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1987 ACTA UNIVERSITATIS CAROLINAE—MATHEMATICA ET PHYSICA VOL. 28.NO. 2

Properties of Measure and Category in Generalized Cohen s and
Silver’s Forcing .

M. REPICKY,*)

Kogice, Czechoslovakia

Received 31 March, 1987

We consider generalized Cohen’s and Silver’s forcing and characterize the following properties
of such generic extensions: Every null (resp. meager) set of M[G] is contained in a null (resp.
meager) set coded in M; the set of reals from ground model is nonmeasurable in M[G]; ®o " M
is a dominating family in ®@ N M[G].

§ 0. Introduction. A natural generalization of Cohen’s set of forcing conditions
(two valued functions with domain a finite subset of ) is the set of two valued
functions with domain an element of an ideal J on w. It is denoted by C(J) and
was investigated by S. Grigorieff in [5]. In § 3 we study the properties of generic
extension obtained by this forcing in a dependence of the combinatorial properties
of an ideal J investigated in § 1. Let M be a transitive model of ZFC, let C(J )e M,
and let G = C(J) be a generic filter over M. We prove the next two theorems:

Theorem A. The following are equivalent

(i) Jisanr*-ideal
(ii) every null set of the Cantor space in M[G] is covered by a null set coded in M.
(iii) “2 n M is not a null set in “2 n M[G].

Theorem B. The following are equivalent
(i) Jis a regular p*-ideal
(i) Vfe®won M[G] 3he®0onM Vn f(n) < h(n)
(iii) every meager set of the Cantor space in M[G] is covered by a meager set coded
in M.
Results of § 2 are needed only in the proofs of the propositions 3.3, 3.13. 3.16 and so

can be omitted at the first reading. In §4 we apply Grigorieff’s characterization
of generalized Silver’s forcing to results of § 3.

*) Matematicky wstav SAV, dislokované pracovisko v Kogiciach, Zdanovova 6, 040 01 Kosice,
Czechoslovakia.
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§ 1. Some properties of ideals and the question of their existence.

Throughout this paper an ideal on @ will mean an ideal containing the ideal
of finite subsets of w. We usually denote it by J. Then J* will mean its dual filter
and J* = F(o) - J.

1.1. Definition. (i) A sequence {x,; n € @} is a J-partition (resp. strong J-partition)
if it is a partition of w and no finite union of elements of the partition is in J* (resp.
in J¥).

(i) An ideal J on o is a p-ideal (resp. p*-ideal) if for every J-partition (resp.
strong J-partition) there exists x € J * (resp. x € J*) and x meets each element
of the partition at a finite set.

(iii) J is an r-ideal (resp. r*-ideal) if for every J-partition (resp. strong J-partition)

- {x,; n € w} there exists x € J* (resp. x € J*) such that |x N x,| < n for n e 0.

(iv) J is an s-ideal (resp. s*-ideal) if for every J-partition (resp. strong J-partition)
there exists x € J* (resp. x € J*) such that |x N x,| < 1 for ne w.

(v) J is regular if for every partition {x,; n € 0} of w into finite sets there is an
infinite set a < w such that Y{x,; nea} e J.

It is not hard to prove the following:

1.2. Proposition. J is a p-ideal (resp.p*-ideal) if and only if for every decreasing
sequence {x,; n € w} of subsets of w which are in J* (resp. in J*) there is a set
x € J* (resp. x € J*) such that x — x, is finite for every n.

1.3. Lemma. (a) Every s-ideal is r-ideal,

(b) every r-idealis p-ideal,

(c) every s*-ideal is r*-ideal,

(d) every r*-idealis p*-ideal,

(¢) every p-ideal which is also r*-ideal is r-ideal,
(f) every p-ideal which is also s*-ideal is s-ideal,
(8) every r*-ideal is regular.

Proof. (a)—(f) follows from definition.
(8) Let {x,; n € w} be a partition of w into finite sets. Denote g(n) = Y. (i + 1).
i<n

Thus g(n + 1) — g(n) > n. The sets u, = U{x;9(n) S k <g(n + 1)}, neo,
form a strong J-partition. Let x € J* be such that [x N u,,l < n. Then for every n
there is k e {g(n), g(n + 1)) such that x N x, = @ and so x avoids infinitely many
sets x,.

1.4. Proposition. The following are equivalent.

ihAJis an r-i é resp. r*-ideal);
deal *.ideal
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(ii) there is a function f € “w such that for every J-partition (resp. strong J-parti-
tion) {x,; n € w} there is xe J* (resp. x € J*) such that |x N x,| < f(n) for
new; '

(iii) for arbitrary nondecreasing unbounded function h € ®w and for every J-parti-
tion (resp. strong J-partition) {x,; n € w} there is xe J* (resp. x € J*) such
that |x N x,| £ h(n) for ne .

Proof. It is enough to prove (ii)—»(iii).

Let {x,;new} be a J-partition (resp. strong J-partition). Define: g(0) = 0,
g(n) = min {k > g(n — 1); h(k) = f(n)} for n > 0. The sets y, — U{x;: g(n) <
< k < g(n + 1)} form a J-partition (resp. strong J-partition). Let x <  be arbi-
trary such that |x n y,| < f(n) for n € @. For any k € w there is n such that g(n) <
Sk<g(n+1) and |[x nx| £ |x 0 y| < f(n) < k(g(n)) < h(k).

1.5. Lemma. Let J’ be generated over J by a set y S w (in this case we say that J’
is one-generated over J). Then if J is a p-ideal (resp. r-ideal, resp. s-ideal) then J’ is
such too.

Proof. Let {x,; n € w} be arbitrary J'-partition. The sets yo = Xo U y, Y, = X, — ¥
n = 1 form a J-partition. If ze J* is such that z N y, is finite for n e w then y N z
is finite and so ze (J')*. Put x = z — y. Then xe(J)* and [x n x,| £ |z "y,
for n e w.

1.6. Lemma. Let J’ be countably generated over J. Then if J is a p-ideal (resp.
r-ideal, resp. s-ideal) then J' is such too.

Proof. Let {y,, n € »} generates J’ over J. Let { x,; n € »} be arbitrary J'-partition.
Since J is a p-ideal (see Proposition 1.2) there is a set y € (w) — J* such that
X, — ¥, Yu — ¥ B € @, are finite sets. The ideal J” generated over J by y contains
the ideal J’ and the given partition is a J”-partition. According to preceding lemma
there is ye(J")* = (J)* such that y nx, is finite (resp. |y N x,| < n, resp.
|y nx,| < 1)

The next two lemmas help to distinguish the properties of ideals which we in-
vestigate.

1.7. Lemma. If an ideal J’ is countably generated and not one-generated over
an ideal J then J' is not a p*-ideal.

Proof. Let {x,, new} = J* be a partition which generates J' over J. If x n x,
is finite for every n then x ¢ (J')*.

1.8. Lemma. Let {x,; n € w} be a partition of w into infinite sets, let J, be an ideal
on x, for every n. Let x € J if and only if x N x, € J, for every n. Then J is an r*-
ideal (resp. p*-ideal, resp. regular) if and, only if every ideal J,, is such too.
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Moreover the ideal J is not a p-ideal.

Proof. Let {y,; n € o} be a strong J-partition. If each J, is an r*-ideal, then there
is x € J such that |x N x,, N y,,[ Snforeveryn,mew. Puty = UpUpomX 0 x,, N
N Yo Then ye J* and |y N y,| = |Um<s* N X, 0 4| < n2. According to Proposi-
tion 1.4 J is an r*-ideal. Similarly the case of p*-ideal.

Assume every J, is regular and {y,, n ew} is a partition of o into finite sets.
Construct a decreasing sequence of infinite sets z,,,; € z, such that U{y, N x,;
kez}eJ, Let v € w be infinite such that v — z, is finite for every n. Then
U{y:; k e v} € J. Thus J is regular.

The “only if” direction is easy. Finally, J is not a p-ideal since the partition
{xsne o} is a J-partition and every x € J * meets at least one set x, at an infinite set.

Examples:

1. A dual ideal to the selective ultrafilter is an s & s*-ideal.

2. The ideal of finite subsets of w is an s & p*-ideal and is not regular.

3. An ideal countably and not one-generated over the ideal of finite sets is an
s & 1p*-ideal (Lemmas 1.6 and 1.7).

4. Every maximal r & T1s-ideal is r & s & r* & T1s*-ideal.

5. Let x4, x, be a partition of w into infinite sets, let J, be an r & 71r* & p*-ideal
on x, and let J, be an r & ~Is & r*-ideal on x, (e.g. ideals in examples 2 and 4).
Theideal Jon wdefinedbyx e Jiff x n x;e Jyfori =1,2isan r & 71s & p* & “Ir*
ideal.

6. Let{x,; n € ®} be a partition of @ such that |x,| > n. Let an ideal J be generated
by selectors of the partition i.e. x € J if and only if 3k Vn|x n x,| < k. This ideal J
isan r & T1s & T1p*-ideal.

7. Let {a,, n€ w} be a decreasing sequence of positive reals, lim,_, a, = 0 and
Znexan = 0.

Define an ideal J on w: x € J if and only if ) ,.,a, < 0.
Claim. J is a p & p* & 71r & “1r*-ideal and is not regular.

Proof. Since for every countable family of converging series there exists a converg-
ing series eventually dominating each of them the ideal J is a p*-ideal (Proposition
1.2).

Let {x,; n € ®} be a J-partition. For every n choose a finite set y, < x, such that
Y tera = 1if Y ker, @i = 0 and Yo, @i = Y ker,aif2 Otherwise. Put x = U{y,; n € }
Then x ¢ J and x N x, is finite for every n. Thus J is a p-ideal.

Let x, = {k; 1/n® 2 a, > 1/(n + 1)?}. Every set which meets every x, at n points
at most is in J and so J is not an r-ideal. Let {x,; n € w} be a partition of w into
finite sets such that )., a, = 1. Then union or arbitrary subset of this partition
is not in J and so J is not regular.
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8. An ideal countably and not one-generated over the ideal in example 7
is p & 71r & T1p*-ideal (Lemmas 1.6 and 1.8).

9. Let {x,; n € »} be a partition of w into infinite sets. Put on 2(x,)/fin the ordering
induced by the reverse inclusion (fin denotes theideal of finite sets). Let P = [[2(x,)/
/ fin be a product of partially ordered sets with support .

Let G <= P be a generic filter over M. Since P is w-closed M and M[G] have the
same countable subsets of M. G = [[,c,G, Denote c,: 2(x,) - #(x,)/fin, ne w,
canonical homomorphisms. Since G, = 2(x,)/fin is a generic filter over M, J, =
= ¢~!(G,) is a maximal s*-ideal (see e.g. [5]). Let x € J if and only if x N x,€ J,
for every new. Denote c: #(w) — P the homomorphism: c(x) (n) = c¢,(x N x,).
Thus x € J if and only if ¢(x) € G.

Claim. J. is a 71p & s*-ideal.
Proof of Claim. J is not a p-ideal (Lemma 1.7).

We show that J is an s*-ideal. Let y, € J, n € w, be a collection of disjoint subsets
of  such that the set y = U{y,; n € o} € J*. We want to show that there is z € J*,
z € y such that |z N y,,| < 1, n € w. Since every J, is an s*-ideal we may assume that
|Va O %, < 1 and their common element (if exists) we denote k, ,,. Clearly p =
= ¢(w — y) € G. It is enough to prove:

(*) VespIg <qI:zcoVizny|S1&q I 2ed*

If z =y is arbitrary let v, = {n; k, n€x, N z}. Thus z N x,, = { K, m; N € D,,}.
Then |z N y,,l = 1, n € o, if and only if v,,, m € w, are mutually disjoint.

If a = o is arbitrary, then c(a) I Z€ J* if and only if x,, — z S* x,, 0 a for
every m (x S* y means x — yis finiteand x =* yiff x =* yand y =* x).

So (#) is equivalent to (#):

(#*) For arbitrary collection a,, me w, such that x,, — y S*a,, £* X,,, m€ w,
there exist sequences a,, m € o, and v,,, m € w, such that a,, S*a,, $*x,, X, —

“vm>

— {kym; n€V,} S*a,, me o, and sets v, m € o, are mutually disjoint.

Proof of (**): Letx, — y =*a,, $* x,, forevery n. Thensets b,, = {n; k, n€y N
A X,, — an}, M€ , are infinite because y N x,, £* a,,. Choose v, S b,, mew
infinite mutvally disjoint. Put a;, = x,, — {k, »;n €v,}, m € . Thena,, < a,, £* x,,
me .

10. Let K be an s*ideal. If in Lemma 1.7 J, = {x < x,; f; '(x) e K} where
fa: @ = X, is a bijective function, n € o, then the ideal Jis a “1p & r* & ~“Is*-ideal.

Proof. The family y, = {fi(n), i€ 0}, ne w, is a strong J-partition. If x € ®
is such that |x n y,| £ 1 for every n then f5'(x N xo) N fT'(x N x;) = @ and so
at least one set among f; '(x N x;), i = 0, 1 is not in K* and so x ¢ J*.
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11. If ideals J,, ne w, in Lemma 1.7 are p* & ~Ir*-ideals (resp. ~1p*-ideals)
then the ideal J is a 71p & p* & “Ir*-ideal (resp. 71p & ~1p*-ideal).

Remark. If CH holds then there are 2¥* maximal r-ideals which are not s-ideals as
well as 2% maximal p-ideals which are not r-ideals. This can be proved using Lemma
1.6 in a.similar way as it is done for maximal s-ideals in [5] (e.g. by extension of
ideals from examples 6, 7).

§ 2. Some characterizations of ideals

In this section we give some equivalent characterizations of the properties of
r*-ideal and regular p*-ideal (similar to the characterizations of s-ideal and p-ideal
given in [5]) which we will need in § 3. )

Let T, be the set of all finite sequences of finite subsets of w i.e. To = “*([@]*)
and let T, = {s e Ty; Vn e doms|s(n)| < n}. The sets T,, T; ordered by inclusion
are trees. In the study of ideals we will need some properties of subtrees of (Tp, <)
and (T;, <). We write s * t dor the concatenation of two sequences s and ¢.

2.1. Definition. (i) If 4 is a tree and se A the ramification of 4 at s is the

set ramy(s) = {a; s * (a) € A} where (a) denotes the sequence {(0, a)}.

(i) Let J be an ideal on w. We say that a tree A < T, (resp. A € T) is a J-strong
tree if for any s € 4 there is x € J* such that [x]<® < ram(s) (resp. [x]5"! =
< ram(s)).

(iii) A branch H: o - [w]=®is J-big if Urng H e J*.

2.2 Definition. An ideal J is an r*-T-ideal (resp. p*-T-ideal) if every J-strong tree
A < T, (resp. A = T,) has a J-big branch.

2.3. Proposition. (i) If J is a p*-T-ideal (resp. r*-T-ideal) then Jis a p*-ideal (resp.
r*-ideal). '

(i) If Jis a p*-T-ideal then J is regular.

Proof. (i) Let {x,; n € 0} be a strong J-partition. We define a J-strongtree 4 = T,
(resp. A € T)) as follows: for s € T, (resp. se T) s € A iff (Vk, I, m, n € ) ((s(m) n
Nnx, ¥0&s(n)nx; +0&m<n)>k<I). Let H be a J-big branch of the
tree A and x = Urng H. Then x € J* and x N x, is finite (resp. |x N x,,| < n) for
every n.

(ii) Let {x,; ne w} be a partition of w into finite sets. We define a J-strong tree

A € T, by induction: @e A and if sed, |s| =n and m, = sup {k; x, n
A Urng s # 0} then ram,(s) = [0 — U{x;; kK £ m, + 1}]°°. Every branch of the
tree A avoids infinitely many sets x,,.
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2.4. Definition. An ideal J is r*-inductive (resp. p*-inductive) if for every decreasing
sequence {x,;new} S J* there exists H:w — [w]™® satisfying the following
conditions (a)—(d) (resp. (a)—(c)):

(a) if m < n then sup H(m) < sup H(n),

(b) Urng He J*,

(c) H(0) = xo, H(n + 1) S Xyupn(n) for ne o,
(@) |H(n)| S nfornew.

2.5. Proposition. (i) If J is an r*-ideal then J is r*-inductive.
(ii) If J is a regular p*-ideal then J is p*-inductive.

Proof. (i) Let {x,; n € w} < J* be a decreasing sequence. We show that there is
a function H satisfying conditions (a)—(d).

Since r*-ideal is p*-ideal by 1.2 there is x € J* such that x — x, is finite for every n
and put r(n) = sup (x — x,). If r is bounded, then it is obvious how to find the
function H. We may assume that r is strictly increasing (if not, then we can take
some subsequence of the sequence {x,; n € w}). Define p, = 0, p,+; = r(p,) for
neao.

If a, bex and a < p, < p,+1 < b then bex,. The sets u, = (p,, pp+1> form
a partition of w into finite sets. Since J is regular there is an increasing function h
such that U{u,,;new}el. Put v,,; = {u; h(2n) < k < h(2n + 2)} and v, =
= o — U{v,; n = 1}. The family v,, n € w, is a strong J-partition. Let y e J* be
such that |y N v,,4| < n (by Proposition 1.4). Put H(n) = v,,, Ny, n€ . Then
Urng He J* and H(n + 1) S x,,,n¢, because between H(n) and H(n + 1) is an
interval u,.

(i) The proof is same.

2.6. Lemma. If J is p*-inductive (resp. r*-inductive) and {x,; s€ To} < J* is an
arbitrary family then there is a function H: w — [@]=® such that Urng H € J*,
H(n) € x4,, and H(n) is finite (resp. |H(n)| < n) for every n.

Proof. By the finite intersection property we may assume that if Isl < |t| and
sup Urng s < sup Urng ¢ then x, = x,. Let s, be the sequence of length n + 1 with
the constant value {n} and put y, = x, . Using the hypothesis that J is p*-inductive
(resp. r*-inductive) there is a function H: o — [w]=® satisfying conditions (a)—(c)
(resp. (a)—(d)) for the decreasing {y,; n € w}. By (c) H(n + 1) S y,pn, and by
2) Ysupr(n) S XH1(n+1)-

2.7. Proposition. If J is p*-inductive (resp. r*-inductive) then J is a p*-T-ideal
(resp. r*-T-ideal).

Proof. Let A = T, (resp. A = T;) be a J-strong tree. If s € A then we choose some
set x, € J* such that [x,]%® = ram,(s) (resp. [x,]3"! = ram,(s)). If s ¢ A4 we put
X = Q. '
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Let H be a function from 2.6. It is not hard to show that H is a branch of the
tree A.
Thus we have proved:

2.8. Theorem. (a) The following are equivalent:
(i) Jis an r*-ideal
(i) Jis an r*-T-ideal
(iii) J is r*-inductive
(b) The following are equivalent:

(i) Jis a regular p*-ideal
(i) Jisa p*-T-ideal

iii) J is p*-inductive.
(iii)

§ 3. Generalized Cohen’s forcing

In this section we continue the S. Grigorieff’s study of generalized Cohen’s forcing:
if J is an ideal on w, let C(J) = U{*2; xe J} (i.e. C(J) is the set of two valued
functions defined on an element of J) ordered by the reverse inclusion.

We study the properties of generic extensions obtained by this forcing in a depen-
dence on the combinatorial properties of ideals investigated in § 1. The main results
of this section are the proofs of theorems A, B.

In the following M is a transitive model of ZFC, C(J)e M and G = C(J) is
a generic filter over M. In M[G] we define the J-Cohen real g over M: g(n) = 0
if and only if {(n, 0)} € G. It is clear that M[G] = M[g]. Let us remind some nota-
tion to be used in the following.

The topology on the Cantor space “2 is given by taking sets [s] = {fe “2; s = f)
for s € <“2 to be the basic open sets. The production measure x on “2 is determined
by declaring that for each s € "2 u([s]) = 27" We use symbols Y*n, 3°n as abbrevia-
tions fordm Yn > m, Vm 3n > m. If f, g € ®o then f < g means (Y*n) f(n) < g(n),
A set A coded in M means that 4 is Borel with its Borel code in M. I and L denote
ideals of meager sets and of null sets in the Cantor space respectively. If M = N are
two transitive models and I = K or I = L then we define (see [9]):

cof I iff for every A€l coded in N there is BeI coded in M and 4 = B
non Iy iff ®2 N M is not included in a set from I coded in N

dY if Vfe®onN3he®onMf<h

The following characterization of cof L} is known (see [1], [7], [10]).

3.1. Proposition. The following are equivalent:
(i) cof LY
(ii) There exists fe “w N M such that
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(Vhe o n N) (39 € M) (Vn € w) (h(n) € ¢(n) & |o(n)| < f(n))
(iii) If fe“@w n M is arbitrary increasing function then

(Vhe “o n N) (3¢ € M) (Vn € @) (h(n) € o(n) & |@(n)| < f(n))
Now we prove Theorem A. We decompose the proof into some parts. The direction
(i) - (ii) is the Proposition 3.3, (i) —(iii) is evident and (iii) — (i) follows from Pro-
position 3.5 and Theorem 3.7.

3.2. Lemma. If p I 3me o h(k) = m and a set a < w — dom p is finite, then
there is a finite set b < w and a condition ¢ < p such that |b| £ |2|,a ndom g = 0
and q I h(k)ed.

Proof. Let “2 = {r;i < t}. By induction construct a sequence of conditions
4; £ ;-1 < pandintegers n;, i < t,suchthata nq; = 9and q; U r; I+ h(k) = n,,
Thenputq = q,_;and b = {n; i < t}.

3.3. Proposition. If J is an r*-ideal then cof L}'%! holds,
Proof. According to 3.1 it is enough to prove:
(Vh € 0 " M[G]) (3¢ € M) (Vn € w) (h(n) € ¢(n) & |o(n)| < 2%+ 1/2),

Let h be a name of a function h e “w n M[G] and pe G is a condition such that
Vkewp I Ime o h(k) = m. Let g < p be arbitrary condition. We will construct
a J-strong tree A < T, a decreasing function Q: A — C(J) and a function y: A —
— [@] = by induction such that for every se A dom Q(s) n Urngs = @ and if
|s| = k + 2 then Q(s) I "h(k) € (¢(s))¥” and |p(s) < 2*** /2,

Put 0 4, Q(0) = g, y(0) = 0. Let s€ A, |s| = k and Q(s), ¥(s) are defined. For
every a € [w — dom Q(s)]** according to 3.2 there exist g, < Q(s) and b, € @
such that dom g, n Urng (s * (a)) = 0, g, I+ h(k) € b, and |b,| < 2¥**1/2, Define:

s*(a)eA if ae[w — dom Q(s)]** and further put

Q(s*(a) =g, and yY(s*(a)) = b,.
Since J is an r*-T-ideal (Theorem 2.8) there is a J-big branch H of A. Denote
r = U{Q(H | n); ne w}. Since r is a function and domr n Jrng H = 0 then r
is a condition which extends g and for every ne @ rit h(n) € (p(n))", where ¢(n) =
= yY(H ! (n + 1)) and |o(n)| £ 27+D/2,

3.4. Lemma. If J is a p*-ideal and not an r*-ideal then M[G] = (Vf € “w n M).
.(Bhe“w) (Vo € “w N M) (¢ £ f - (3%n) h(n) = ¢(n)).

Proof. Let fe “w N M be arbitrary nondecreasing unbounded and let {x,; n € ®}
be a strong J-partition of @ such that for every x < w if |x N x,,] < f(n) for every n

then x ¢ J* (Proposition 1.4). Since is a p*-ideal we can assume that every x, is finite.
Building in M[G] let a, = |{i € x,; g(i) = 1}|.

109



Define: h(n) = kiff 0 < k < f(n) and k = a,(mod (f(n) + 1)). Let p be arbitrary
condition, mew and ¢e®wn M, ¢ <f. There exists n = m such that
|x, — dom p| > f(n) and so there exists a condition g < p defined on the set x, such
that |{iex,; q(i) = 1}| = ¢(n) (mod f(m) + 1) and so qk=(In > m)h(n) =
= (¢(n))". A density argument shows that (3°n) h(n) = ¢(n).

3.5. Proposition. If J is a p*-ideal and not an r*-ideal then non L)% does not
hold.

Proof. By the preceding lemma there is h € M[G] such that (Vx € “2 n M) (3%n) .
. h(n) = x | n. We may assume that h(n) € "2 for every n. Then the set 2 M <
E Unew Umsa[h(m)] is null.

3.6. Lemma. If Jisnota p*-icieal then
M[G] = (3f € “w) (3h € ®@ N M unbounded) (31’ € “w) (3°n)
f(n) = h(h'(n)) &h'(n) = n.
Proof. We prove an equivalent statement:

M[G]  (3f € °0) (YVh e “@ n M unbounded) (3°n) (3m > n) f(n) = h(m). Let
{x,; n e w} = J be a partition of w such that every subset x = w which has finite
intersection with every element of the partition is not in J*. We may assume that
every x, is infinite. We endow the set **2 with the equivalence relation “to differ
finitely many times” and let { h, ;; i € I} be a set of representatives in this equivalence
relation “~ for every n € w. In M[G] define f € “w as follows: f(n) = miff b, ; ~ -
~ g 1 x, for some i eI and h, ; differs from g | x, precisely in m elements.

Let he“®w n M be arbitrary unbounded, let p be arbitrary condition and let
k € o. There exists n > ksuch that x, —dom pis infinite. Let iel be suchthat p | x, —
— h,; is finite and let m = n be such that h(m) = [p I x, — h,,,i[. Then there is
a condition g < p such that x, < dom g and q | x, differs from h, ; precisely in
h(m) elements.

A density argument shows that 3®n 3m = n f(n) = h(m).

3.7. Theorem. If J is not a p*-ideal then the union of closed null sets coded in M
is a null set in M[G].

Proof. For arbitrary closed null subset Be M of the Cantor space there exists
clopen sets ag(n) for n e w such that B = (), ag(n), p(ag(n)) < 1/n* and ag(n) =
2 ap(n + 1). The set C of all clopen sets is countable and if B is not empty then the
range of the function ap is infinite. According to Lemma 3.6 there is f: w — C in
M[G] such that for every function ap there exists &y € ®@ N M[G] such that the set
xp = {n; f(n) = ag(hp(n)) & hp(n) = n} is infinite. For every nexy we have
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p(as(hy(n)) < u(ag(n)) < 1/n’. We may assume that p(f(n)) < 1/n? for every n.
Then the set A = (Vuep Un>n(f(m))* contains all closed null sets coded in M and
#(A) = 0((f(m))* denotes a clopen set in M[G] with the same Borel code as f(m)).

3.8. Proposition. If J is a regular p*-ideal then d2“! holds.

Proof is almost same as the proof of 3.3 where sup (p(n) is a function dominating
a member of “w N M[G].

Let {x,; n e w} < J is a partition of w. Define an ideal K on  as follows:
) xeK ifand onlyif U{x,;mex}elJ.

In [5] is proved in the case J is maximal: there exists a normal function from C(J)
into C(K). This remains faithful in the case J is not maximal too. Therefore M[G]
contains a K-Cohen real over M.

We recall that an ideal J is not regular if and only if there exists a parti-
tion {x,; n € ®} of  into finite sets such that the ideal K defined by (*) is the ideal
of finite sets. Since d}f'%! implies there is no Cohen real over M in M[G] we have

proved:

3.9. Corollary. If J is a p*-ideal then the following are equivalent:

(i) Jisaregularideal
(i) There is no Cohen real over M in M[G].

3.10. Proposition. (compare with [2] and [11] If an ideal J is generated by fewer
than b sets then J is not regular (b is the minimal cardinality of unbounded family
of functions).

Proof. Let # = 2(w) be a base of an ideal J and |%| < b. For Be & let gg(n) =
= min {m > n; {n, m) — B * 0}. By definition of b there is g € “w so that gg < g
for all Be 2. We may assume that g is strictly increasing. Define aq = 0, g,+1 =
= g(a,), Put x, = <a,, a,4+,) for new. Let x = w be arbitrary such that y =
= U{x,; nex} € J. Then y is contained in some set Be %. But (V°n)x, — B + 0
and so the set x is finite.

3.11. Corollary. If J is an ideal generated by fewer than b sets then there is a Cohen
real over M in M[G].

3.12. Lemma. Suppose pk “C is nowhere dense in “2”, a € w — dom p is
a finite subset and t € <“2. Then there is r € *“2 and a condition g < p such that
scr,andomg=0andgql=[r]nC=0.
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Proof. Let °2 = {r;; i < k}. Build a sequence of conditions ¢; < q,—; < p and
asequence of t;€ <®2,t;, 2 t;_; 2t,i < ksuchthata ndomgq; = Qandq;ur, I
I [t]nC =0 Nowlet g =g,_; and x = t,_;.

3.13. Proposition. If J is a regular p*-ideal then cof K1 holds.

Proof. Let {t,; n € w} be an enumeration of <®2. Assume p I “Cis nowhere dense”
and peG. Let ¢ < p be arbitrary. We will construct a J-strong treed < T,
a decreasing function Q: 4 - C(J) and a function ¢: 4 » <“2 such that dom Q(s) N
A Urngs =0 for every se 4 and if |s| =k + 1 then t, = ¢(s) and Q(s) I
k [@()*]nC=0.

Put Ded, Q) =g, ¢(0) = 0. Let se A, |s| = k and Q(s), ¢(s) are defined.
For every a € [o — dom Q(s)]<“ according to 3.12 there exist g, < Q(s) and r, 2 t,
such that dom g, n Urngs*(a) = @ and g, I [f,] n C = 0. Define: s=*(a)e A
iff a e [@ — dom Q(s)]<“ and further put Q(s * (a)) = q, and ¢(s * (a)) = r,.

According to Theorem 2.8 (b) there is a J-big branch H in A. Let r be a condition
extending Q(H 1 n) for n € w (it is possible since dom (JQ(H [ n)) n Urng H = 0).

Then r I “the set D = J{[(¢(H I (» + 1)))¥]; n€ o} is open dense coded in M
and D n C = 0. A density argument shows that every nowhere dense set in M[G]
is covered by a nowhere dense set coded in M and so (see [8]) every meager set
in M[G] is covered by a meager set coded in M.

Proof of Theorem B. The direction (i) — (iii) is Proposition 3.13.

(iii) — (ii) follows from the Cichon’s diagram (see [9]).
(ii) —» (i): If J is a p*-ideal and it is not regular then d}{'® does not hold by 3.9.

If J is not p*-ideal then the function f in 3.6 is dominated by no function from M.

3.14. Proposition (see [5]). If J is a regular p*-ideal then for arbitrary ordinal «
if cf(a) > w then cf (a)> w.

Proof is similar to the proof of 3.3. Instead of a function k € “@ n M[G] consider
arbitrary function h: @ — «. Then J{¢(n); n € w} will be a countable set of ordinals
covering rng h.

3.15. Proposition (see [5]). If J is not p*-ideal then M[G] I cf ((2®)")) = .

Proof. Let {x,; n € w} < J be a partition of w such that if x N x, is finite for each
ne o then x ¢ J*. We may assume that each x, is infinite. Let 4 = (2°)” and let
*2 = {Py,a; ¢ € A} for n € w. In M[G] define a function f: @ — A as follows:

f(n) =« ifandonlyif g 1x,=p,,.

Let p be a condition. There is n such that x, — dom p is infinite. Then given
arbitrary o € A there exists f > « such that p and p, ; are compatible. Put g = p U
U p,pthenq I+ f(n) > «. A density argument shows that f is cofinal with 1.
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3.16. Corollary. Assume J is regular. Then the following are equivalent:

(i) Jisa p*-ideal.
(i) M[G] I cf((2°)") > .
(iii) The union of closed null sets coded in M is not a null set in M[G].

Proof. (i) — (ii) by 3.14 and 3.15. The direction (iii) — (i) is Theorem 3.7 and
(i) — (iii) follows from Theorem B since d};'¥! implies (iii) (see [7]).

3.17. Proposition. Let x be an infinite cardinal number and J be x-generated and
not one-generated (over the ideal of finite sets). Then M[G] = |(2°)| = |«|. More-
over if ¥ =  then r.0. (C(J)) = Col (w, 2°).

Proof. Let # < J be a base of J and |#| = x. Thus xe J iff x < y for some
y€B. Denote ' = {x — y; x, y€ B & x — yis infinite}. Let = (2*)¥ and *2 =
= {Py.o; 2 € A} for x € #’. In M[G] define a function f: 8’ — A as follows: f(x) = «
ifand only if g | x = p,,. As J is not one-generated for every condition p there is
x € #' such that dom p n x = . Thus for every a€ A and p we can extend p to
some condition q such that g I+ « € rng f. Therefore A = rng f.

In the case k = w see [6], Lemma 25.11.

§ 4. Generalized Silver’s forcing

If J is an ideal on , let S(J) = U{*2; x € #(w) — J*} ordered by the reverse
inclusion. Let G < S(J) be a generic filter over M. The J-Silver real is defined as
follows: g(n) = 0 if and only if {(n, 0)} € G. Clearly M[G] = M[g].

4.1. Definition (see [5]). An ideal J on w is c.d.s. if for every decreasing sequence
{x, n € w} of sets from J* there is a set x € J * such that x — x, € J for every n.

Let #(w)/J be a quotient algebra. We put on it the ordering induced by the
reverse inclusion in 2(w). Let ¢: #(w) - #(w)[J be the canonical homomorphism.
If G, = #(w)|J is a generic filter over M then ¢~*(G,) is a base of an ideal on @
in M[G,]. Denote J° the ideal generated by c~*(G,). Clearly J = J° and M[G,] =
= M[J°]. If J is c.d.s. (i.e. #(w)/J is w-closed) then M and M[G,] have the same
countable subsets of M and J° is a maximal ideal on w extending J.

The function T from S(J) into 2(w)/J defined by T(p) = c(dom p) is a normal
function (see [5]). Therefore if G = S(J) is a generic filter over M then G, = T(G)
is a generic subset of #(w)/J over M and G is a generic subset of T~'(G,) over
M[G,].

Conversely. If G, = 2(w)/J is a generic filter over M and G = T~ Y(G,) is a generic
filtler over M[G,] then G is a generic subset of S(J) over M. Since T~*(G,) is a dense
subset of C(J°) in M[G,] we have:
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4.2. Proposition (see [5]). A J-Silver real over M coincides with a J°-Cohen real
over M[J°].

4.3. Proposition. If J is a p-ideal (resp. r-ideal) then J°is a maximal p-ideal (resp.
r-ideal) in M[J°].

Proof. Since p-ideal is c.d.s. J° is a maximal ideal. Let {x,; n € } be a J°-partition
of w in M[J®]. The set {c(x,); n € w} is a subset of G and lies in M. Therefore there
is a set x < o such that ¢(x) < ¢(x,) for every n and c¢(x) € G;. Let ¢(y) < ¢(x)
be arbitrary condition and let J’ be the ideal generated over J by the set y. The
ideal J' is a p-ideal (Lemma 1.5) and the given partition is a J'-partition. Choose
ze(J')* such that z N x, is finite for every n. As z¢ J’ then z — y¢ J and
s0 (w — z) U y ¢ J*. Therefore r = ¢((w — z) U y) is a condition, r < ¢(y) and
rirz¢Jo.

Similarly in the case J is an r-ideal.

4.4. Theorem. If J is c.d.s. then there exist a, b € r.0. (S(J)) such that
(@) a = [eof Ki'®'] = [d}f*)] = [ef (2°)¥ > w] = [the union of closed null sets
coded in M is not null] < [w; = @]
(b) b = [cof Ljf'®)] = [non L}7]
(c) b=a
(d) Jisa p-idealifand onlyifa = 1
(¢) Jisanr-idealifand onlyif b = 1.

Proof. Since T:S(J) > #(w)/J is normal so r.o. (?(w)[J) is isomorphic with
some complete subalgebra of r.o. (S(J)). Let e: r.o.(?(w)/J) - r.o. (S(J)) be
a complete embedding. Put a = ¢([J° is a p*-ideal in M[J°]]), b = e([J° is an
r*-ideal in M[J°]]). Then (a), (b) follows from Theorems A, B, 3.14, 3.16 and 4.2
since forcing with #(w)[J adds no reals and every maximal ideal is regular. (c) is
clear.

The “only if”” direction of the statements (d), (¢) follow from 4.3.

Conversely. Let J be not a p-ideal. There is a J-partition {x,; n € @} such that
if x N x, is finite for every n then x € J. We may assume that x, € J for every n > 1.
(Since J is c.d.s. there is x € (w) — J such that x,, — x € J for every n. Take xj =
= Xo U X, X, = X, — %, n 2 1). Since ¢(x,) IF xo€ J° then c(xo) IF “J° is not
a p*-ideal”. Similarly (e).
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