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Recently it was proved, by Gerlits, Nagy and Szentmikléssy, that the space C,(X) of conti-
nuous real functions on X, with the topology of pointwise convergence, is radial if and only if
it is Fréchet and that there exists a space X for which Cp(X) is pseudoradial but not Fréchet,
To find the precise border between the properties of being pseudoradial and Fréchet for Cp(X).
we introduce the classes of u-pseudoradial and w-almost radial spaces. If S = (/)),.; is a A-
sequence, a function ¢: X— 4 is called an S-function if f,(x) = f5(x)(x) for every a = o(x)
and every x € X. (S, /) is said to be an utA-sequence if it is an w-sequence or it is a tA-sequence
(4 > ) and has a continuous S-function. A space Cp(X)is called u-almost radial if for any non-
closed A4 in it, there is an utl-sequence (S f) such that S is a A-sequence in Aand fe 4 — A.
Various properties of u-pseudoradial and of u-almost radial spaces are proved. In particular,
that, if { is an ordinal number, then C,({) is pseudoradial if and only if it is u-almost radial.
This implies that there exist u-almost radial spaces C,(X) which are not Fréchet.

1. Introduction

All spaces mentioned in this paper are completely regular Hausdorff spaces.

In [G] J. Gerlits proved that for spaces C,(X) of continuous real valued functions
on a topological space X endowed with the topology of pointwise convergence,
the notion of Fréchet and of sequential space coincide. Recently, J. Gerlits showed
in [GNS] that also the notion of radial space coincide with the notion of Fréchet
space for C,(X) spaces, and Gerlits, Nagy and Szentmikléssy showed in [GNS]
that the notions of pseudoradial and Fréchet spaces are different for CP(X).

In [AIT] a new class of spaces, namely the class of almost radial spaces, was
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introduced. It contains the class of radial and is contained in the class of pseudo-
radial spaces. A natural question arises after Gerlits theorem from [GNS], whether
the notions of almost radial and of Fréchet space coincide in C,(X). In this paper
it is shown that these properties are different in C,(X). Moreover, a special subclass
of the class of all almost radial spaces of the type C,(X)is introduced, namely the class
of u-almost radial spaces, which contains the class of radial spaces of the type CP(X)
(ie. the class of spaces C,(X) which are Fréchet spaces) but is different from it.
The class of u-almost radial spaces is defined using the notion of uA-sequence which
is introduced here as a generalization of the notion of uniformly convergent sequence
of real-valued functions for “long” sequences of real-valued functions (namely, for
A-sequences).

For spaces of the type C,(X) a new subclass of the pseudoradial spaces is introduced:
the class of u-pseudoradial spaces. It is observed that if X is metacompact, then
C,(X) is u-pseudoradial if and only if it is Fréchet. On the other hand, every u-almost
radial space is u-pseudoradial and hence the radial spaces C,(X) are a proper subclass
of the u-pseudoradial spaces C,(X).

A. V. Arhangel’skii posed the problem of characterizing internally the class
of spaces X for which C,(X) is pseudoradial. Here a rather complicated characteriza-
tion of this class is given, which can be regarded as a first step towards the solution
of Arhangelskii’s question.

2. Preliminary results and definitions

2.1. Definition. For any cardinal number 1 a A-sequnce S = (x
space X is a function ftom A to X.

)<, i @ topological

2.2. Definition. [AIT], [DIT] Let S = (x,),<; be a A-sequence in X and x e X.
The pair (S, x) is called a ti-sequence if 4 is an initial and regular ordinal number,
x is a limit point of S, x, = x,, for « & B, &, f < A and x ¢cl{x,eS:a < B} for
anyf < A

2.3 Notations. Let X be a topological space and A = X. We shall use the following
notations:

Lim 4 = {x e X: there exists a A-sequence S of points in 4, such that x is a limit
point of S;;
t-Lim A = {x € X} there exists a A-sequence S of points in A4, such that (S, x) is
a tA-sequence};

If 7 is a cardinal number, then

Lim, 4 = {x e X: there is a A-sequence S of points of A4 such that A1 < 7 and x
is a limit point of S}.
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2.4 Definition. [H] Atopological space X is said to be pseudoradial if every subset
A of X, for which Lim A = A holds, is closed in X. A topological space X is radial
if for every subset A of X Lim A = A4 holds.

2.5 Definition. [AIT] A topological space X is said to be almost radial if every
subset 4 of X, for which t-Lim A = A4 holds, is closed in X.

2.6 Theorem. (Gerlits [ G, GNS)] The following conditions are equivalent:-

(a) C,(X) is a Fréchet space; *
(b) C,(X)is a sequential space;
(c) C,(X)is a radial space.

Let us recall that an internal characterization of spaces X for which C,(X) is
Fréchet is given in [GN].

2.7 Theorem (Gerlits, Nagy, Szentmikléssy [GNS]) Let & be an ordinal number,
also considered as the topological space of all ordinal numbers less than ¢ with
the usual order topology. Then C,(£) is Fréchet if and only if cf (¢) < w. C,(¢) is
pseudoradial and non-Fréchet if and only if € is regular and A° < ¢ for every A < &
(i.e. ¢ is w;-inaccessible).

2.8 Theorem. [GNS] If X is metacompact and C,(X) is pseudoradial then X
is Lindelof. S

We will denote by R the real line with its natural topology, by Q the rational
numbers in R and by Q* the non-negative rationals. If ¢ is an ordinal number, we
will use the same notation for the topological space of all ordinal numbers less than
&, with the usual order topology. We denote by ¢, the function ¢y: X — R such that
co(x) = Ofor every x € X.

Recall that a family Q of subsets of a set X is called an w-cover of X (see [GN])
if for every finite subset F of X there is an element U of Q such that F < U. Finally,
if Q={U,; a < A} is a family of subsets of a set X, then we denote Lim Q =
=U{N{Upa S p<i}ra<i}

3. Results

3.1 Definition. Let A be a regular uncountable cardinal number and S = ( f)a<r
be a A-sequence in C,(X). A function ¢: X — 1 is said to be an S-function if f,(x) =
= f (%) for every @ 2 ¢(x) and for every x € X.

3.2 Remark. It is well known that if 4 is a regular uncountable cardinal and
(a.).<2 is a convergent A-sequence in R, then there exists oy < 4 such that a, = a,,
for every a = o, (o < l) Hence, for every convergent A-sequence. S = (f,),d
in C,(X) there is an S-function ¢: X — A, namely ¢(x) = min {a < A f,,(x) fu(x)
forevery = a}.
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3.3 Definition. Let 1 be a regular uncountable cardinal. A A-sequence (tA-sequence)
S = (fu)a<s in C,(X) will be said to be a ul-sequence (uti-sequence) if there is
a continuous S-function ¢: X — 1. It will be convenient to call every usual (countable)
sequence S = (f,)uew @ Uw-sequence (a utw-sequence).

3.4 Remark. Let A be a regular uncountable cardinal and S = (f,),<; be a con-
vergent A-sequence in C,(X). Let f be the limit function. It is natural to say that
S is uniformly convergent to f if for every ¢ > 0 there is an @, < 4 such that |f(x) —
— fx)| < & for every & > a, and every x € X. But this means that there exists
& < A, such that f, = f for every a = a.

Hence, putting (p(x) = & for every x € X, we obtain a continuous S-function
@: X — A. So, every uniformly convergent A-sequence is an ul-sequence. It is easy
to see that the convergence is not true.

The following proposition (whose obvious proof is omitted) is probably known.

3.5 Proposition. Let A be a regular uncountable cardinal and S = (f,).<; be a 1-
sequence in C,(X). Then S is convergent in C,(X) (i.e. there is a continuous function
f such that lim f,(x) = f(x) for every x € X) if and only if there is an S-function

a—A

¢: X — A such that for every n e w there exists an open neighborhood U, , of x
such that |f,(%) = fouy(¥)| < 1/n for every ye U, ..

It is very easy to prove (directly or using Proposition 3.5) the following proposition,
which again (see Remark 3.4) exhibits the analogy between ui-sequences and uni-
formly convergent sequences.

3.6 Proposition. Let A be a regular uncountable cardinal and S = (f,),<; be an
ul-sequence in C,(X). Then S is convergent in C,(X).

3.7 Example. There exists a space X and a convergent A-sequence S = (f,),<,
in CP(X), such that 1 is a regular uncountable cardinal and there is no uA’-sequence
in the set {f,: « < 4} (' £ 1) convergent to the limit function of S.

Proof. Let A be a regular uncountable cardinal and X be the Alexandroff’s long
line of size 4 (see [E]). Let f,: X — R, for a < A, be defined by f,(x) = 0 if x <
<o, f(x) = 1if x 2 & + 1, and f, be linearly increasing from 0 to 1 for « < x <
< o + 1. Then S = (f,).<2 is a convergent to ¢, A-sequence. Since X is connected,
every uld’-sequence S’ = (g,).<s- (Where A’ is a regular uncountable cardinal) is
almost trivial (i.e. there exists ay < A’, such that g, = g,, for every a = ay(a < 1').
Hence ¢, cannot be limit function of any ud’-sequence in the set {f,: « < 4}. =

3.8 Definition. Let X be a space. The space Y = C,(X) is called u-pseudoradial
(respectively, u-almost radial) if for every non-closed subset A of Y there exist
a wul-sequence (respectively, a uti-sequence) S = (f)e<a in A, which converges
in Ytosome fe A\ A.
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3.9 Remark. Obviously, every u-pseudoradial (respectively, u-almost radial) space
is pseudoradial (respectively, almost radial), and every u-almost radial space is
u-pseudoradial. Also every Fréchet space is u-almost radial and hence, by Gerlits’
theorem (see Theorem 2.6 here) every radial space is u-almost radial. (Of course,
here by space we mean a space of type C,(X)).

3.10 Proposition. Let X be a Lindelof space. Then C,(X) is u-pseudoradial if
and only if it is Fréchet.

Proof. Let A be a regular uncountable cardinal and let S = (f,)e<1 be a ul-se-
quence in C,(X). Let ¢: X — 1 be a continuous S-function which exists by the defini-
tion of uA-sequence. Then for every x € X there is an open neighborhood U, of x
such that ¢(y) < ¢(x) for any y € U,. Since X is Lindeldf, there exists a subcover
{U,,: new} of the open cover {U,:xeX} of X. Let a, = sup {¢(x,): ne w}.
Then oy < 1 and ¢(x) < &, for every x € X. This means f, = f; for «, B = «,,
i.e. the A-sequence S is almost trivial.

Hence, if C,(X) is u-pseudoradial, then C,(X) is Fréchet. The converse is clear.

3.11 Corollary. Let X be metacompact. Then C,(X) is u-pseudoradial if and only
if it is Fréchet.

Proof. Let C,(X) be u-pseudoradial. Then it is pseudoradial and, since X is meta-
compact, from Gerlits’ theorem (see Theorem 2.8 here) it follows that X is Lindel®f.
Now apply Proposition 3.10. -

3.12 Proposition. Let ¢ be a regular cardinal. Then C,(¢) is pseudoradial if and
only if it is almost radial.

Proof. Let C,(£) be pseudoradial. If ¢ f(£) < o, then, by Theorem 2.7, it is Fréchet
and hence almost radial. So we can suppose that ¢ f(£) > . Let A be a regular
uncountable cardinal, A < ¢ and S = (f,).<; be a convergent to c, A-sequence
in C,(%). '

Since ¢f(¢) > w, for every a < A there exists c,e R and x,e ¢ such that
fol [ ) = 6o

Let us suppose first that lim ¢, = O.

a=i

Since ¢ f(£) > w. we have that B¢ = & + 1. Hence every f, € S has an extension
Bf.: & + 1> R. Obviously, Bf.(£) = c.

Since lim ¢, = 0, we obtain that the A-sequence S* = (B f.)¢< 2 is convergent to
¢o in C,(¢ + 1). But, since ¢f(¢ + 1) =1 < o, we obtain, from Theorem 2.7,
that C,(¢ + 1) is a Fréchet space. Hence there is a sequence (B f,,),e, CONVerges to
¢oin C,(¢ + 1). But then (f,,)eo CONVerges to cq in C,(£). So the function ¢, can be
obtained as a limit function of an usual sequence in the set {fo: @ < 4}.

Let now be false that lim ¢, = 0.

a—>i
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Then we can suppose, eventually taking some A-subsequence of S, that c, + 0
for every @ < A. Indeed, if there is a cofinal A-subsequence (c,,,),,< , of the A-sequence
(¢2)x<1» such that c,, = O for every B < A, then the A-sequence S” = (f,,);< is con-
vergent to ¢, A-sequence in C,(£) and lim ¢,, = 0. Hence we can argue as in the
previous case. So, we can suppose that there exists o, such that ¢, 4 0 for any o = «,.
Now, we can obviously take a l—sequence' converging to ¢, in C,(£) for which ¢, # 0
for every a0 < A.

Let, forevery k € o, 4, = {a < A: |¢,| = 1/k}.

Then U{Ak: ke w} = A and, since 4 is a regular uncountable cardinal, it follows
that there exists ko € @ such that |4,,| = A.

So, passing eventually to some cofinal subsequence of S, we can suppose that
| = 1/kq for every a < A.

Let U(ko, f,) = {x € &:|f(x)| < 1/ko}, for « < A. Since |c,| = 1/k, for every
« < A, we obtain that U(k,,f,) < [0, x,) for every « < A.

Hence |U(k,, f,)| < &, for every « < A.

Let now A’ < A. Then, since 4 £ € and ¢ is a regular cardinal, we have

[U{(ko f): 2 < X} < €.

Hence {U(ko, f,) @ < A’} is not a cover of ¢ and, consequently, not an w-cover
of £. This implies that ¢, ¢ ¢l {f,: « < A’} for every 1’ < A, since the following fact
is easily verified:

Claim. Let 4 = {f,;: @ <t} = C,(X) and U(k, «) = {x e X: |f,(x)| < 1/k}, for
@ < 7, ke w. Then ¢y € 4 if and only if @, = {U(k, a): ¢ < 7} is an w-cover of X
for every k € .

So, every convergent to ¢, A-sequence S in C,(£) contains a cofinal convergent
to ¢, tA-subsequence S.

Hence, we have proved that for every A = C,(¢), Lim A = t-Lim A holds. Con-
sequently, C,(£) is almost radial. -

3.13 Corollary. Let ¢ be an ordinal number. Then C,(£) is almost radial if and
only if C,(£) is pseudoradial.

Proof. If cf (£) < wthen C,(£)is Fréchet (Theorem 2.7) and allis clear. If cf(¢) > o
then, again by Theorem 2.7, C,(£) pseudoradial implies that & is a regular cardinal
number. Now we can apply Proposition 3.12. -

3.14 Lemma. Let ¢ be a regular cardinal and 4 = C,(&). Then
Lim A = Limy, v Lim; 4 .
Proof. The proof follows from arguments similar to those given in Proposition 3.12.
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3.15 Proposition. Let ¢ be an ordinal number. Then C,(¢) is pseudoradial if and
only if it is u-pseudoradial.

Proof. Let C,(£) be pseudoradial. If it is Fréchet, then obviously it is u-pseudo-
radial. So, let us suppose that C,(£) is not Fréchet. Then ¢ is an uncountable regular
cardinal (even w;-inaccessible), by Theorem 2.7.

Let us introduce the following operation ~ on S-functions.
If ¢: ¢ - & is an S-function, we define @: & — ¢ by

o(x) if x < o(x)
#(x) =<x+1 if x=¢(x) and x isa non-limit ordinal
x if x=¢(x) and x isa limit ordinal.

Obviously, @ is again an S-function, but @(x) = x holds for every x € &.
Let S = (f,)e<z = co. We will prove that there is a cofinal é-subsequence S’ of S,
which has an S-function ¢’: & — ¢ of the following type:

(x) = x if x is a limit ordinal
¢ " ]x+ 1 if x isa non-limit ordinal.

For convenience, we will use the following notations, which distinguish between
different occurrences of £. Let & = [0, &); &® = & for any aeé, &7V = & n,:
@ - £ is the “identity” function for «e ¢ and & = —1. Put k_; = n_,. If & is
a limit ordinal, define &® = ¢ and #%,: £® — ¢, the “identity” function.

Consider the sequence S above, where each f,: £ = R is a continuous function.
Let ¢_,: & = &1 be the following function:

@—-4(x) = nZ}(min {a < & f(x) = 0, VB = a}).
Obviously this is a well-defined function and it is an S-function.
Consider @_,: & = £,

We shall define, by transfinite induction, for any « € &, points y, € ¢ and, for a
non-limit z, € &; functions x,: £ — ¢ and ¢,: £ - @ (for —1 < a < &); functions
#, (for o € &), which, when a is non-limit, go from ¢@ to £@~1), while, when « is
a limit ordinal, go from &@® to &®, finally, for « € &, &-sequences S©@ = (f§),<x(x)
of continuous functions f{¥: & - R. Suppose that they are all defined for every
a < B,where —1 < B < &

Let « = p + 1. Define

Yp+1 = Yo = min {x € & @4(x) * 5 '(x) for x limit, or Gs(x) +
n5 '(x) + 1, for x non-limit} .
Define p,: £8* D — £ by
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,np"npn(?) if y< 7‘;+11(}’p+1)
m5 '(vp+1) if y=m501(¥p+s) and ypy, is non-limit

( ) = ¢’(y’+1) + ”ﬂ_l(}“) if y= 7"'ﬂ-+11()’ﬂ+1) +1+ n;+11(1), Yp+1
He+1\Y i k2

is non-limit, Ae¢

Bvpen) + D) Iy = mli(pe) + AD, e
L is limit, 1€¢.
Let Kpyq = Kpitgry. SO Kpyyq: EPHD o &,

Define S(ﬂ+1) = (f,)(ﬁ+l))a<{(ﬁ + 1) beti(ﬂ+l) =fl¢p+1(5)'
Define @z,,: & - E€*D by

Hiis @p(x) if (x < ype1) or (x2 gy and Gp(x) > Gplyp+1))
(p,H(x) = “p_:l()’pﬂ) if x=z Yp+1s @p(x) =< ¢ﬂ(yﬁ+1) and yg,, limit

7‘;-:1(}’;;“) + 1 if X 2 ypey, Gp(x) < ¢p(yp+l) and  yg,,
non-limit.

Deﬁne Zp.*. 1 = ’Cﬁ ¢p(Yp).
Let « be a limit ordinal. Define ¢.: ¢ - &® by

¢(x) = min {#; 'n; 4(x): —1 < B < a}.
Take @.: & - &9,

Define y, = min {x € & @,(x) + #7'(x) for x limit, or @ (x) + #;'(x) + 1
for x non-limit}.

Define y, = sup {y,: B < «} and y, = sup {ks m; '(y;): B < o}.
Define k: E&® — ¢ by

() if #7,(0) <y <. (vo)
<) = kp(my  ml(y)) if #(¥p) Sy < A¥pss), for B < a, B non-limit
W= Vpmy m(y) i A7H05) < 9 < A7 (Vpas)s for B<a, B limit
Fe+ A if y=a7(y) + 77 (A), Aeé.
Define now p,: £&@ — E® by
fig ' m(y) if y<n7'(v.)
() = 77 '(ve) if y=mn7'(y) and y, isnon-limit
1) = Gulye) + n7'() if y=n7'(y) + 1 + n;'(A), Ae&, y, non-limit
Gy + 77t (A) if vy =n7'(v) + n7'(A), A€ &, y, limit.
Let x,: £® — & be given by k, = ki, and S@ = (f(yz))vef.‘(a) where f, 7(.) = feutr»
Define ¢,: & = £@ by
gt oux) if (x<y) or (x2y, and @y(x) > F(va)
0x) =37 (ye) + 1 if x 2= y, $ux) < $i(v) and y, non-limit
1 (ve) if X 2 Yo @i(¥) £ Gi(ye) and y, is limit.
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Take @,: & > £@,

Let us now remark that, if at some step « > 0 the point y, is 0 (as the minimum
of an empty set), then we stop the induction because all what we need is already done.
So, the above written formulas hold on the assumption that y, # O for every a > 0.
Then induction can be done for every a < &, since & is a regular cardinal number.

From the construction, it easily follows that the functions ,, ,, , are one-to-one.
Moreover, the following hold:

Vo<V1<YV2< e. <YV £ Voo < Vaot1<::320<23<...<2z,<...

. 1 . .
e < Zpyy <3S 28D 2 8W 2 5 (fz,),s« © 5@

@, is an S-function for S® and
(¢. | [o, Ya)) (x)

Define nowx': £ = £ by

_ fn7l(x) if x is limit
" n7'(x) + 1 if x is non-limit

? if 0=y<yo
K'(y) =3xsm;'(y) if ys <7 <ypsey and B is non-limit
kg m; '(v) if yp S <Ypey abd B islimit.

Finally, define S’ = (f),<; by fy = fi(y» and 9”1 & = & by
@’'(x) = min {m; Fo(x): —1 Z B < &} .
Then S’ o (fz,)a<s> @ non-limit,
(%) = x if x islimit
P =1x+1 if x isnon-limit,
and ¢’ is an S-function for S’. But ¢’ is obviously a continuous function. Hence S’
is a u¢-subsequence of S which converges to ¢, in C,(¢).

Now, using Lemma 3.14, we obtain that C,(£) is u-pseudoradial.
The converse implication is obvious. -

3.16 Theorem. Let £ be an ordinal number. Then C,(¢) is pseudoradial if and only
if it is u-almost radial.

Proof. Let C,(¢) be pseudoradial. Then, by Corollary 3.13, it is almost radial.
In the proof of Proposition 3.15, it was shown that every convergent £-sequence
in C,(&) has an ué-subsequence. Hence, if we start with a t&-sequence S, then we
obtain, arguing as in the proof of Proposition 3.15, an uté-subsequence of S. This
implies that C,(£) is u-almost radial (using once more Lemma 3.14). -

3.17 Remark. C,(X) is pseudoradial (respectively, almost radial) if and only if
the space X has the following property: for every family of open systems {w, =
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= {Uj:a < A}: re Q} (where 1 is a cardinal number) such that, for every a < 4,
U{UsireQ} =X, U, c Uiforr <s,Q{Us:r < t} = U, (N{U: re Q*)\U? +
+ Xand o, = {U,\U;": « < A} is an w-cover for every r € Q*, thereexista 1’ < 4,
a function S: 2’ — 1 and an open cover » = {U": r € Q} such that Y{U":r < ¢} =
=UU < U for r<s,o#+ {U,reQ} for every « < A, and, for every ke o,
Lim {V5: B < A’} = X (respectively, and for every B, < X, there exists k € w such
that @}, = {V5: B < Bo} is not an w-cover of X), where for every p < A and every
kew, Vi = U{(Usg n U\ (Ui uT9: r,5,p,qeQ, r>s,p>q, r—q<
<1/k,p — s < 1/k}.

The proof is direct and technical, although almost straightforward and for this
reason we omit it.
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