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Let E be a nonempty subset of R". A mapping (i.e. function) f: E — R is said
to have the N~ '-property [1] if

VA c R4 = 0 = |f~}(4) = 0}, (1)

where |.| denotes the outer Lebesgue measure. Being in a certain sense “inverse”
with respect to the widely known Lusin’s N-property, the N~ '-property turns out
to be interesting in some settings particularly when one studies properties of
a composite mapping g O f via properties of g and f which are fulfilled almost
everywhere (a.e.). For instance if g and f are a.e. differentiable, each on its domain,
and g O f is defined, then g O f is not in general a.e. differentiable, but it certainly
is if f has the N~'-property. Some systematic study of the N ~'-property for
smooth and for a.e. differentiable functions can be found in [3] (where the
N~!-property was termed as the “0”-property), [4].

In what follows we deal with continuous (or continuous a.e. differentiable)
functions f: M — R¥ where M is a compact subset of R", |M| > 0.

It can be easily checked [3] that the N~!-property is equivalent to each of the
following properties:

(Nr)VA = M, A compact {|A|> 0 = |f(4) > 0};
(NT)VB = RY, B compact {|B|=0 = |f(B)| = 0};

1. Our first result concerns continuous mappings

Let M be a compact subset of R”, [M| > 0. Let X = C(M, R") i.e. the space of
all continuous mappings M — R* with the norm | f|| = sup.eu | f(x)]. We
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denote by N=! = N~!(X) the subset of X consisting of all mappings with the
N~ !-property.

Theorem 1. N~! is the Ist category Z,s-subset of X.

Proof. Clearly we may assume thet M < 2:= [0, 1]". For natural numbers
m, v we let

G,, = {feX:34 c M, A compact, |[A] > [M|/2m, |f(4)l <v=3}. (2)

It is almost immediate that G,, , is open.

For if fe G,, then there exists a compact set A = M having properties
indicated in (2). We can therefore take an open set Q > f(A) such that |Q] < v=2
Since f(A) is compact, we have

¢ := dist (f(4), R"\Q) > 0,

whence it follows that the ball {fe X : || f — fo| < &} is contained in G,,,. Next
we will show that G,,, is dense in X. To this end we subdivide [0, 1], for each
natural p > 1, into p equal intervals. This given us the partition of the cube
0 = [0, 1]" into p" equal cubes Q,;, 1 < i < p".

Fix a number o, 0 < o < 1, sufficiently close to 1, such that we have

p"
Y105 o M| < |M|/2m, (3)
i=1

where Qy; is the cube, concentric with Q,,;, defined by the relation diam Q,; = «Q,.

Next for each i e {1,..., p"} consider one more cube Qj; concentric with Q,;, and
defined by diam Qj; = (2 — o) Q,;. It follows from this construction that

Vie{l,..., p"}: Qun JIntQy =0 4)
j*i
and that the family :
(IntQ;, 1 < i < p} )

forms an open covering of Q. Let {f,, 1 < i < p"} be a continuous partition of
unity subordinated to the covering (5) (supp 6,; < Int Q). Then by (4) we have

Vie {1} Vre Qi 30,) = 0,() = 1. 6)

Let I, = {ie {1,..., p"}: Q,; " M = O}. For each i€ I, fix a point x, € Q, " M.
Now let f be any element of the space X. For each natural p > 1 consider the
mapping f, : M — R* defined by

fx)=2f (%p) Opi(x), xe M. (7)

ielp

It is trivial that f, € X. We will show that f, € G,,,. Let
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4= UGun M. ®
ielp

By (3) we have |4,| > |M|/2m, whereas (6) yields that d, is constant on each set

0, " M whence |fy(4,)] = 0 and consequently, f,€G,,, for each p > 1 (and

each v). Before showing that f, — f we will make the following remark. Let x € Q.

Then x € Q,; for some i. Let

i) = {je{l,..., p'}: QN Qu * 0}.

An easy consideration shows that there exist at most 3" cubes Qj; intersecting Q,;.
These are exactly those cubes for which Q,; N Q,; + §. Hence card #(p, i) < 3".
Furthermore all such cubes Q;,; are contained in the cube Q5 concentricwith Q,; and
whose diameter is five times bigger then that of the cube Q,; (clearly diam Q;,", =
5 \/;/p). Now let x € M. Then x € Q,; for some i and, taking into consideration
the above remark, we obtain that

”fp(x) - f(x)H < ‘ ; ‘)"f(xm‘) - f(x)ll Bm(x) < 3nw(f’ 5 \/;/p),

where «(f, ) is the modulus of continuity of f. Thus f, — fin X as p —» co which
shows that G,,, is dense in X.
Next we wish to prove that

X\N-' = L_le,,,, 9)

where

Let f € X\N~". There exists a (compact) set A = M, |A| > 0 such that | f(4)| = 0.
It follows immediately that f € G,, , for each m > |M|/2|A| and each v, i.e. f is in
the right hand part of (9). Conversely, let f € G,, , for some m, and let {4,} be the
corresponding sequence of (compact) subsets of M such that

|4, = IM|/2m, |f(4,)] < v2. (10)

Consider the set B:= limsup 4,. The first relation in (10) implies that
|B] = |M]/2m, and from the second one we get that for each i

/B < XIf(4) < Yv?,
v2i vi
whence | f(B)| = 0, which means that f € X\ N~". Thus we have shown that (9)
holds.

Now to finish the proof of the theorem it remains to observe that G,,, being
open and dense in the complete space X, each G,, is a dense %;-set. And we
conclude finally from (9) that N~! is the 1st category Z,;-set.
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2. N~'-property for continuous almost everywhere differentiable mappings

In this section we restrict ourselves to considering mappings Q = [0,1]" - R"
and we weill make use of.

Theorem 2. [3] Let f: Q — R" be a continuous a.e. differentiable mapping,
where Q is an open subset of R". Then the following equivalence holds

f has the N~ '-property <> detf’ + 0 a.e.on Q. . (11)

Now let X be the space of all continuous a.e. differentiable mappings
f=(f%...., f):Q > R"such that D;f*e L(Q), 1 <i,j < n, where D, f’ = 0f"/dx;.
The norm on X is defined by

171 =swp 1Sl + 3 [ DS "dx (12)

xeQ I1<ij<n

and again we denote by N~' = N~Y(X) the set of all elements of X having the
N-l-property.

Theorem 3. N~! is a %;-subset of X.

Proof. It is obvious that Theorem 2 works if an open set Q is‘replaced by the
closed cube Q. Applying (11) we may write at once

X\N~!' = UF,,,, (13)
m=1
where

1
F, = {feX:E!A c Q measurable, |4| > — detf'|A = 0}. (14)

This reduces the proof to showing that the sets F,, are closed. Let f; — f in X,
fi=(f . f€EF, f=(f"....,f"). By (12) it follows that D;f{ —» D,f* in
I{Q), 1 < i,j < n. Hence there exists a subsequence {f; } such that D, f{ — D,f’
a.e.on Q, 1 <i,j < n. Denote by {4, } the sequence of corresponding measurable
sets determined by (14) i.e. such that for each v

Az and detfi |4, =0, (15)

and let 4 := lim sup A,,. Rejecting, if necessary, sets of measure zero, we may
assume with no loss of generality that D; f{ — D, f* (pointwise) on 4 and that f and
Sro v =1,2,..., are differentiable on A. Let x be any point of 4. There exists
a subsequence {4, } (depending on x) such that x € 4;_for all s. Then by (15) we
get

det f'(x) = lim det £/ (x) = 0.

§—00
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Hence det f’ = 0 on A, and since |4]| > + we have that f = lim f; € F,,. Thus
E,, is closed which concludes the proof.

Remark. It was observed in [3] that Theorem 2 remains valid, with minor
modification in proof, if differentiability a.e. is replaced by existence a.e. of finite
derivatives D;f’ (in which case f ’(x) in (11) is understood as a linear operator
whose matrix in standard basis of R" is (D; f(x))). A brief examination of the proof
then show that Theorem 3 is also valid under this weaker assumption.
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