices of the form I + T4A;, where I is the
identity matrix and 0< T < e, in the intermediate stages [1].
Such methods may be understood to be based on the preliminary mul-
tiplication of the equation (1) by the matrix H;},

(2) He =2 (I+ TA(I+ T eee (T+7TA),

where the iteration parameter 7T 1is found in such a way that the
condition number of the matrix H;} A be minimumo. We shall not
dwell on various versions of the algorithms studied in papers by
Janenko, Kellogg, Samarskil, Maréuk, D? jakonov, the author, and
others (see e.ge the surveys in [2] - [4]), which differ in the
ways of realization in the main. Instead, we give attention to the
following form of the alternating-direction iterative methods:

(3) x =1 o0 pt ax™t-n).
n

For p = 2 scheme (3) is equivalent to the Douglas-Rachford method
if w, =1 and to that of Peaceman-Rachford if w,=z2 (4]

The algorithms of alternating directions have found their prin-
cipal application in the finite difference methods for solving
elliptic equations with p Z 2 independent variablese If, eoge,

Ai is a difference analogue of the operator of the second deriva-
tive with respect to one variable then Hey is a product of easily
invertible tridiagonal matrices (the so-called alternating-direction
implicit methods, ADI). On the other hand, defining A eand A,
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as a lower end upper triangular matrix, respectively, (is.e. Al +

+ A, = Ay, A= Aé), we obtain alternating-direction explicit
methods (ADE) or point-triangular methods, studied by A.A. Samarskil
and the author. Some versions of these point-triangular methods coin-
cide with particular realizations of the symmetric successive over-
relaxation method (SSOR), see Dﬂ, [4] and the references quoted
there.

The basic results on the optimization of iterative methods of
the form (3) consist in the minimization of the spectral radius of
the matrix

n
(4) D=2 (I- wHL )
s=1 s
under the hypothesis that its spectrum is real. For example, if
% >0, p=2, &, =2, and the matrices 4,, A, are commutative
then the sequences 'fs of iteration parameters are known such that
the number n(€ ) of iterations necessary for reducing the norm of

the error y" = x - & £ “lotimes satisfies the inequality

(5) n(¢) Zclmelan® |

where C 1s a constant independent of the bounds of the spectrum
of A. Another approach is connected with the use of constant

T, =T and the selection of AN according to the Chebyshev
acceleration methode In this case, supposing o >0, p = 2, commu=-

tative A, eand A,, and the optimum value of T , we obtain the

inequality [5]
1- £2/ln -ty
3
2 1+ V]”

where g~ = (et /f3 )1/2(1+ </ )"te For £ << 1, o/B <<1 the
inequality (6) may be written as

(6a) n(€) Flmélreve va/p -

A number of papers present the convergence conditions for the
iterative processes and estimates of n(& ) for non-commutative
matrices A:. and p>2. However, these estimates prove to be weaker
than (5), (6) (efe [1] = [4] and the references quoted there).

In the present paper we discuss the optimization of iteration
parameters connected with minimizing certain functionals which cha-
racterize the suppression of errors in successive approximationse
In other words, we shall investigate the application of the method

(6) n(€) < 1n =
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of steepest descent, of the minimum residual method and the conju-
gate gradient method to the alternating-direction algorithms. The
above methods have been introduced and studied by Kantorovi&, Kra=-
snosel’skil, Kreln,Hestenes, Stiefel and others ([6] - [9]). We note
that it seems that such an approach has been investigated for the
first time in the papers by Godunov and Prokopov, Marduk and Kuzne-
cov, see [3], [10].

2o The method of steepest descent and the minimum residual method
Putting T, =T 1in (3) and defining @, from the minimum
condition of the functional

7 Py = (A, hyoo(e, )= (4™t 3P ) - (£, 2
as
-1_n
(™, ™)
(8) w_ = z ro=f - AX"
n -l n.=-1ln, ? n L]
(AH v, H ')
we come to the method of steepest descent, for which the relation
n+l ' n .=l n2
%) ¢ (=) T e s N - (r?,H )
$ =™ (A", ™) n (A", o) (AH e, B )

holds [3] . If the matrix H'/%m ~1/2

bounds of its spectrum are O<m<M< 9, then the inequality

is positive definite and the

M+m

i

(10) q, $a=(EL)2

holdse In particular, if p = 2 and A; are symmetric, commutative,
and satisfy the condition & (x,x) = (A4;x,x) £ A(x,x), i =1,2,

d >0 then we have

(11) n=2Vd/A /70 +V8§/A )2,
M= (1+ §/A)/1 + /& /D)2
qa= Q=-V 8/ /)4

for T = (JA)'1/2. This means that the method (3), (8) with a
constant optimal value of T converges no worse that the Peaceman-
-Rachford method (formula (5) with w = 2).

Under the assumptions stated before (10) we can obtain an esti=-
mate of’;another kind for the method of steepest descent. Putting
k = (Ay™,y™) from (9) we have (see [5]):

(rn,H-,.C,lrn) _ (rn,H_t}rn) N (rn’yn)Z

(12) L kn+1' (AH’:;:Lrn,H'lrn) " = e, yn,yn) Z
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2
Mq™(H, y°,5°)
From this it follows immediately that

n

13 ™y = (0,50 (a0, y Oy, 50t Zl ],
s=

The inequality (13) leads to the bound

-1
(14) (ay™*,y2+y = ey, 30,59
1-q

for g<1le If we do not require the positive definitness of A
(iceo we admit m = 0, q = 1) then (13) implies the inequality

(15) ™,y = uaw Ly, 5% /m

obtained in [10] and for H, = I even earlier by Kantorovi& [6].
In the practically most important case q =1 = Vg 2" << 1 the
bound (14) gives a rather better result than (15):

(ay™,y™* ) = ma, 3°,5% /0 (eny) .

The minimum residual method is defined by (3) with T,=7
and computing @, from the condition of minimum value of the fun-

ctional (rn+1,rn+l):
=l n n,2
(16) w n = (Ailf:; ’r_])_ n o
(AH_r",AH ")
In this case the residual r" satisfies the relation
-l n n.2
an petly 2 (el oty z =1- (AH T ,r)
o2 ) 2 (r, ™) n (rn,rn)(AH;lrn,AH;Irn)

and bounds for T;n analogous to (10), (11) can be easily obtained.
Since, under the above assumptions, the relation

(ISxI-ITE:l‘x’n,I’n)2 5 (AHTéLrn.rn)

SN -1 n n n+1 - n
HAHZ T (e 0+l i) P TR ol |

Il r

follows from (17) we obtain

n“2

(18) el - ety oz e B
M lH -y Il

with the help of the inequalities
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<

(e, o) < (AH'lrn,rn)llH~ yrlone™i, nuy™ Il 23 |IHy0H.
’ T n

From this estimate

-1
(19) e = =8 — owlim_ 5
1-g

follows for q<1l. Analogously to the previous case, the inequality
(20) (rn+1,rn+l) = 4M2(HTyO,H,ryo)/n2

is a consequence of (18) in the case of a singular matrix A(g <1).
The inequality (20) is obtained in [11].

Let us consider the problem of the choice of parameters T in
(3) for p = 2 based on the condition of minimum value of functio-
nals. This problem is studied in [li]. In the method of steepest
descent, calculating @ = from the formula (8), we come to the non-
linear equation

(H . rn’rn+1)

1/2
(21) T = a
n [(H',C:." A AH rn,rn+l)] ’
n n
n+l
. dd(x') )
which follows from the condition — g — = Os Similarly in

the minimum residual method we obtain
(AH-T} rn’rn+1) /2
_ n
(22) Tn = [(H-l AAHE P r“*l)]
Th 172 'rn 4

dgrn+l rn+l2

from the equation 3T = Q.- (aJn in (22) is calculated

from (16.) It can be easily seen that for these Tn\ the functionals
n+l n+l n+l .. - . -1 .

") and (r",r™*) attain its minimum if AH 2 is a sym-

metric positive definite matrix. Notice that if now r possesses

one dominant component in the expansion with respect to the eigen-

functions of the matrix AH?} s then (21) and (22) become
n

n._n
(2 o [
1727 2

i.es, one approximate formula which under the assumptions made above
is true even for a)n = 2 particularly ( see [11] ).

It is possible to propose algorithms with the computation of
iteration parameters using a posteriori information on the basis of
the above considerations. We carry out the iterations by formula (3)
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with fixed values @ =2, "C'n = Ty (eege, Tg = (JA)‘l/2
if 4 and A are known) at first. If the condition
n, +1 n
e X e X1«
(24) - -—0|% ¢
k k
e < Ilr I

with a sufficiently small & is satisfied for some n, n(this cha~-
racterizes the isolation of the dominant harmonics in r k) then
we compute T’n using formula (23) and W, using (8) or (16) in
the next iteration. The following iterations are performed with

W, =2 ad T = Ty again until the condition (24) is satisfied
etce

For the methods under consideration we present the results of
experiments with alternating-direction implicit methods for the
five-point approximation of the Laplace equation A u =0 on a
square grid in a square domain with the boundary condition ulp = 1l
The iterations were performed on the grids m xm (m = 10,20,40)

with ), =0 till the condition mex lufil-u} I =107

ij s i
fied. For comparison we present thelﬁumbers of iterations for the
Peaceman-Rachford method in Table 1 (a)n = 2)e The first column
corresponds to constant parameters close to their optimum values
(T = Ty = 2.25, 4.75, 10 for m = 10,20,40 respectively) and the
second one to the optimum sequence T&l "of Wachspress" [1]. The
numbers of iterations with T = '70 and &)n calculated by the
minimum residual method (16) are given in the third column while
those with @, and txx calculated from (16), (23) and the condi-
tion (24) satisfied for £ = 1072 are presented in the fourth
column. Finally the numbers of iterations in the fifth column corres-
pond to @ and T -calculated from the formulae (16), (22) for
each n. Although these last results seem to be best their character
is purely illustrative since finding Trl is here a very time-con-
suming process involving the solution of a nonlinear equation.

was satis-

oY 1| 2] 3] 4] s

10 | 17 9| 17 | 13 9
20 ] 31 |13 | 28] 15 | 11
40| 60 | 16 | 54| 18 | 13

Table 1.

The computations performed show that with W, calculated by
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the method of steepest descent (8) we obtain roughly the same results
for the problems under consideration.

3. Conjugate gradient methods

Defining the conjugate gradient methods, as applied to the equa-
tion (1) multiplied by the matrix H%l, in accord with [9], we ob-
tain the following class of iteration algorithms [5]

(25) Xn+1™%n*8nPns p n+l=an+l+bnpn ’ qn+l=AH lBr n+l?

(q,,p,) (q Kq .q)
e - n’n _ n+1?"n+l
Ty "H T(F-Axn ), aps B, Bp,) > °n " "(a,Ka)

9 = AH-lBrO,
where R = AH-.‘.}BH-,}A, B and K are certain symmetric positive
definite matrices, and He is supposed to be symmetric for the
sake of simplicity. The process given is optimal in the following
sense: The vector x, minimizes the functional @(x) = (r,Br) on
an (n+l)-dimensional hyperplane passing through the points

XgreeesXpe As is shown in [8] , [9) , [5] it is valid that

= 1 le -
rg = H (foO), Py = Kq,

(26) yn+l = yo - TPn(T)yo ’

where T = KR and Pn(v) is a certain polynomial of degree n,
holds for the error vectors. If \)k and 2z, k =1,25ee0,N, are
the eigenvalues and the corresponding orthogonal eigenvectors of the
matrix T and e (v k) are the eigenvalues of the matrix R, which
will be considered to be a function of Vs then we arrive at

v

(27) § ) = 2 9y [1-v,2, 00 ] Pz

If 0<v, = Vi = Vy and 7 (¥) is a polynomial it is possible
to estimate the rate of the decrease of the functional ¢ (x,41)
constructing a polynomial of the form

(28) t(v) = p(v) [1-ve (v)]2= p(v)F2 (v)

that satisfies the condition Fn+1(0) = 1 and possesses the least
deviation from zero on the interval [Vl, v N] °

Choosing the matrices B and K in various ways, we come to
different versions of conjugate gradient methods. E.go., for a sym=-
metric matrix H,E,A we obtain the following algorithms.

A. An analogue of the multistep method of steepest descent is
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obtalned by putting B = A le. , K=I, R=T-= H'féLA, @(xn) =

= (A7 H'z;‘ n’r) (H Ayn’yn

-1
(29) Po = Tor Fp+1 T *p * 1;’n(rn’rn)/(pn’H‘z' APn)’

-1
=HU(f-A% 1)y Ppy1™Thy pn<H7 Ap,T, 1)/ (P HZ Ap )e

B. Choosing B = I, K= A"'Hy , R = AHZ?A, T =H_'4, &(x) =

= (rn,rn), we arrive at an analogue of the multistep minimum resi-
dual method:

Tn+l

= _ -1
(30) Py = Tgy T = Ho(f-Ax),
-1 -1 -1
% i=x Hfun’pil) b By (H.-Apn,H,.» Apn+l) ]
n+l "n" - - n n+l”  n+
(Hz Ap,H  Ap,) ("7, pn,prn)
-1

If the matrix HZoA is not symmetric, analogous but somewhat more
time-consuming algorithms can be constructed. We shall not study
them here (see [5]).

Since the inequality

(31) (x, = max _[1-vP__ (v)]%®(x,)
6 n Vé.[Vlt\lN] n-1 q) 0

follows immediately from (27), it is apparent that, on the assumptions
made in deriving (6), (6a) for the CebySev acceleration method, these
bounds remain true also for any of the conjugate gradient methodse.
Now n(€ ) denotes the number of iterations necessary for satisfying
the condition §(x)) = £ 2@(3:0).

Inequalities of another kind can be constructed with the help of
special polynomials employed for estimating the functionals @ (xn).
Eege if Fn(v) is the Lanczos polynomial

(32) F(v) = 1-cos [(n+1)2rccos(1—zv )
2(n+1)“V

we have

(33) NE(V) = (nr1)72

for Ve [O,l] « Analogously, using the polynomial

(-1)"cos [(2n+1)arccos(1- VA )]

2(n+l) V2

A
(34) F(v) =
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of degree n (cf. [ld]), we come to the inequality
A -
(35) IvE2(v)yl = ()72, vefo,1] &

Since @(V) = v in the method A and @ (1) =A? in the
method B we immediately obtain' from (33), (35) that the bounds

(¥5s¥0)
(36) (Ht ) €020
'cAyn’yn ——_2(2n+1) ’
(YO:YO)
<00
(37 (1:'n,rn)‘(n+l)4

hold for the multistep method of steepest descent (29) and for the
multistep minimum residual method (30), respectively.

These bounds are obviously independent of the condition of the
matrix H}}A and hold, in particular, also for A singulare. The
inequalities (36) and (37) give fast convergence for small n and a
slower one for large n (this convergence is worse than ensured by
(6) for n—oo ).

It is possible to find estimates of the decrease of the functio-
nal @(xn), which are - in a sense - a compromise. To this end we
substitute a product of the Lanczos polynomial of degree k and the
Gebysev polynomial of the first kind of degree n - k, which posses—
ses the least deviation from zero on the interval [Vl,\/N] , for
Fn(l,) instead of (32). Then we arrive at
(38) % nj 278 2( Il

3 TpaTy) = Bin [(k+1)2(1+7"g (n-k))] Yor¥0)s o = ;},‘TE

instead of (37). An analogous approach allows us to obtain the bound

275" 2
- .
(39) (o) = men |:(21;:+1)(1+¢}"S(n'k)):| For90)

instead of (36).

4o Conclusion

The gradient methods considered are not better than the algo=-
rithms based on the minimization of the spectral radius of the tran-
sition operator as far as the asymptotic rate of convergence is con-
cerned. At the same time they are somewhat worse as concerns the
economy of computatione On the other hand, our opinion is that the
bounds and illustrative numerical experiments presented indicate
that their efficiency is sufficiently good. Gradient methods possess
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suitable relaxation properties for small values of n (including
also singular matrices). Apparently the nonlinear problem of the
choice of parameters T from variational considerations needs
further investigation.
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