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We will show that, contrary to many classes of functions, some sandwich’s theorems are not valid
for the classes of convex and concave functions with respect to logarithmic mean. Some properties of
convex functions with respect to the logarithmic mean will be also presented.

Let J < R be a fixed interval and let M : J x J — J be a mean i.e.
min {x,y} < M(x,y) < max {x,y}, x,yel.

A function f defined on an interval I — J with the values in J is called
(i) M-convex iff f(M(x,y)) < M(f(x), f(»)), x,y €1,

(ii) M-concave iff f(M(x,y)) = M(f(x), f(y)), x,y€l, and

(iii) M-affine iff f(M(x, y)) = M(f(x), f(»)) x, y €1,

In the case where M(x, y) = *;* we get a notion of J-convex, J-concave and
affine functions, respectively, which were extensively studied in a book of Kuczma
[5]. An interesting structure has the so-called logarithmic mean, i.e. the mean
defined by the formula

x—y . - =
L(x,y) = Tog x — log )’ x=+y; Lx,y)=x,x=y, x,ye(0, o).

In his paper [6] J. Matkowski has proved that every continuous L-affine function
f:(0,0) > (0, 00) is either constant or of the form f(x) = kx,x > 0 where
k > 0 is an arbitrary constant. We shall use this result to give a negative answer
to a “sandwich’s” question. This will be done in the following

Theorem 1. There exist continuous functions f,g:(0, ) — (0, ), first of
them L-convex and the second one L-concave, g < f in (0, oo), for which there is
no continuous L-affine function h : (0, o) — (0, 00) fulfilling the following inequality

(1) g(x) < h(x) < f(x), x€(0, ).
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Proof. Let us put
g(x) = \/;, f(x) =exp(x), x>0.

It is known [7] that f is L-convex and g is L-concave. In view of result of
Matkowski mentioned above, it is easily seen that there is no L-affine function
h which separates g and f (i.e. which fulfils the inequality (1)).

Recall that if we take the arithmetic mean then a such type result holds true [8].
Also, if g is a superadditive function (g(x + y) = g(x) + g(y), x, y€S), f is
a subadditive function (f(x + y) < f(x) + f(y), x,y€S),andg < f in S, where
S is an abelian semigroup, then there exists an additive function h (h(x + y) =
h(x) + h(y), x, y € S) which separates g and f ([3], [4]). Theorem 1 shows that
convex (concave) functions with respect to the logarithmic mean have essentially
different geometrical behaviour than the convex (concave) functions with the usual

sense.
Let g and f be defined and with the values in (0, c0) and we assume that

(2 g(L(xy) < L(f(x). f(¥))> xye(0, ).
Putting x = y we obtain
3) g(x) < f(x) xe€(0, ).

However, if f is L-convex and (3) holds, then (2) holds as well. It follows from
our Theorem 1 that we cannot expect to find a continuous L-affine function
h which separates g and f. However K. Baron, J. Matkowski and K. Nikodem [1]
have proved that functions g, f : (0, 00) — R satisfy the inequality

gex + (1 =) y) < tf(x) + (1 — 1) f(»), x ye(0, ), te[0,1],

iff there exists a convex function £ : (O, oo) — R fulfilling (1). We shall show that
our condition (2) does not imply the existence of L-convex function h : (O, oo) -
(0, co) separating g and f. For this purpose we shall prove the following

Theorem 2. Let M be a mean defined on a cartesian product of an interval I by
itself satisfying the following conditions:
(i) for every x,y €I there is a z € I such that M(y, z) = x

and
(ii) there exists a A€ (0,1) such that for all x,yel the condition M(x,y) <

Amax {x,y} + (1 — A) min {x,y}.
Then every upper bounded (on 1) M-convex function h:I — R is constant.

Proof. Let us put
c:=sup {h(t);t e I}.

Thus h(x) < ¢, x € I. Fix an arbitrary ¢ > 0 and choose a y € I such that

(1) h(y) >c— (1 — Ae.
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It is enough to show that

(5) h(x) >c—e xel.

For indirect proof we assume that h(x,) < ¢ — & for some x, € I. By virtue of (i)

there exists a z € I such that y = M(x,, z) and according to the M-convexity of h,

(4) and (5) we get

c—(1—2) e < h(y) = h(M(xo, z)) < A max {h(x), h(z)} + (1 — 4) min {h(x,), h(z)} <
<l+(l—A(c—¢e)=c—(1—2)e.

This contradiction completes the proof of Theorem 2.

Since L(x, y) < %32 ([2]), as a consequence of Theorem 2 we obtain

Corollary 1. Every bounded on (0, o) L-convex function h : (0, o) — (0, o0) is
constant.
An another consequence of Theorem 2 is following known result.

Corollary 2. Every upper bounded J-convex function h: R — R is constant.
Now, we shall construct functions g, f : (0, ) — (0, 0o) having required proper-
ties.

Theorem 3. There exist functions g, f : (0, ) — (0, 00) satisfying condition (2) for
which there is no L-convex function h : (0, oo) - (0, oo) fulfilling the inequality (1).

Proof. Let x, > 0 be chosen such that the inequalities

1
1
log 2 + e ™

2 = log (1 +e™)’
are fulfilled. Let us put

. 1/ 1
Zo = min 1 Xo, 5 @—1 )

f(x):=1+e~, x>0,

€ (0, x)

and
—x+ 14z, xe(0, )

g(x) = {1, x € [ zg, 00).

We shall show that g and f satisfy the inequality (2) and there is no L-convex
function h: (0, o) — (0, co) fulfilling condition (1). At first we note that for all
X, y € [ 2o, 0) we have

L(x,y) €[z 0) and g(L(x,y)) =
Moreover, f(x), f(y) € (1, 2) and therefore L(f(x), f()) € ( 2). Consequently
y

(7) g(L(xy) < L(f(x), f(¥)), ¥ €(z0 0).
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Fix an x €(0, zy] and take an arbitrary y > 0. By the definition of g we get

(8) gLy) <14+z<1+ —-—

Since f is decreasing and 1 < f(y) < 2, by virtue of the monotonicity of
L(f(x),.) and (6) we obtain

e~ L+ lo; 2
O U)LY = e >

It follows from (7), (8) and (9) that (2) holds true.

Suppose now that k : (0, ) — (0, c0) is a L-convex function fulfilling condition
(1). Similarly to f, function h is bounded on (0, o). According to Corollary 1 there
exists a constant ¢ > 0 such that

(10) h(x) =c, x€(0, ).

In view of definitions g, f and (11) we infer that ¢ = 1 which is impossible,
because g(x) > 1 for each x €(0, zy). This contradiction proves that there is no
L-convex function h separating g and f.

References

[1] BaroN, K., MATKOWSK], J. and NIKODEM, K., A sandwich with convexity, Math. Panonica 5/1
(1994), 139—144.

[2] BULLEN, P. S., MITRINOVIC, D. S., VASIC, P. M., Means and their inequalities, Reidel, Dordrecht,
1988.

[3] KAUFRMAN, R., Interpolation of additive functionals, Studia Math. 27 (1966), 269 —272.

[4] KrANzZ, P., Additive functionals on abelian semigroups, Comment. Math. 16 (1972), 239 —246.

[5] Kuczma, M., An introduction to the theory of functional equations and inequalities. Cauchy’s
equation and Jensen inequality, Polish Scientific Publishers and Silesian University Press, 1985.

[6] MATKOWSKI, J., Affine functions with respect to the logarithmic mean, submitted.

[7] MaTkowsKl, J. and RATZ, J., Convex functions with respect to an arbitrary mean, International
series of Numerical Mathematics, Vol. 123 (1997), 249 —258, Birkhduser Verlag Basel.

[8] RODE, G., Eine abstrakte Version des Satzes von Hahn-Banach, Arch. Math. (Basel) 31 (1978),
474 —481.

78



		webmaster@dml.cz
	2012-10-06T03:30:18+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




