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One Dimensional Dynamics and Factors of Finite Automata

P. KURKA
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Received 14 April 1993

We argue that simple dynamical systems are factors of finite automata, regarded as dynamical
systems on discontinuum. We show that any homeomorphism of the real interval is of this class. An
orientation preserving homeomorphism of the circle is a factor of a finite automaton iff its rotation
number is rational. Any S-unimodal system on the real interval, whose kneading sequence is either
periodic odd or preperiodic, is also a factor of a finite automaton, while S-unimodal systems at limits
of period doubling bifurcations are not.

1 Introduction

The simplest dynamical systems are characterized by the presence of single fixed
points, which attract all other points, the typical example being the halving of the
interval H(x) = x/2. Chaotic systems, on the other hand, keep visiting every
region of the state space in apparently chaotic manner, the simplest example being
the doubling of the circle D(x) = 2x mod 1. Nevertheless, the latter system does
not seem to be more complex, and can be regarded as a dual, of the former. Indeed
if x = 0. xox;x, ... is a binary expansion of x € [0, 1], then H(x) = 0. 0xx, ...,
while D(x) = 0. x,x,.... It turns out that both systems are factors of finite
automata regarded as dynamical systems on discontinuum. The halving of the
interval writes zero to the output tape, while the doubling of the circle reads a digit
from the input tape.

These considerations lead to a complexity classification of dynamical systems.
According to a generalized Alexandrov Theorem, every dynamical system on a
compact metric space is a factor of some dynamical system on discontinuum (see
Balcar and Simon [1] for a proof). Every type of automata studied in computer
science can be regarded as a class of dynamical systems on discontinuum. The
complexity hierall'chy ranging from finite automata, stack automata, Turing
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automata, and cellular automata to neural networks can be transferred to dynami-
cal systems on compact metric spaces via factorization. The factors of finite
automata are at the bottom of this hierarchy. We have shown in [7] that they
include systems with finite attractors and hyperbolic systems.

In the present paper we extend and generalize these results. We use a more

general concept of multitape finite automata with variable advance of their tapes.
We show that an orientation preserving homeomorphism of the circle is a factor
of a finite automaton iff its rotation number is rational. We show that any S-unimo-
dal system on real interval with preperiodic or odd periodic kneading sequence is
a factor of a finite automaton. To obtain these results we modify the kneading
theory using the two closed intervals on either side of the critical point instead of
the open ones. There are multiple itineraries in some cases, and we choose as
a standard the least one. This modification substantially simplifies the theory, and
we obtain immediately a homomorphism from itineraries to points. Our approach
is dual to that of Cruthfield and Young [4], who investigate the regularity of
languages generated by quadratic systems.
" Finally we prove that the S-unimodal systems with aperiodic kneading sequen-
ces, which occur at common limits of period doubling and band merging bifurcati-
ons, are not factors of finite automata. Thus we leave open the case of even
periodic and arbitrary aperiodic kneading sequences. The negative results are
obtained with the use of a topological property of having chaotic limits. This is
another simplicity criterion for dynamic systems. The standard Devaney’s [5]
definition reads that a chaotic system is one, which is topologically transitive,
whose periodic points are dense, and which is sensitive to initial conditions.
However, Brooks et al. [2] have recently proved, that on infinite metric spaces, the
first two conditions imply the third. In light of this result it is natural to relax the
definition of chaotic system to topological transitivity and density of periodic
points. According to this relaxed definition, finite dynamical systems, which are
orbits of periodic points, are chaotic too. These considerations provide some
support for the feeling that chaotic systems are simple too. We define a system with
chaotic limits as one, whose each point is included in a set, whose w-limit set is
chaotic. We show that systems which do not have chaotic limits are not factors of
finite automata.

2 System with chaotic limits

Definition 1. A dynamical system (X, f) is a continuous map f: X - X of
a compact metric space X to itself. A homomorphism ¢: (X, f) = (Y, g) of
dynamical systems is a continuous mapping ¢: X — Y such thatgp = ¢f. We say
that (Y, g) is a factor of (X, f), if @ is a factorization (i.e. a surjective map).
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The n-th iteration of f defined by f°(x) = x, f"*'(x) = f(f "(x)). A point x € X
is periodic with period n > 0, if f*(x) = x and fi(x) # x for0 < i < n. A point
X & cemay  pwse ¢ oe e i =0, such that fi(x) is periodic. It is
preperiodic, if it is eventually periodic but not periodic. It is aperiodic, if it is not
eventually periodic.

A subset A € X is invariant, if f(A) & A. The w-limit set of a set A € X is

o(A) = [} UF7(A). 1t is easy to see that if A is nonempty, then w(A) is a

n m>n

nonempty, closed, invariant set, so (w(A),f) is a dynamical system. If
w: (X, f) = (Y, g) is a homomorphism, then ¢(w;(A)) = w,(¢(A)).

Definition 2. A dynamical system (X, f) is chaotic, if the set of its periodic
points is dense in X and if for any open nonempty sets U, V S X there exists
k >0 with fX(U) n V # 0 (topological transitivity). The system (X, f) has
chaotic limits, if for each x € X there exists A & X, such that x € A and w(A) is
chaotic.

In particular a finite system is chaotic iff it is an orbit of a periodic point, and
any finite system has chaotic limits. If w(x) is a periodic orbit for each x € X, then
(X, f) is a system with chaotic limits. Moreover if X or w(X) is chaotic, then
(X, f) has chaotic limits. It is easy to see that a factor of a chaotic dynamical
system is chaotic, and a factor of a system with chaotic limits has chaotic limits.

3 Finite automata

Let A be a finite alphabet and N = {0, 1, ...} the set on non-negative integers.
We frequently use alphabet 2 = {0, 1}. Denote A" = {u = ugu,...|u; € A} the set
of infinite sequences of letters of A, A* the set of finite sequences, and
A* = A* v A". Denote || the length of a sequence u € A%, (0 < |y| £ =), and
~ the word of zero length so, u; = A for i > |u|. Denote u; = u,... u;_, the
initial substring of u of length i, and write u £ v, if u« is an initial substring of v.
Ifu € A*, denote & € A" the infinite repetition of u, defined by #,.+; = u;. Define
a metric g, on A* by g,(4, v) = 27", where n = inf{i = 0|y, # v}.

We define the shift 0: A* ~ A*by o(u) ; = U4y, thus o ~A) = ~. We use also
inverse shifts. To unify the formalism, suppose that e, # are symbols not occurring
in A, and define o,: A" - AV forae A v {o, #} by

o (Ul uy...) = uylyus...
o (Upuyly...) = Uglyi,. ..

0 (Uouyuty...) = auyu,... for ac A
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An automaton (finite, stack or Turing) is a finite control attached to one or more
tapes with some rules of access to them. For formal reasons it is simpler to conceive
an automaton as a finite system of infinite tapes, which interact at their ends. In
general case these tapes are stacks, so a letter can be either read or written to them.
Two stacks already can be used to simulate any Turing machine. Finite automata
possess only input or output tapes, which move in one direction only.

Definition 3. Let T be a finite set (of tapes) and for each t € T let A, be a finite
alphabet. Denote Q = [|A,, X = []AY the state space with a product metric v,
and7: X ~ Q the projéction definéd"by n(u), = uo. An automaton with tapes T,
alphabets A, and transition functions f,: Q = A, v {e, #} is a dynamical system
(X, f) defined by

f(W): = 0pau(), uelX, teT

We say that t € T is input tape, if (Vq € Q) (f(q) € {, #}). We say thatte T is
an output tape, if (Vg € Q) (f(q) € A, V {®}). An automaton is a finite automa-
ton, if every tape is either input tape or output tape.

Definition 4. For an automaton (X, f) over T, u € X, n 2 0 define the advance
d(u, n) of t in n steps by d(u,0)=0, d(u,1)=1 if f n(u) = #, d(u,1)=0 if
fo(u)=-e, d(u,1)=—1iff,n(u)€ A, andd (u,n+1)=d (u, 1)+ d (f(u), n)
for n > 0. Clearly |d (u, n)| = n.

Theorem 1. Any finite automoton has chaotic limits.

Proof. Let (X, f) be a finite automaton and u € X. Denote Q, =
={g€ Q|(Ym)(@n 2 m)(af "(W) = @)}, T, ={re T|(3q € Qo) (fq) = #)},
Toe={teT|Gqc Q) (f(9)€A), L=T—T,—T,. Sice (X,f)
is a finite automaton, T, n T,, = 0. Let j be the first integer, such that
(Yn 2 j) (nf "(w) € Qo) and denote

Y={ueX|(Vi)(nf'(u) € Qo) & (Vt& T.) (Vi) (us = fi(W)a)}.

Then Y is a closed invariant set. Let p be the least integer, for which there exists
ze Y with {nf(2) |i < p} = Qo and nf?(z) = n(z). Denote

W={ueY|(vge Q) (Vk > 0)(fi < kp |nf'(u) = g}| & k/2))

(here |A] means the number of elements of A). We shall prove in the following
lemmas that o( W v {w}) is chaotic.

Lemma 1. Let u€ Y and let for all k there exist n, m, and v € Y, such that
o(f"(v),u) =275 (Vte T,,) (d(v,n) S —k), and(Vte T,)(d{f"(v), m) Z k).
Then u € o(W).
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Proof. Let z€ Y be such that {nf(z)|i < p} = Qo (2) = m(v), and
(Vi) (x?*(2) = af '(2)). Let r > n + m + p be an integer divisible by p. There
exists s € Y satisfying n(s) = n(v), and for all t€ T,

S, = Z,; for 1sisa=d[(zr)

Siat1 = Vg for 1sisb=d(yn+ m

Spatsti = Z,r4; for 1 = i, where af"*"(v) = nf{z)
Then s€ W, f(s),=v, for all iSd (v, n+m), te T, and o(f"*"(s), f*(v))=27¥,
so o(f™*"(s), u) = 27% and therefore u € w(W).

Lemma 2. o(W v {w}) = o(W).

Proof. It suffices to show aw) S w(W). Let u € w(w) and k > 0. We have
f/(w) € Y and there exist n, m, such that d(f/(w),n) = —k for all te T,
o(f*"(w), u) = 275 and d(f*"(w), m) Z k. By Lemma 1, u € o(W).

Lemma 3. Periodic points are dense in o(W).

Proof. Let U & X be an open set, and U N (W) # 0. There exists u € U and
k such that u€ Cy(u) » (W) S U n o(W), where C(u) = {v e X |uy = v}
is a cylinder around u. There exist m and v € W such that o(f™(v), ¥) = 27* and
|d(v,m)| 2 kfor allte T,, v T,,. There exists r > m + k and s € Y such that

n(s) = n(v), and
S, = Uy, for teT,,1sisd(v,m)+k
{afi(s)|i < A= Qo
af'(s) = n(v),
Spati = S for teT,, 154 a=d(sr)
S0 = F(5)u for teT,,
Thens€ Y, f(s)=s,|d(s,r))| 2 k for te T, v T,,, and o(f"(s), u) < 27X
By Lemma 1, s € o W).
Lemma 4. (W) is topologically transitive.

Proof. Let U, U & X be open sets, ue C(u) » (W) € U n o(W),
wecCW)yn o(W)s U n o(W). There exist m,m’ and v,v' € W with
o(f"(v), ) S 27K o(f™(v'), w) S 27K, |d(v, m)| Z k, |d (v, m')| 2 k for all
teT,, v T, There existr >m+ k, ¥ >r+ m + k and s € Y such that

S,= v, for teT,,1sisd(vym)+k
af'(s) = a(v'),
Spati = Uy for teT,,1sisd(W,m)+k a=d(sr)

{afi)|i< ¥} = Q,
af"(s) = a(v),
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Shati = Sy for teT,,1=i b=dJs7r)
Sei T fr(s)g,i for teT,,

Then f"(s) € U, f*™(s) € V, and by Lemma 1, s € o( W).

4 Homeomorphisms

Lemma S. Letg: I — I be an increasing continuous function on a compact real
interval I, whose only fixed point is one of the endpoints of I. Then (1, g) is a factor

of (2%, 0y).
Proof. Let I = [a, b], g(a) = a, g(b) < b (the dual case g(b) = b is similar).
For k = 0 denote I, = [g**'(b), g(b)], Xi = {u € 2"|uyy, = 0*1}. For u € X,

define g(u) = g(b) + (b — g(b)) Y u2™'. For uce X,, k >0 define p(u) =
i=1
= g*pa*(u), ®(0) = a. Then ¢: (2", o) = (I, g) is a factorization.

Lemma 6. Let (X, f) be a two tape finite automaton defined by f(u, v) =
= (0 4(4)s O max (us, v0)(V))- Let g: I = I be an increasing continuous function on a
compact real interval I, whose only fixed points are the two endpoints of I. Then
(1, g) is a factor of (X, f).

Proof. Let I = [a, b] and pick some c € (a, b). Suppose f(c) > ¢ (the dual
case f(c) < c is similar). For k € Z denote I, = [g*(c), g**'(¢)]. There exist
closed sets

X_o={(nv)€X|v,=0 & (Vi Z 0) (u; = 0)}
Xk =(u,v)EX|vo=0&Inin{i_Z.OIu,=1}=—k}, kéo
X, ={(v)eX|min{iz0|v, =0} =&, k>0

X. ={(uv)eX|(Viz0)(v,=1)}

For k € Z define a projection m;: X, = 2" by m(u, v) = o §(v) if k 2 0, and
mlu, v) = 04 5(v) if k < 0. Then my, (4, v) = 7 (u, v) for (4, v) € X,. Let
y:2" - I, be a factorization. Define ¢(u, v) = g'ym(u, v) for (4, v) € X,,
o(u,v) =a for (u,v)e X_,, and @u,v)=>b for (u v)e X, Then
@: (X, f) = (1, g) is a factorization.

Proposition 1. Letg: I — I be a non-decreasing continuous map on a compact
real interval I. Then (I, g) is a factor of a finite automaton.

Proof. Define a finite automaton (X, k), where X = 2V X 2V X 2V X 2V, and
h(y, u, v, w) = (o (¥), f(4, v), w), where f is the finite automaton from Lemma 6.
We shall prove that (1, g) is a factor of (X, k). Denote F = {x € I|g(x) = x}

the set of fixed points. F is closed, therefore I — F = U A, is a finite or
k€K
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countable union of open intervals A, = (4, b;). Define ®:2" -1 by
d(u) =a+ (b—a) 3 u2 ™', where I = [a, b]. Each d7'(A,) contains a cy-
i=0

linder C, S 2". Let < be a lexicographic ordering on 2". Denote K, =
= {k e K|g(ay) = a;, g(by) = b} Il k ¢ K, let y,: (2, 0,) = (A4, g) be a fac-
torization from Lemma 5. If k € K, let ,: (2V X 2%, f) = (‘A;, g) be a factoriza-
tion from Lemma 6. Define ¢: (X, k) - (I, g) by

o(y, u, v, w) = D(w) if d(w)eF

o(y u, v, w) = a, if d(w)e A;, and (Vx€ Cp)(w < x)
o(y, u,v,w) = b, if d(w)e A, and (Vxe C))(x < w)
o(y, u, v, w) = P(y) if wecC, and k¢ K,

oy u,v,w) = y(u,v) if weC, and k€ K,

Theorem 2. Any homeomorphism of a real interval into itself is a factor of
a finite automaton.

Proof. If g: I — I is increasing, then it is a factor of finite automaton by
Proposition 1. If it is decreasing, then g*: I — I is increasing and therefore there
is a factorization y: (X, f) = (I, &), and (X, f) is a finite automaton. We add
to this automaton an output tape with alphabet 2 and define A(u, 0v) = (u, 10v),
h(u, 1v) = (f(u),01v) (u€ X, v€2*). Thenh: X X2 - X X 2 is a finite auto-
maton. Define ¢(u, 0v) = y(u), and ¢(u, 1v) = gy(u). Then @: (X X 2, h) -
(1, g) is a factorization. Indeed ¢@h(u, 0v) = @(u, 10v) = gy(u) = ge(u, 0v),
and gh(u, 1v) = @(f(), 01v) = yf(y) = g*y(u) = gg(u, 1v).

We turn now to the orientation preserving homeomorphisms of the circle,
which we regard as the unit circle in the complex plane. For x € R, denote
O(x) = exp (27ix). An increasing map G: R, —~ R, is a lift of an orientation
preserving homeomorphism (S, g), if ¥: (R,, G) = (S, g) is a factorization. The
rotation number o(g) of (S, g) is defined as the fractional part of gy(G) =
= lim |G"(y)|/n, where G is any lift of g, and y € R, (o(g) does not depend on

the choice of either G or y). Then an orientation preserving homeomorphism of
the circle (), g) has a periodic point iff o(g) is rational (see Devaney [5] for
a proof).

Theorem 3. An orientation preserving homeomorphism (S,, g) of the circle is
a factor of a finite automaton iff o(g) is rational.

Proof. If (S}, g) is a factor of a finite automaton, then it has chaotic limits by
Theorem 1, and therefore also periodic points. Thus its rotation number cannot be
irrational. If o(g) is rational, then o(g") = 0 for some #n, and g" has a fixed point.
We can suppose that 1 is a fixed point of g, and choose a lift G, with fixed points
0 and 1. Then (S, g") is a factor of ([0, 1], G), and this is a factor of a finite
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automaton by Theorem 2. We modify the finite automaton obtained by letting in

act only every n-th step similarly as in the proof of Theorem 2. Then (S, g) is
a factor of this modified automaton.

S Unimodal systems

Definition 5. A dynamical system (1, g) defined on real interval I = [a, b] is
unimodal, if g(a) = g(b) = a, and if there exists a critical point c € (a, b), such
that g is increasing in [a, c], and decreasing in [c, b].

Proposition 2. Let g be unimodal on [a, b] with critical point c. Denote
I,=1[ac, L=[cb], andI,={xeI|0=i<|u = fi(x)el,} for ue?2®
Then 1, are closed intervals (possibly empty or singletons).

Proof. I,, = I, n f7Y(1,) for a€ 2 and u € 2%.

Definition 6. For u€2%, n < |u| denote (1) = Y u; mod2. We say that

i=0
u € 2* is even (odd), if 1,—,(u) is zero (one). An infinite periodic sequence u € 2%
is even (odd), if the shortest sequence v € 2* with u = U is even (odd). For
u, v € 2* define
u<v iff (3k < min(|ul,|v])) (4= v & ©(u) < 7}(v))
usv iff u<voruSv

Proposition 3. Let u, v € 2%, Then
def
u<v=> (Vxel)(Vyel)(x=sy) « I,<]1,
def
I,#0& usv = (Vyel)@xel)(x=y) ® I,=1,

Proof. Letu < v, k < |u|, k < |v], y = v, T(4) < 7(V), x€ I, y€ I,. We
prove x = y by induction on k. If k=0, then 4, =0, v, =1, so I, & I, <
<I;21,and I, < I, If k >0, we apply the Proposition to o(«) and o(v). If
Uy = vy =0, then o(u) < o(v), so f(x) = f(y), and x = y since x,y€ I,
f uy=1v,=1, then o(v) < o(u), so f(y) = f(x), and x =y since
x,y€lI, Suppose u £ v, and y€ I, Since I, # 0, we have some x € [,. If
u < v, then x = y by the above proof. If u E v, then y€ I, and y = y. O

Definition 7. The itinerary T(x) €2 of x €I is defined by
g(x) < c = T(x),=0
g(x) > ¢ = I(x), =1
g(x) = ¢ > H(I(x) =0
The kneading sequence of g is R(g8) = T(g(¢c))-
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Proposition 4
xel, » I(x) S u

I <) = x=y
x<y = I(x) =YY

Proof. The first formula follows from the definition. If T(x) < I(y), then
Iy < Iy, Since x € Iy,, y € I, weget x = y by Proposition 3. If x < y,
then T(y) X I(x), so IT(x) S I(y). O

Definition 8. For u, ve€2* define u < v iff (Vi >0) (o () L v), and
u<*v if u<v and u S v. A sequence we2* is maximal, if w < w.

Theorem 4. If (1,8) is unimodal, then (Vx € I)(I(x) < K(g)), and K(g) is
maximal.

Proof. Let x € I and k > 0. Denote u = I(x) and suppose d*(u) > K(g).
We have gi(x) = g(c). If g(x) = g(c), then g™'(x) = ¢, and Tx-1(T(x)) = O,
so o*(u) = T(g*(x)) = K(g), which is a contradiction. Thus g*(x) < g(c), so
g*"'(x) # ¢, and by Proposition 4, T(g'(x)) < K(g). Let i = k be the least
number with g(x) = ¢ (such a number exists, since otherwise I(g"(x)) =
= o*(u)). There exists ye I with I(y) = 0u...u;... and fi(y) # ¢ for
0sjsi—k+1 Then f(3) < f(c) and I(f(¥)) = ty... u;... S K(g),
which is a contradiction. ' O

Theorem 5. If (1, g) is unimodal, u € 2%, and u < K(g), then I, # 0.

Proof. We proceed by induction on n = |u|. If n = 1, then I, # 0. Suppose
that the Theorem holds for n — 1. Then the assumption holds for o(u), and
therefore I, # 0. Since o(u) = R(g), and g(c) € Iy, there exists by Proposi-
tion 3 some y€ I,, with y = g(c). There exists x € I, with g(x) = y, and
therefore x € I, # 0. Thus we have proved the Theorem for finite |u]. If |u| = oo,
then I, = (J{I,|v S u, ve2*}. Since v E u implies v < K(g), and therefore
I, # 0, we get I, # 0 by compactness.

Definition 9. A unimodal system (1, g) is S-unimodal, if it has continuous third
derivation, g'(c¢) < 0, and Sg(x) < 0 for all x # c, where

" ” 2
g'(x 3(g"(x
Sa0) = ’<)__( « ))
gx) 2\g®
is the Schwarzian derivative.

Theorem 6. Suppose that g is S-unimodal. If }(g) is not periodic, then I, has
empty interior for any u € 2. If R(g) is periodic with period n, and u € 2", then
1, has nonempty interior iff u < K(g) and there exists k Z 0 with o*(u) = K(g).

See Guckenheimer [6] or Collet and Eckmann [3] for a proof.
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Definition 10. Let we 2" be maximal and define =, = {u€2"|u < w},
2, ={u€2*|u < wl. ThenZ, is a subshift, i.e. a closed o-invariant subset.

Theorem 7. Let (1, g) be S-unimodal system such that R(g) is not periodic.
Then (1, 8) is a factor of (Zg), 0).

Proof. By Theorems 5 and 6, 1, is a singleton for each u € Zg,), so we define
@: Zq — 1 by ¢(u) € I,. By Theorem 4, g is surjective. Let us prove that it is
continuous. If ¢(u) € U, and U is open, then there is v & u with v € 2* and
I, S U. It follows that for all w € 2V with v E w we have g@(w) € U.

6 Eventually periodic kneading sequences

Theorem 8. If w € 2V is preperiodic and maximal, then (Z,, 0) is a factor of
a finite automaton.

Proof. We can write w = w,...w,_ W, ... W,.._;, Where w,_; # W, ,,_,
and W,,... W4, is even. Then o/(w) < w for all i >0, and since the set
{a(w)|i > O} if finite, there exists p such that d(w), < w,, for all i > 0. Let k
be an inateger with nk > p and put r = m + nk, s = m + (n +1)k. Assume
w,u <* w and let us prove o"(wl,u) = wforalli 2 0. For i = 0 we distinguish
two cases. If w,, is even then w, is even, and u = o'(w) = o (w) by the assump-
tion, so w,u = w. If w,, is odd then u = o(w) = o°(w), and again w,u = w.
For 0 < i < s— p we have o(wu) < w by o(w), < w,Foriz s— p we
have i > n and o(u,u) = o"""(w,u) = w. Conversely, if wu <*w, then
w,u <* w. By induction, (Yu € 2V) (w,u <* we w, ., u <*w) for all j > 0.
We construct a finite automaton with input alphabet A4, = 2, and output
alphabets A, = 2, A, = {0, ..., s — 1}. Put fy(q) = #, fi(q) = qoif w,q0 = W,
fi(q) = 1 — g, otherwise. Then w,,fi(q) = w. If w,,fi(q) = W4+, then put
fAq)=q,+1lifg+1 <5 andf(q) =rifg +1=-s1fw,fi1(9) < w4,
then put fy(g) = max {k < g,+ 1|0 %" "*(w,,fi(q)) = wy}. Define ¢: X > =,
by @(u); = (nf'(u));. Then @ is continuous and ¢f = g¢. Let v € Z,, and put
gy = Vg, Uy = Viyy, §; = 0. Then (1) = v, so @ is surjective.

Corollary 1. If (I, g) is S-unimodal and K(g) is preperiodic, then (1, g) is a
factor of a finite automaton.

Proof. Theorems 7 and 8.

Proposition 5. If w € 2V is odd periodic and maximal, then (Z,, 0) is a factor
of a finite automaton. Moreover, if u € Z,, and o'(v) = w for some i Z 0, then
u is an isolated point of =,

Proof. Let n be the period of w. Then (Vu € 2V) (w,u <* w* u = w). In-
deed if w,u <* w, then o"(w,u) = u = w by definition, and u = o"(w) = w,
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since w), is odd, thus u = w. Thus w is an isolated point of Z,,, and if o‘(u) = w,
then u is isolated too. Construct a finite automaton with input alphabet A, = 2, and
output alphabets A, =2, A4, ={0,...,2n — 1}. Put fy(q) = #, and suppose ¢, < n. If
Wiado < W, then put f,(g) = go, fo(q)=max{k < g,+1|o®*' 7w, fi(q)) = wl.
If w,,q0 = W4,+1, then put f1(q) = qo, fx(q) = g, + 1. If w,,q, > w, then put
fi(@ =1—qp fi(g9d =q,+1.1f n=q, <2n—1, then put fi(q) = w41,
fAq9)=q,+ 1. If g,=2n—1, then put f,(q) = Wy, f(q) = n. Define
¢: X = Z, by ¢(u); = (wf'(u)),. Then ¢: (X, f) = (=,, o) is a factorization.

Theorem 9. If(1, g) is S-unimodal and K(g) is periodic and odd, then (1, g) is
a factor of a finite automaton.

Proof. Let n be the period of R(g). By Proposition 5, there is a factorization
@ (X, ) = (2 a4 0)- By Theorem 2 there is a factorization ¢": (X", ) ~
(I3 8")- We construct a finite automaton (X, f), where X = X' X X", and
fw, ) =(f), fW)) ifqg =0,0rq=n, f(«,u) = (f(&), &) otherwi-
se. Thus if o¢'(«') = K(g), then either g; =0, or ¢, = n, so f(v,u") =
= (f(«), f(«)). Define ¢: X - I by

¢, U) € Ty if (Vi) (o'g(w) # R(g))
P, W) = 88" ¢"(¥) if op’(¥) = K(g)
(U, W) = oy ®(f (W), w) if ¢@(f(w), u) has been defined

(Here g;: [4, g(¢)] — 1, are the two inverses of g.) Then @(«, &) € I,,,. Since
¢" is continuous, and since by Proposition 5 ¢'(«’) is an isolated point when
o'g'(w) = K(g), @ is continuous. By Theorems 4 and 6, ¢ is a surjection. If
o@ (W) =RK(g), then gf(i, ') = AF (&), F () = Zyrnne®()* (W), F (1)) =
= 8oy 8o P(F) " (W), (1)) = 8 puyy++ 8oy, 8"FF (W) = ¢f (W) =
= g"¢g’'(W) = gp(u', W). If ¢’'(W') is eventually periodic, and if o¢'(v') # K(g),
then @f(u, W) = o(f (W), W) = gep(u, w’). Thus ¢ is a factorization.

7 Aperiodic kneading sequences

For s € 2*, denote § the sequence obtained from s by changing the last bit. The
double of s is D(s) = s§. The doubling operator can be iterated, and since
s & D(s), D(s) = lim D(s) is well defined. It can be easily proved that if s € 2*
is an odd, aperiodic maximal sequence, then § < §< D(s) < D(s), and
D(s) € 2" is a maximal aperiodic sequence.

Lemma 7. Let s €2* be an odd, aperiodic, maximal sequence, j > 2, and
U = {u € Zoery | @i = 27*Y|s]) (DV(s) € 0'(w) or T(5) D/(s) E 0'(w)). Then U,
is a o-invariant set, which is closed and open in 4., and does not contain
periodic points with periods less than 2|s).
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Proof. Clearly U; is closed and open in Zy.,. To prove it is invariant denote
w = D/"?(s) and suppose u € U, Then we can write o/(u) = uyy,..., where
|u;| = 2/7?|s|. We use repeatedly the fact u < D*(s) and prove that if uu, u,u; =
= wwww, then either wususu, = wiwww or u,...u;; = wwwwwwww. Since
Ugl UyUzu, = wwwww, and wwww is odd, u, = w. Since u, < w, we get
u, = w. Since y,us = ww, us = w. Since ...us = wwwwww, and wwwww is
even, uUs = W, SO0 uUs = w. Since wusus < www, U= w. Since wuu, = ww,
u; = W, so either u; = w or ¥, = W. In the former case we are done. Suppose
therefore u, = W. Since u,...uy = wWwwwwwwwww, uy < W, so i, = W. Since
Uglplyy = WWW, Uy, = w. Since Uy... U;; S WWWWWWWWWIWWwW, I = W, SO
Ugligliyoltyy = wwww. If there is a periodic point u € U, with period k < n =|s|2/,
then uy,.; = Uypoy—y = U,y = U,_,, and W would have period k, which is
impossible.

Proposition 6. If s €2* is an odd, aperiodic, maximal sequence, then the
subshift (Zy(), 0) has not chaotic limits.

Proof. Let U; be sets from Lemma 7. Then o(D(s)) € U;, for j > 2, so
o(D°(s)) does not contain periodic points. Suppose that u € o(D(s)),
U€AS Iy, and w(A) is chaotic. Then it contains a periodic point v € w(A).
Choose j so that v ¢ U, and let V be a neighbourhood of v disjoint from U;. Then
a*(U)) n V =0 for all k, so w(A) is not transitive.

Theorem 10. If (1, g) is S-unimodal system, and }(g) = D*(s) for some odd,
aperiodic, maximal sequence s, then (1, g) has not chaotic limits.

Proof. By Theorem 7 there is a factorization @: (Z4¢), 0) = (1, 8). Let yel
be an eventually periodic point. Since R(g) is aperiodic, g'(y) # c for all i, and
therefore there exists only one u € =g, with y = ¢(u). Since o($(g)) does not
contain periodic points by Proposition 6, neither does a(c) = ¢(w((g)). We
prove that if j > 2, then ¢(U)) is a neighbourhood of w(c). If y € w(c), then
there is unique u € w(K(g)) with ¢(u) = y. There exists k < 2/|s| such that
0, # uy # 10,. Define u', u" € U; by uj =0, u} = 10,, u; = u; = u, for
iz k Then v <u<u and y= @(u) is an inner point of the interval
[¢(u), p(w)] € @(U);). Since ¢(U)) is invariant, we get the result similarly as in
Proposition 6.

Corollary 2. Let (I, g) be S-unimodal system, and R(g) = D“(s) for some odd,
aperiodic, maximal sequence s. Then (I, g) is not a factor of a finite automaton.

Proof. Theorems 1 and 10.
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