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Introduction

In the first section of the paper we develop a systematic theory of positive
definite sequences in complex Banach lattices. It turns out that the classical theory
(Carathéodory, Herglotz, Toeplitz) has a natural extension to the setting of general
Banach lattices. In the second section of the paper we discuss how to generate
positive definite sequences of operators in %,(E), the space of all regular operators
on the Banach lattice E. In particular, it is shown that for any operator Te % (E)
with r(|T|) = 1, the sequence {D, },z of diagonal operators, defined by D, = 29(T")
forn>0and D, = (T"’i for n < 0, is an operator valued positive definite
sequence. Here 2 denotes the diagonal projection from the space #,(E) onto the
center Z(E) of E. As a consequence of the general results of section 1 we then
obtain the so-called Andd inequality: if T € &,(E) then |TR(A, T) < |AR(4, T)| for
all |A| > r(|T). We thus recover some of the results of [5], where the Andd
inequality was proved directly, and the positive definiteness of {D,},z was
obtained as a consequence of this inequality. The present approach, however, puts
these results in a general perspective and gives more information about which
positive definite sequences can arise in such a way. Moreover, the present
framework allows us to generate positive definite sequences in Z,(E) by projecting
the powers of a regular operator into the principal band generated by an order
continuous Riesz homomorphism (or the principal band generated by an interval
preserving operator). In case E = £,(I) with 1 < p < oo we can associate with
each T € #,(E) a matrix (t;) and then 2(T) will have a diagonal matrix, with ¢; on
the diagonal. Now the results of section 2 imply that if r(|7]) = 1, then the diagonal
elements of the matrix of T" define positive definite scalar sequences. In section 3
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of the paper we show that the same is true for contractions T on ¢,(I), where T is
no longer assumed to be regular.

1. Positive definite sequences in a Banach lattice

In this section we extend the classical theory of positive sequences to complex
Banach lattices. We will assume that the reader is familiar with the basic
terminology and theory of Banach lattices, as can be found e.g. in the books [1],
[7], [8] and [9]. All Banach lattices E in this paper will be assumed to be complex
Banach lattices, i.e., E = Re E @ i Re E, where Re E is a real Banach lattice. For
an element z = x + iy € E with x, y € Re E we define Z as x — iy.

Definition 1.1. Let E be a complex Banach lattice. The sequence (x,,),,ez in E is
called positive definite if for all finite sequences A, of complex scalars we have
=3 AdXi_m = 0.

We shall first derive some elementary properties of positive definite sequences.

Lemma 1.2. Let E be a complex Banach lattice and let (x,),ez be a positive
definite sequence in E. Then the following hold.

(1) x>0
) x_, = X, forall n > 1
(3) |xJ < xo forall neZ.

Proof. Part (1) is obvious. For (2) take A, = 1 and A, = O for all k = n. Then
2 Z MXiem = (1 + |4WP)xo + Ax_ + A4x, =20 for all 1,eC. Hence
Im(4,x_, + A,x,) =0 for all 1,eC. Taking 4, =1 we see that Imx_, =

—Im x, and taking A, = i we get that Re x_, = Re x,, i.e. x_, = X,. To prove
(3) let 4 and , be as in the proof of part (2). Then by (2) we have (1 + |4,/)x, +
+ 2Re(4,x,) > 0 for all 4, € C. Now take 4, = —e” to get Re (¢“x,) < x, for all

0 € [0,2r]. Hence |x,| = sup,Re(e’x,) < xoforall n < 1. O
The following proposition establishes the important relation between positive
definite sequences and positivity of vector valued trigonometric series.

Proposition 1.3. Let E be a complex Banach lattice and (x,l),,ez in E be
a sequence. Then the following are equivalent.

(1) The sequence (x,,),,ez is positive definite.
(2) The series T,.21"e"x,, converges in norm and is > 0 for all 0 € [0, 2] and
all0<r<1.

The second author would like to express his gratitude to the Department of Pure Mathematics at the
Delft University of Technology for their hospitality and support during his sabbatical stay and to
N.W.O. for their financial support.
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Proof. The proof is similar to the scalar case, or can be deduced from the scalar
case by observing that the sequence (x,,),,ez is positive definite in E if and only if
the sequnce of scalars (¢(x,)),ez is positive definite for all 0 < ¢ € E*. [

The following theorem can now be considered as the vector valued version of
the Herglotz theorem. We denote with C(T) the space of complex valued
continuous 27-periodic functions on [0, 2n].

Theorem 1.4. Let E be a complex Banach lattice and (x,,),,ez in E be a sequence.
Then the following are equivalent.

(1) The sequence (x,).ez is positive definite.
(2) There exists a positive linear operator A: C(T) — E such that A(e") = x,
forallneZ.

Proof. Assume (1) holds. Then by Proposition 1.3 we have that X, r"e"’x,
converges in norm and is > O for all # € [0,2n] and all 0 < r < 1. Therefore we
can define for 0 < r < 1 the positive linear operator A4, : C(T) — E by means of

A,(f ) = % j’z"( "; rl"le—innxn) f(@) 40
= z i (n)x

neZ

Now 4,(1) = x, for all 0 < r < 1, so that ||4,] = |x| for all 0 < r < 1. Now
it is obvious that lim,;, 4,(p) exists in norm in E for every trigonometric
polynomial p. Since A, is uniformly bounded and the trigonometric polynomials
are dense in C(T), it follows that A(f) = lim,, 4,(f) exists for all f e C(T).
Clearly A > 0 and A(e"’) = x, for all n.

Now assume (2) holds. Let (A,,) be a finite sequence in C. Then

ZZl/{n,XI m= ZZA,}. Afe®=1) = (IZ}” elk()|>

so (1) holds. O
The following corollary can be viewed as an analogue of the von Neumann
inequality for positive definite sequences.

Corollary 1.5. Let E be a complex Banach lattice and (x,),ezin E be a positive
definite sequence. Let f(z) = Y N.qa,z" be a complex polynomial. Then we have

N
‘ Z a,x,

n<0
Proof. Immediate from the above theorem, if we observe that g(f) = f(e”)
satisfies A(g) = YN oa,x,. O

< (sup /@) lxol -

lzl=1
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One can extend the above corollary as follows to functions in the disc algebra.
Let f(z) = Y ,»0a,2" define a continuous function on |z| <1, which is analytic on
|z] < 1. Then for 0 < r < 1 the series f(z) = ) ,»0a,"z" converges uniformly on
|z] = 1, so that A(},50a."z") = Y .50 a"x, converges in norm in E. From this
one can derive easily that the Abel sum (4) Y50 a,x, = limy; Y u50 a,r"x, exists
in E. Similarly as in the corollary one proves now that [[(A)Y.,20a.%.l <
< (suppz=11/(2)l)llxoll.

We now present the Carathéodory-Herglotz-Toeplitz characterization of positive
definite sequences. We first introduce a notation. For a sequence (x,,),,zt, in
a complex Banach lattice E we define the sequence ()2,,),,62 by means of X, = x,
forn>0and X, = x_, forn < 0.

Theorem 1.6. Let E be a complex Banach lattice and (x,,),,zo be a norm
bounded sequence. Then (%,),ez is positive definite if and only if Re () ,»0X,2") =
> 3%, for all |z| < 1.

Proof. Assume first (£,),ez is a positive definite sequence. Let 4: C(T) — E be
the positive linear operator of Theorem 1.4 such that A(e") = x,. Then
Ynz0%nz" = A(Yz0 €™2") = A(r=5m). For |z| < 1 we have the inequality

1 N 11—
Re[—— —-)==-Re—— 2 _>0.
e(l—ze‘” 2) 2 ell—ze“’lz_o

Hence for all |z|] < 1 we have

1 1 1
R ") = — V) =241)==x,.
) (Zo . > A<Re<1 = ze"’)) 2340 =3%

For the converse implication, if Re(),s0X.2") > 1x, for all |z < 1, then

Y nez X" = 2 Re{(D,50x,r"¢™) — 3} > 0. From Proposition 1.3 it follows that
the sequence (%,),cz is positive definite. [J

Corollary 1.7. Let E be a complex Banach lattice and (x,),5o be a sequence
such that the sequence (%,),z is positive definite. Then |y 51 %,2"| < [Y nz0%2"| for
all |z| < 1. Conversely, if (x,,),,zo is a norm bounded sequence with xy, > 0,
x| € {x} for n > 1 and such that |y 5, x,2"| < |Y.z0X.2"| for all |z| < 1, then
()‘cz),,ez is positive definite.

Proof. Let |z| < 1 and let y = Y,.0x,2" Then under either hypothesis y €
€ {x}*. Now the inequality |y — 3| < || is equivalent with Rey > 3. This can
be seen for instance by means of the Kakutani representation of the principal ideal
generated by |y| + xo. The corollary therefore follows from the above theorem. [J

Now we shall discuss the convergence of the Césaro averages ﬁZﬁ’;o‘ x,. We
start with an observation, which allows us to transfer the problem of convergence

in E to the corresponding problem in the center Z(E) of E, in case E is Dedekind
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complete. Recall first some definitions. A complex Banach latice E is called
Dedekind complete, if Re E is a Dedekind complete vector lattice. We denote by
% (E) the space of regular operators on E. When E is Dedekind complete, then
also % ,(E) is a Dedekind complete Banach lattice and every T e %,(E) has
a modulus |T|. The center Z(E) of E can now be defined by Z(E)=
= {Te Z[E):|T| < AI for some A > 0}.

Proposition 1.8. Let E be a Dedekind complete complex Banach lattice. Then
a sequence (x,,),,ez in E is positive definite if and only if xo > 0 and there exists
a positive definite sequence (,),ez in Z(E) such that m,x, = x, for all ne Z.

Proof. If x, > 0 and there exists a positive definite sequence (Tt,,),,ez in Z(E)
such that w,x, = x, for all n e Z, then it is immediate from the definition that
(m,Xo)nez is positive definite in E. Conversely assume that (x,),z is a positive
definite sequence in E. Then by Proposition 1.2 we have that x, > 0 and
[x,] < x, for all n € Z. Since E is Dedekind complete, there exist «t, in Z(E) such
that x, = m,x, for all n e Z. We can assume that 1, = 0 on {xo}' for all n e Z.
Now for all finite sequences /A, of a complex scalars we have
(i Yom Ak m)Xo = 0. This implies that Y, 44,1 _,, = 0 on {x,}* for all
finite sequences A, of complex scalars and thus also Z, Z,,, AdwTi—m = 0 on E for
all finite sequences A, of complex scalars. Hence (m,),.z is a positive definite
sequence in Z(E). [

Theorem 1.9. Let E be a complex Dedekind complete Banach lattice and (x,,),,ez
in E be a positive definite sequence. Then NZ,, —o X, converges in order to
a posmve element of E. In particular, when E has order continuous norm, then
Nz,, o X, converges in norm to a positive element of E.

Proof. Let (7,),.z in Z(E) be the positive definite sequence in Z(E) such that
mXo = X, for all ne Z and let 4 : C(T) - Z(E) be the positive linear operator of
Theorem 1.4 such that A(e") = m, Then §YA g™, = A A=) e™). Now

¥ (XN e"”) converges pointwise to %o} SO by the Lebesgue Dominated Conver-
gence theorem we get that for all 0 < f € Z(E)* we have {J, Ny X,y =
= (A*fNZ,, o €")> = (A, nop = {f;A**(x10)> as N — 0. Observe the here
X{oyis considered an element of C(T)** by defining {y, 710> = p({0}).We now will
use the fact that Z(E) = C(K) and that there exists a g-order continuous positive
projection P from the Borel functions on K to C(K) (see [5] for a more detailed
discussion of this fact and see [3, Lemma 5.6.22 and Remark 5.6.24] for a self
contained proof of the existence of such a projection). Now taking f = 4§, with
weK we obtain that <8, ¥Yiom.p. = {A*d,, Xop = <0 A**(x0)> as
N - oo Hence g(w) = {A**(x 0) 8,y is a Borel functlon on K such that
¥ Y N m, converges pointwise to g on K. Hence &Y N-!m, converges in order to
Pg in Z(E). It follows now directly that Y = x, converges in order to (Pg)xo
inE. O
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Remark. Without the assumption of Dedekind completeness one can not expect
that for positive definite sequences (x,),z in E the sequence Y ~=¢ x, will
converge in order to an element in E*. Take e.g. x(t) = xo33(t) + (2 — 2)xa.15(t)
in E = C[0,1]. Then it is easy to verify that x, = x| defines a positive definite
sequence in E for which the sequence (ﬁ N x,,) does not converge in order to
an element in E.

2. Positive definite diagonal sequences

In this section we shall show that certain sequences of operators on a Banach
lattice E are positive definite. We assume throughout this section of the paper that
E is Dedekind complete (i.e., that Re E is a Dedekind complete vector lattice). We
denote by Z,(E) the space of regular operators on E, i.e., those operators which
can be written as linear combinations of positive operators. Note that % (E)
coincides with the space of all order bounded operators on E, and is also denoted
by Z4(E). The space Z,(E) is a subspace of the space Z(E) of all bounded linear
operators on E, but in general %,(E) is not a closed subspace. Under the
assumptions, the space Z,(E) is a complex vector lattice (where the positive cone
consists of all positive operators on E), and for T € Z,(E) the modulus |7] is given
by |T (x) = sup {|Tz|: |z| < x} for all x > O € E. For any T € &,(E), the regular
norm is defined by |T|,:= |||T||, and then (£ /(E),||" ) is a complex Banch
lattice algebra. Note that | T|| < || T||, holds for all T 2,.(E), but in general the
two norms ||+ || and ||- ||, are not equivalent. Recall that the center Z(E) of E is
defined by Z(E) = {Te &Z,(E):|Tl < Al for some A > 0}.It is well known that
Z(E) is a commutative full subalgebra of the space L(E). If T € Z(E), then
IT| = IIT|l, = inf{A > 0:|T| < AI}.By definition, Z(E) is equal to the principal
ideal generated by I in Z,(E). Actually, Z(E) is a band in % (E) (see [9], section
142), and so we have the band decompgsition

Z(E) = Z(E) ® Z(E)*“

The corresponding band projection in Z,(E) onto Z(E) will be denoted by 2. The
projection onto the disjoint complement Z(E)' will be denoted by 2, ie.,
2, =1 — 2. In this paper we will call 2(T) the diagonal of the operator T; 2 is
called the diagonal map. The following theorem was proved for positive operators
in [5, Proposition 2.3]. The proof differs only in some minor places of the proof
given in [5], but as it is crucial for the approach presented here, we will present it
in detail.

Theorem 2.1. Let E be a Dedekind complete Banach lattice and let
S, Te % (E) such that |S||T| = |T||S| and r(|S)),r(IT|) < 1. Then there exists
a (unique) sequence {F,}", in Z(E) such that
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n—1
2(ST"™") = Y F,.2(T")
k=0

and Y r_\|Fi| < I foralln > 1.
Proof. Define the sequence {G,};, in Z,(E) inductively by
Gi=S, G =92, )T (n=2),
andlet F, = Q(G,,). Note that G, T = G, + F,T for all n > 1. We first show that

n—1
(1) ST" "' = G, + Y, F,_,T*
k=1

for all n > 2. Since ST= 2,(S)T + 2(S)T = G, + F,T, (1) holds for n = 1.
Assuming that (1) holds for some n > 2 we have

n—1
ST" = ST""'T = {G,, + ) F,,_ka} T
k=1
n—1
= G"T + Z F"_ka+1
k=1

=G,y + F,T + AZ_‘; F,_,T"*'=G,,, + ;F,,+l_ka
which is (1) for n + 1. From (1) it_follows immediately that
osT) = S F,_ (T
k=1
for all n > 2.1t remains to prove that Y ;_, |F;| < I forall n > 1. To this end take
0<ueEA>1 and put w= R(4[S)R(4,|T|)u. Since |T|w < Aw, we have

1Gw < DG ) TIW < A2 (|G, i)W = A|G,—ilw — |F,_i| ) for all n>2.
We claim that

n—1
(2) |Gow < 2w — )" 2F, _ylw

k=1
for all n > 2. Indeed, it follows from |S|w < Aw that |Gylw < A(|Gy|lw — |F\|w) =
= A(ISlw — |Fylw) < A*w — A|F\|w, which is (2) for n = 2. Now assume that (2)

holds for some n > 2. Then

n—1
(Grslw < |G — [Flw) < A (w - ZMF,,_klw) — AFw
k=1
= '1"+1W - Z llen+l—lea
k=1
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and this proves the claim. It now follows from (2) that
Fdw < Guw < 2w — 3 A1F il w,
k=1
and hence
kil”“’[F,Jw < A"w
=1

foralln > 2, ie.,

n +
[Z ln—lekl _ )'”I:I =0
k=1

for all n > 2. Since u < A’w, this implies that

n ’ +
[Z HFY — A"IJ u=0,
k=1

and hence Y p_, A" ¥|F\Ju < A"u for all n > 2. This holds for any 1 > 1, so we
may conclude that ZLllelu <u for all 0 <uekE and all n > 2, and this
completes the proof of the theorem. []

Now we shall consider positive definite sequences in Z(E). Let (U,).z be
a positive definite sequence in Z(E) with U, = I. Let U(z) = Y50 U,z". Then by
Theorem 1.6 we have that Re U(z) > 31 for all |z| < 1. Hence F(z) = 1 — U};)
satisfies [F(z) < I for all |z] < 1 and F(0) = 0. Conversely, if F(z) is an analytic
function on {z: |z| < 1} with values in Z(E) and satisfies |F(z)| < I for all |z| < 1
and F(0) = 0, then U(z) = ,—_%(;; satisfies Re U(z) > 3 for all |z| < 1. Writing

F(z) = Y. F,z" for |z] < 1 we can express the relation between U(z) and F(z) by
means of the recurrence relation

(3) U0=1, U”=F"+F,,_1F1+... +F1U"_1 (nZl).

From the above discussion it follows now that a sequence (U,),z in Z(E) with
U, = I is positive definite if and only if the unique sequence F, defined by the
recurrence relation (3) defines an analytic function F(z) = ) 2 ,F,z" for |z| < 1
such that |Fl (z)] < I for all |z| < 1. In particular it is a sufficient (but not necessary)
condition to require that the sequence F, satisfies anl |F,] < I in order that the
corresponding sequence U, is positive definite. From this we obtain immediately
by taking S = T in Theorem 2.1 the following corollary.

Corollary 2.2. Let E be a Dedekind complete Banach lattice and let T € Z(E)
such that r(|T|) = 1. Then the sequence {2(T")}.z is positive definite.

Remark. It was observed by Toeplitz that positive definiteness of a sequence
can be expressed in terms of non-negativity of a corresponding sequence of
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Toeplitz determinants. In our situation this says that under the above hypotheses
we have that

2T) 1 2T) .. 2T

2T 1) I w 9Ty | =0.

) T T

forall n > 1.

[5] the above corollary was derived from Andd’s inequality (see [2] for a proof
of this inequality for matrices). As indicated in the introduction, here we shall now
obtain Andd’s inequality as an easy consequence of Corollary 1.7.

Corollary 2.3 (Andé’s Inequality). Let E be a Dedekind complete Banach
lattice and let Te & (E). Then |TR(A, T)| < |AR(A, T)| for all || > r(|T)).

Proof. Without loss of generality we can assume that r(|T]) = 1. Since for
A€ o(T) we have TR(A,T) = AR(A,T) — 1, it is clear that |2,[TR(A,T)]| =
= |2,[AR(A, T)]l. Hence the theorem is equivalent to the inequality
|2[TR(A, T)]| < |2[AR(4, T)]| in Z(E). From Corollary 1.7 it follows together
with the above corollary that |}, 5,2(T")z"| < |3,202(T")z"| for all |z| < 1, which
turns into the inequality |Z[TR(A, T)]| < |2[AR(A, T)]|if weputz = 7. O

Let now 0 < T e Z(E) be an arbitrary positive operator. Then we dcnote by
2 the band projection on the band {T}* generated by T in % ,(E). Recall now
that a positive operator T is called a Riesz homomorphism if x A y =0 in
E implies Tx A Ty=0 and that T is called interval preserving if
T[0,x] = [0, Tx] for all 0 < x € E. Also recall that a positive operator T is
called order continuous if x, | O in order implies Tx, | O in order.

Proposition 2.4. Let E be a Dedekind complete Banach lattice and let
S e Z(E). Then the following holds.

(1) If T is an order continuous Riesz homomorphism, then P(TS) = T2(S).
(2) If T is an interval preserving operator, then 2?(ST) = 2(S)T.

Proof. We can assume that S > 0, the general case follows by linearity.
Assume first that T is an order continuous Riesz homomorphism. Then left
multiplication by T is a Riesz homomorphism on .5,”,‘(E) (see [1, Theorem 7.5]).
Hence 21(TS) = sup, (TS A nT) = T sup, (S A nl) = TP(S). Hence (1) holds.
The proof of (2) is completely similar, when one observes that in this case right
multiplication by T is an order continuous Riesz homomorphism on % ,(E) (see [1,
Theorem 7.4]). O
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Corollary 2.5. Let E be a Dedekind complete Banach lattice and let S € £ ,(E)
with 1{|S|) = 1. Then the following holds.
(1) If T is an order continuous Riesz homomorphism, then {Q’T(/T\.S"')},,Ez is
positive definite.
(2) If T is an interval preserving operator, then {?/”XSTT)},,J is positive definite.

Proof. From the above proposition it follows in case (1) that
PATS") = T2(S") and in case (2) that 2S"T) = P(S")T. The sequence
{2(S")}.cz is now positive definite by Corollary 2.2. From Definition 1.1 it is
immediate that the product from the right (or from the left) of a positive definite
sequence in Z,(E) with a positive operator is again positive definite in Z,(E).
Hence the corollary follows. []

3. Diagonal elements of contractions on /,

In this section we indicate another way of obtaining positive definite scalar
sequences from the “diagonal elements” of powers of an operator. Let 1 < p < oo
and let I denote an arbitrary non-empty set. Denote by e; the sequence in ¢,(I) with
i"-coordinate equal to 1 and all other coordinates equal to 0. By e*we denote the
same sequence, considered as element of the dual space of 7 p(I). If now T is
a bounded operator on ,(I), then one can consider {T;, ¢} as a diagonal element
of T.

Theorem 3.1. Let T be a linear contraction on ¢,(I). Then for each i€ I the
sequence {(T’e,-, e,*}},,ez is positive definite.

Proof. Let |z| <1 and define x = ) ,.,T"e;z". Then x — e; = zTx. Hence
Ix — ell, < llx|l,. Assume first 1 < p < co. Then it follows from [x — ¢, <
< |ix|l, that |x(i) — 1] < |x(i)] and thus Re{x,efy > 5. It follows now from the
scalar version of Theorem 1.6 that {(T"¢;,e*},c; is positive definite. In case
p = oo one can consider T* on /.. and by using that e*is an atom one can proceed
as above in this case. [J

In case H is Hilbert space and x € H, then by representing H as a space ¢5(1)
with x = e; for some i, we obtain the known result that {{T"x,x)},z is positive
definite for any contraction T on H (see e.g. [4, Proposition 2.3.1]). Based on the
Hilbert space case, one could conjecture that in case E is a Banach space and T is
a contraction on E, then for x € E with ||x|| = 1 and f € E* with ||f]| = (f,x) =1
the sequence {{W)} is positive definite. This is not the case, as the following
example shows.

Example. Let E = R? with

16,0 = {

max {|x}Jy|}, in case xy >0
x| + |yl otherwise.
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Define T on E by T(x,y) = (x — y,x — y). It is easy to see that ||T|| = 1 with
respect to this norm on E. Consider now the complexification E¢ of E, where

lx + iylle = sup l|(cos B)x + (sin O)y] .

One can verify easily that the complexification of T on E¢ has the same norm as
T on E and also that if e, = (1,0) and e} = (1,0), then |le,[lc = 1 and [le}|lc = 1,

J—

but the sequence { T'e;,ef >} is not positive definite, e.g. by Proposition 1.2, since
1+ ¢” 4+ e ™ =1 4 2cos 0 is not nonnegative for all 6.
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