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On a Conjecture of L. Vesely

J. SAINT RAYMOND
Paris*)

Received 15. March 1996

The aim of this note is to give a negative answer to a question raised by L. Vesely during the Winter
School held in BeneSova Hora in January 1996. We show that there exists a separable Banach space
Z such that for any point z in the unit sphere there is some linear functional which strongly exposes

the unit ball at z, but on which there is a linear functional which exposes the unit ball without exposing
it strongly.

We define functions y, p and g on the convex domain Q = {(u,v) € R*: u > |v]}
by letting
Wu, v) = (> — A3
2u
Pv) = S
—2v

Lemma 1. If (4,v) and (u + o/, v + ) belong to Q and if max (ju], |[v]) <
%(u — |v|), we have

g(u, v) =

(u _ |v|)1/3

Y+ w0+ v) < 9(,0) + plus v) '+ gl v) .V = o5

(u/2 + U/Z) i
In particular, y is concave on Q.

. 0 0

First of all let us remark that p(u,v) = & and gq(u, v) = % We have, by
R ou ov

Taylor’s formula

1
YWu+ o, v+ ) =9(u0) + pu,v). v + g(u,v). v + j‘(l—O) D,(6) do
0
where we denote

Dy(6) = u'r(u + 6, v + 0V) + 2u'V's(u + Ou', v + OV) + v'*t(u + Ou', v + OV)
*) Equipe d’Analyse, Université Paris VI, 4, Place Jussieu, 75252 — Paris Cedex 05, France
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and r, s and t are the partial derivatives of order 2 of y.
It is easily checked that if a, b and ¢ satisfy a > 0, ¢ > 0 and ac > b? we have,
for all real ¢ and #
ac — b?

2 2 > 2 2
al? + 2bén + cn* > o & +n).
Since
2 ut 4 3
o) = — 5 =
8 uv
(w.0) = 5 Gy
2 3w+
o) = 5 Ga gy
one has
rt —s?| 1 (u?— v?)"3 1 (u + o)) u — |v))
r+e| E( P+ 0)2 2 W =) = 12u2) (= 1) > 12usf2

If |uw| < 3(u— ) <5 and || < 3 — |v), we have w+u)—1Ivo+ 0>

3u — |v]) and u + ' < 3u. Thus we have, for all 6 € [0, 1]

1 NP =), , o w—=1)?,,,
DZ(B)S—W<Z> (l—zuw)—(u2+vz)sﬁ(u2+v2)

whence we deduce the expected result since j-(l,(l — 0)df = 3.

From now on, we shall speak about y also on the closure of Q. The function y is
continuous and concave on Q.

Let X and Y be two Banach spaces. Assume that ¢ is a linear functional on
X with norm equal to 1 which does not attain its maximum on the unit ball of X.
Let us define in the product Z = X x Y some closed symmetric subset B, by
letting

B={z={xy): Iyl +le(x) <1 and |x| + Iyl <1+ 31 = Iyl, ¢(x))}.

Lemma 2. The set B is the unit ball of Z for some equivalent norm |||.||}

In order to see that B is convex, it is sufficient to show that the mapping:
(x, y) = %1 = |Iyll, ¢(x)) is concave on the convex set C = {(x, y): Iyl + lp(x) < 1}.
If (x5, y;) and (x,, y;) belong to C, and 0 <t <1, we have, with (x,y) =

toc, y1) + (1 = 1) (2 y5),

(1 — Iyl o(x)) = »(1 = eyl = (1 = ) [y2ll, @(exs + (1 — ) x2))

p(t(1 = Iydl) + (1 = ) (1 = Ny2), to(xi) + (1 — ) 9(x))
> 01 — |yl @(x1)) + (1 = ) (1 — lIy2ll, o(x2)) -
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Hence B is the unit ball for some norm on Z. Moreover, if ||x|| + ||yl < 1, we have
Iyl + ()l < lIxl + Iyl < 1
thus (x, y) € C and
Ixl + Iyl <1< 1+ 91 — lIyll, @(x))
whence (x, y) € B. Conversely, if (x, y) € B, we have ||y]l <1 — |lx|| < 1 and
Ixll + Iyl < 1+ (1 = Iyl o(x) <1+ (1 = lIyl)* <2

thus %(lel + llyll) < li(x, Il < x|l + llyll, and this proves these norms are
equivalent.

Definition 3. We will say a Banach space E has property (*) if, for every unit
vector x € E, there exists some linear functional on E which strongly exposes the
unit ball of E at x.

Lemma 4. Every L.U.R. space has property (x).

Let E be a L.U.R. space and x a unit vector of E. By Hahn—Banach’s theorem,
there is a linear functional f such that

S =1=1f1.

In order to prove that f strongly exposes the unit ball B of E we have only to prove
that every sequence (x,) in B such that f(x,) — 1 converges to x. But we have

> X + X, 2f<x+x,,>___f(x)+f(x,,)_’1
2 2
hence ||~ ] N 1, and x, — x since E is L.U.R.

Theorem 5. If X and Y have property (), Z has property (x) too. Nevertheless,
Jor every unit vector y of Y, there is a linear functional on Z which exposes B at
(0, y) but does not expose B strongly.

Let ye Y, with |ly|| = 1. By hypothesis there is an £ € Y* such that |4 =

#(y) = 1 and that for every )’ in the unit ball of Y 4(y') = 1 = y' = y. We then
put

o{h, k) = p{f) + 416).
We have (0, y) = 4(y) = 1, and for every (h, k) € B,
®(h, k) < lp(h)l + Ikl <1
thus || ®| = 1. Moreover if (h, k) € B, and ®(h, k) = 1, we have (h, k) € C thus
1= h k) <o)+ Ikl <1
hence 1 — ||k|| = |®(h)| and y(1 — ||k, @(h)) = O. It follows that
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1 = &h k) < o(h) + Ikl < k] + [kl <1+ (1 — lIkll, ¢(h)) = 1

thus @(h) = ||h|l, what implies ||k = O since ¢ does not attain its norm on the
unit ball of X. Then ®(h, k) = ¢(k) =1 and | k| = 1, whence k = y. Thus
® exposes B at (0, y).

If (x,) is a sequence in the unit sphere of X, such that lim,_,, ¢(x,) = [l =1,
we have ®(x,, 0) = ¢(x,) = 1 = D], l¢(x,)] < 1, thus (x,, 0)e C, and ||x,|| <
1 + (1, ¢(x,)), hencelll(x,, O)ll < 1. Moreover |l|(x,, 0) — (0, y)lll = %( %0l + lIyll) = 1.
This shows that @ does not expose B strongly.

Finally if [[|(x, y)ll = 1, there is a linear functional f, (resp. 4,) with norm 1 on X
(resp. Y), which strongly exposes the unit ball of X (resp. Y) at 155 if x =+ O (resp.
w1 if Iyl =+ 0). We then put

p=p(1 — lIyll, ¢(x))
g =q(1 — |y, ¢(x))
Lk k) = fh) + £(K) + p. 4(k) — q. o(h).

We shall show that L attains its maximum on B at (x, y) and strongly exposes B.
Suppose that (x + h, y + k) € B. We have

lx+hl + ly+kl =1 =y + &, o(x + B) < x| + Iyl — (1 = Iyl o(x)=1.
Since x = 0 or f, attains its maximum on B at "—;‘", we have
Ix + hll > fix + h) = fi(x) + f(h) = x| + f(h)

and similarly
ly + kIl = Iyl + 4(k).

Finally it follows from Lemma 1 that
(1 = Iy + kl, @(x + h)) < (1 — lIyll, o(x)) + p-(IyIl = lly + kIl) + q. o(h)
<1 = Iyl o(x)) — p-4(k) + q. o(h)
since p > 0. We deduce from the above inequalities that
0> |x +hll + ly + kIl =1 — (1 — lly + kl, o(h)
> f(h) + ¢(k) + p.¢(k) — q. @(h) = L(h, k)

itis L(x + h,y + k) < L(x, y) for (x + h, y + k) € B, what means that L attains
at (x, y) its maximum on B.

Now let ((h,, k,)).cn be a sequence of points of Z such that [ll(x + h,, y + k)l < 1
and L(x + h,, y + k,) — L(x, y). The above inequalities show that

0 < lx + k)l — lIxl — £(h) < —L(h,, k;) > O
0< Iy + kil = llyll = 4(k,) < —L(hy, k) >0
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Y1 = lly + kall, o(x + hy)) — ¥(1 = lIyll, @(x)) — p.4(k) + q.¢(h) = — L(h,, k,) = 0.

Replacing if necessary the sequence ((h,, k,))sen bY (0%, 6k,))aen, We can and do
assume that max (||h,ll, [|k,|| < %(1 — Iyl = lg(x)l). We then have, using Lemma 1,

YW1 =Ny + kall, o(x + b)) < v(1 = lyll, o(x)) — p.4(k) + q. ¢(h) — o,
where

o=t 1—2(l|é||_—"|;l’“()):/)3l)‘/3 (hy + kall = U917 + (h)).

We then have

—0, = Y1 — |y + kill, o(x + h,)) — 3(1 — Iyl ¢(x)) — p-4(ks) + g - ¢(h,)
> —L(h, k)~ 0.

Since ¢, — 0, we see that ¢(h,) — 0 and that ||y + k,| — |lyll = 0. Then’
4(y + k) = 4(y) and ||y + k,| = |lyll, thus ||k,| — O, since ¢, strongly exposes
the unit ball of Y. We have

) = Ll k) = 40) — 2 6(8) + 4. o{) > 0
thus f(x + h,) = fi(x) = lIx|| and

limsup ||x + h,| < lim s::lp_(l — |y + kall + 91 = lly + kall, o(x) + o(h,))

n—x n—

<1 — |yl + 91 = Iyl @(x)) = Iyl .

And this implies that ||h,]| — 0, since f, strongly exposes the unit ball of X, thus
that the sequence ((x + h,, y + k,)),cn converges to (x, y). This shows that the linear
functional L strongly exposes B at (x, y), and completes the proof of the theorem.
It is well known that every separable Banach space can be equipped with
a L.U.R. norm (see [1] for instance). If X is the space ¢' equipped with such
anorm, X is not reflexive and thus James’ theorem proves the existence of a linear
functional ¢ on X with norm 1 which does not attain its norm on the unit ball of
X. Then, taking Y = R, we get by the previous theorem a proof of the following.

Theorem 6. There is a separable Banach space Z isomorphic to ¢' such that
for every point z in the unit sphere there exists a linear functional which strongly
exposes the unit ball of Z at z and that there exists some linear functional which
exposes the unit ball without exposing it strongly.
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