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A SURVEY ON THE HAWKING - PENROSE THEORY

by Imre Major

ABSTRACT: Our aim is to give a brief summary of *he concepts
and proving-techniques of the theory of spacetime-singularities,
and give a detailed proof for some theorems which have no

completly exact or exhausting proof in the literature.

I. INTRODUCTION

DEFINITION 1: Light-cone at p: Cp = {XETPMlg(X,X)sO}.
DEFINITION 2: We say, that the spacetime /M,g/ is time-orien-
table, if the light-cones can be continuously split into two
parts C; and C; such that Cp = C;UCB, E;GE; = 0, C; = -C;

We assume that /M,g/ is time-orientable.

DEFINITION 3: We call /M,g/ singular, if it cannot be isomet-
rically imbedded into a geodesically complete spacetime. /There
are three kinds of incompleteness, - namely timelike, null, and

spacelike incompleteness -, so there are three kinds of singu-

larities/. .
DEFINITION 4: /Weak Energy condition, WEC/
T(V,V) 20 for every timelike VETM
Physical meaning: the energy density is nonnegative /measured
in any coordinate system/.
DEFINITION 5: /Null-convergence-condition, NCC/
R(K,K) 20 for every KETM nullvector. /R is the Ricci-tensor/
DEFINITION 6: The timelike convergence condition TCC is
satisfied if R(V,V) 20 for every timelikg vector VETM.
PROPOSITION 1.

WEC=NCC
Proof: Write the vector K into the Einstein-equations.
PROPOSITION 2: In case of a Tab stress-energy tensor of type

Tap = Py
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/where uy is the energy-density, and p; are the pressures/,
the TCC follows from the condition u + pGZO /a = 1,...,3/

and u + gpuao.

/This condition is called the strong energy condition. /It
falls only in case of negative enevrgy-density, or large
negative pressure.. "

DEFINITION 7: Let S be a spacelike 3-surface, p¢S and let

vy be a timelike geodesic between p and S perpendicular to

S at q, then we say that:

- The point p is conjugate to S /along y/ if there is a
Jacobi-field Z along y for which Z(p) = 0, and

g(VVZ,X) = II(X,Z) for every XGTqS

where II is the second fundamental form of S, V=y(q).

- We say that y is maximal between. p and S if the second varia-
tion of y is negative semidefinite. /We consider such varia-
tions which are keeping p constant and moving the other end-
point of y on the surface S./

PROPOSITION 3: If the TCC is satisfied and S, q, y are as in
the above definition, and if trace IIIq = 81<0 then therg

is a point p’ on v conjugate to S within the distance 5.
along y /provided that y can be extended to this parameter
value/.

PROPOSITION 4: If TCC is satisfied and for p = y(sl) there is a
ZETpM for which R(V,Z)(V)# O, /here y is a timelike geodesic,
v =_?(sl)/ then there are parameter values s, sy such that
y(so) and y(sz) are conjugate along y /provided that y can

be extended to‘:each parameter value/.

DEFINITION 8: We say, that the generic condition is satisfied
/timelike or null, respectively/ if every timelike geodesic y
contains a point p where R ped’ ve # 0 /V = y(p)/ or if every
null geodesic A contains a point p where KCKdKlaRb]cdler]# 0
/K = A(p)/. The bracket [ ,] stands for to anticommute the
indices it contains.

Physical meaning: every particle has a moment in its life,

when it feels the tidal forces of gravitation.

THEOREM 5: If y is a timelike geodesic, then [y is maximal
between p and q <=+ there is no point conjugate to q between

p and q]

THEOREM 6: If y is a nonspacelike curve, which is not a null-
geodesic, then y can be varied to yield a timelike curve.
DEFINITION 9: For S C M let
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,J+( S) = prMI 3 q€S and yCM future-directed -)
i nonspacelike curve from q to p

it = ( peEMI 3 Q€S and yCM future-directed?
L timelike curve from q to p —)

+ +. a + . .

E(S) = J(S)\I'(S) is the horismos of S

We call J+(S) and I+(S) the causal and chronological future

of S respectively.

LEMMA 7: I'(S) is open.

DEFINITION 10: We call a future-directed nonspacelike curve
yCSCM /S is open/ future-in extendible in S, if it has no

future endpoint in S.

DEFINITION 11: Let An be a sequence of nonspacelike curves.

Then pEM is a limit-point of An’ if for every pEVCM open

set there is an n, such that Anﬁv Z 0 for evevry n>n°.

DEFINITION 12: The nonspacelike curve A is the limit-curve

of the sequence of nonspacelike curves An, if there is a

subsequence An

of A_ .
Ty
THEOREM 8: If SCM is open and AnSS is a sequence of non-

spacelike curves which are future inextendible in S, and pe€S

of An such that every pEA is a limit point
k .

is a limit-point of A then there is a nonspacelike curve
A which is future-inextendible in S, p€EA and A is a limit-
-curve of the sequence A . '
Moreover if we denote An the subsequence converging to A
and if we have a point —ksequence qkexn Cagt| such that
there is a compact set K coptaining the "section of An
between p and Qs and AZK, then g€A. k
°roof: We call a continuous curve y:I-M future-directed non-
spacelike if for every t €I there is an open set tOGGSI such
that

V(D€ I (v(t D\Y(t)} /<ty t€G/

Y(DE I TNV (t )} /t <t€G/
Pre-lemma a./ If y is a future-directed continuous nonspace -
like curve, than y(t’)EJ+(y(t)3 for every t, t’€I, t<t’.

Proof: Suppose instead that there is a pair tl<ti€I for which

t1+ti
5~

¥ tpea"(y(tl)) and let p =
Then y(p)¢J+(Y(t1)) /in this case let ty = t, t) = p/

or y(t))¢J(y(p)) /then let t, = p, t} = t]/. '
Continuing the process we get a common limit-point q of the
sequences ti,t{.

Let q€G be an open set corre.ionding to the above definition

217
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then /for some n/ t qut’, t ,t’EG so y(t JEJ (y(q)),
Y(t’)EJ (v(Q), thus y(t’)GJ( v(t, ), confrad:l.ctlon.

Pre-lemma b./ If UCM is a geodealcally convex open set,

and p€U, then J+(p)ﬁU is closed in U.

Note: The global version of the theorem is not true.

Proof: Let w: UxU-TM, w(a,b) = VGTaM for which

expl (v) = b. We know from metric geometry, that w is continuous.
If qEU and r na for a sequence r EJ (p)NU then by convexity of U
there is a nonspacelike geode51c joining p and r,» soO:

L explp(v ) , where v ETPM is nonspacelike i.e. m(p,rn)=vn
Now vV S w(p,r )~m(p q)= v by continuity of w, so v

is nonspacellke, thus q€J (p)

Pre-lemma c./ If p is the future endpoint of the future-
directed nonspacelike curve y then yCJ (p).

Proof: Let U be a geodesically convex neighbourhood of p

/U is compact/ and let y (t)€U for t2t and let

t st *[the right-side endpoint of I]J. By the compactness

of U we can suppose that y(t )*r, and because M is a
Hausdorff-manifold, we have r = p. Now y(t )EJ (y(t )) by
pre-lemma a. and p€J (y(t )) by pre-lemma b., so y(t )EJ (p)
Thus by pre-lemma a. we have the statement of the theorem
Pre-lemma d./ There is a coordinate-pair /x,U/ around every
PEM, such that for every coordinate sphere S around p and

for every pair of points q,r€J+(p)ﬂS there is no nonspace-
like curve between q and r in U. /And the same is true for the
surface J (p)NS./

Proof: Chose an open set OEVCT M such that explp is diffeo~-
morphic on V and explp(V) is geodesically convex, and choose
an orthonormal base E El, «osE GTPM Let y be the normal-
coordlnatesystem, deflned by E ..,E /i.e. exp~ (q) =

= g O 3y (q)E for q€exp(V)/ and let denote f = (expl ;)*-
Then there is an open set PEV’CV such that:

(2 £%] zugl;s[f“(Y)l (%)

for every nonspacelike vector YETq(M), q€exp(V?) .

/0Otherwise we would have a sequence Y™ of nonspacelike vectors
for which Y(n)*YGTpM,Y # 0 and Y(n) would not satisfy * so by
continuity of the metric g and function f we would have

(2 £ )2 o1, 3If“(Y)121[f°(Y)]2, contradiction./

Let U = exp(v’) and x° = uy°, x1=yl, x2=y2, x3=y3 be a coor-
dinatesystem on U and consider the coordinate-sphere

S = x }(S(o,r))CU. If ti.- separation of q,réSNJ’(p) would
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be nonspacelike, then there would be a nonspacelike geodesic n
between q and r, nEJ+(p) /because U is geodesically convex/.
Let tOER be a point for which (xon)(to) is minimal, then
(xon)‘(to) = v is parallel with the tangent-hyperplane to
S(o,r) at the point:

x(n(t)))

Z = Yo ———FFT T
Ix(n(to))l

1s+++»E3 such that v2=v3=0, that is v is a
tangent vector of the circle (b sint, b cost,c,d) at the point

We can- choose E

(b.sintl, b.costl,c,d) = z. The curve n is nonspacelike so by
(*) we get
2
Vo 2 . .
T2 Vo that is Icos/tl/I22I51n/tl/I.
sin t a1 +
But | m |2lcos tll as x “(z)€J (p), a contradiction.

The proof of the theorem: Let /x,U/ be a coordinate-system
around p as in the preceding pre-lemma d./ and let B(p,r)
be the closed coordinate-ball around p with radius r. We °
claim that every }n gets out of B(p,r). Suppose, that there
would be a AnSB(p,r).

Let ti*[the right-side endpoint of the domain of Al QQSht
An(ti)‘q’ and denote r, = Ix(@) | . As q is not the endpoi

of An, there is a sequence ti*[the right-side endpoint of’
the domain of A ] such that A(t)~q’ # q, and denote

r = Ix(q*) |- If ry=r) , then - by the continuity of @ -
q,q’EJ+(p)“x- (S(o,rl)) would be nonspacelike-separated.

If r, # r?, then there would be nonspacelike-separated points
of J+(p)nx’l(S(o,r’)) for every rl<r’<ri.

So A, leaves B(p,r) . .

Now let Ank be a subsequence of A for which AnknB(p,r)--x11

Denoting A, = A1, let AM(i,0) = A(i-1,i-1), and
let A(i,j)nkbe a subsequence of A(i,j-1) which converges

to x;. on B(P» % .r) . We claim that the separation of X33

and x , is nonspacelike because considering the sequence
: X A

a = Mi’j)nﬂB(p,-i— r) and b = A(n,k) NB(p, ; T) one of

n
the sequences A(i,j)n s A(n,k) will be the subsequence

of the other /say Mn,k) ~is a subsequence of A(i,j)n/
so if we denote by a  the corresponding subsequence of ag
we get that apTXiyo b +x . and the separation of

m
a_ and bm is nonspacelike, so by convexity, a_ and bm can

m m
be joined by a nonspacelike geodesic /namely exp (t“‘am'me)'

219
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So by continuity of w the veetor m(xij,x“k) is nonspacelike,

so the separation of X353

Let y: QN[ 0,1]-M, Y(g)zxp

s Xk is nonspacelike.

q 2nd £ €QN00,11,

tn*tEIO,ll. Then y(tn) is a convergent sequence. /To see

this we can write the sequences }\(i,j)n into an infinite
matrix such that every row is a subsequence of its predecessor,
and take the diagonal Mo of this matrix. The? unnﬁ(p,t) has

a subsequence unk c9nverging to the point z€B(p,t). unk is

a subsequence of each A(i,j)n, so we can see - as before -
that the separation of y(t)) and z is nonspacelike. If Y(tn.)

is an arbitrary subsequence of y(tn) for which y(tn.)*q J

then: qeé(p,t) and the separation-of q and z is nonspacelike,
so by the assumption on S(p,r) we have q = z.

It follows easily that y(tn)*z and unﬁé(p,t)*z. It can be
seen in the same manner that the curve y is continuous.
Continuing the process with p = X1 We get that the resul@ing
curve A is /future/ inextendible. /That is a limit-curve of
AL is trivial./

Now suppose that Ank is the sequence chosen above, 9,4

/quAn is a point-sequence/, and there is a compact set K
k

satisfying our conditions, so there is a point z€A\K. Choose
a finite sequence Bl""’Bm of coordinate-balls from p to z
around points of A as in the proof of the theorem, such that
q¥B,V...UB . Then there is a sequence z,€A_ , z -2z SO

1 m k ny k

there is a k, such that zkéK /kzko/, that is Qe is between

p and z, on Ank for k2k,.
It can be seen by the construction in the proof, that there is

a k1 such that the section of An betweem p and zy is in the
k
t B,U...UB B,U...UB .
compact set B1 Bm for kzkl, thus qEBIU UBm
contradiction.
NOTE: We can catch the deep difference between the Riemann

and the Lorentz-metric by this theorem, because

(t, t sin (I—I—,E)) 0st<l
c/t/ = x
(t, t sin '1+—t)) -1<t<0

. ¢ is a sequence

S

is an inextendible curve in Rz, so A, =
of such curves, and there is no curve A for which Anol.
DEFINITION 13: SCM is achronal if I+(S)ﬂS = 0.
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DEFINITION 1k4: SCM is an achronal boundary, if it is a
closed, achronal imbedded 3-submanifold /of cl- ciass/
PROPOSITION 9: If T+(S)ES for SCM i.e. S is a future set

then 3S is an achronal boundary.

PROPOSITION 10: If K is a closed set, then &+(K) is the union
of null-geodesic, which can have past endpoints only on K.
DEFINITION 15: M is causally simple if j+(K) = E+(K),

j_(K) = E(K for every compact K. /i.e. J+(K) and J (K are

closed for compact K/

DEFINITION 16: We say, that M is strongly causal at p. if
every neighbourhood V of p contains a neighbourhood W of p
such that y"W is connected for every nonspacelike curve y.
LEMMA 11: If M is not strongly causal at p, then there is a
geodesically corvex open set U and there is a sequence of open
sets ...SVnE...EVl
future-dire :ted nonspacelike curves Al,...,An,... such that
the fore-part of Ay is in V,, then A; leaves U, after then

CU, shrinking to p and a sequence of

Ai returns to Vi.

Proof: Let Eo,...,E3 be an orthonormal base at p and y be
the normal-coordinate-system defined by this base, and let
(explp_l)*(Z) =a§0;3fa(Z)Ea for ZETM, n/Z/€U’, /as in
pre-lemma d./

Because of the conditions there is an open set pEWCM such
that for every open set PEW’CW there is a future-directed
nonspacelike curve that leaves W’ and returns to it.

As in the proof of pre-lemma d we can say that: there is ar

r>0 such that 3. [f°(Z)]23g1_3[fu(Z)]2 for every nonspace-
- k]

like ZETM for which =(Z)€y Y(B(0,r)) /i.e. the angle

between (explp-l)*(Z) and the hyperplare spanned by El’EZ’EB
is greater than %/. ) _

Let K = {xERulx§+x§+x§<§ , lxo[<¢r2-xi-x§-x§ - iggi

and Vn = y_l(%. K) . Then Vngw for nZno. Let An be a
future-directed nonspacelike curve leaving Vn and returning
to it, and let y = (explp)_lxn. It is easy to see, that Yn
comes out of the set % K above the hyperplane S spanned by
El,Ez,E3 and re-enters under it.

If Yn would not leave the ball B(O,r) , then the tangent vec-
tor at its farthest point from S would be parallel to S, so
the corresponding tdngent vector to An would be spacelike.
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THEOREM 12: If the following conditicns are satisfied on M
1. NCC
2. Null-genericity
3. There is no closed timelike curve
4. Null-geodesic completeness
then M is strongly causal.
Proof: Suppose that there is a point pEM violating the strong
causality and let U,Vi,)ti /i€N/ be as in the preceding lemma.
Let us extend the curves A in future direction to get a se-
quence of future-inextendible curves and let A be the limit-
-curve of this sequence, guaranted by theorem 8. /then A is
a future-directed /future/ inextendible nonspacelike curve/.
Extending the As-s in the other direction we get the limit-
-curve A’. If ANA’#0 or either of it meets the point p once
more, then a closed nonspacelike curve will be, which can be
only a closed null-geodesic /by condition 3 and theorem 6/.
But then this closed null-geodesic would contain a pair of
conjugate-points /by conditions 1.2.4 and proposition 4/ so
it would have a variation which would yield a closed timelike
curve: contradiction.
Let riexinvi be a point of A; after the point on A; not be-
longing to U. We have the following two cases:

case 1: There is a subsequence Aik of Ai’ and there is
qikekik, q€A, qik*q such that r, precedes q; on Ai .

k k k
Then covering the section of A between p and qQ with open sets

of finite number used in the proof of theorem 8 we get that A

will meet the point p once more: contradiction. /As the curve

k 1x

the curve A will contain a point not belonging to U between

Ai contains a point not belonging to U between p and r.

"p and p"./

case 2: In case of qiEAi, qEA, q;~4 the point Q3 precedes
r; for i>io. Then any pair of distinect points of A can not
have timelike separation, because otherwise we would have
qGA,'qGI+(p) for some q, so we could choose open sets pEW,
QEW’ such that bEI+(a) for every a€W, bEW’.
So choosing a sequence inAi, q;+q there is an io such that
Q pfecedes r;, r;EW, inW’ for i>i°. Then qiEI+(ri) and
riGJ (q;) which is a contradiction.
So we can say that A /and A’/ is a null-geodesic. Suppose there
are points q’€A’, q€A with timelike separation. Then let
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q€K, q’€K’ be open sets such that b€I+(a) for every a€k?’,
b=K. Let q.€A., qi*q,,qzeki, qi*q’ be sequences and let
q,€K, q{fK’, q; precedes qi on A, for i>io. So qiEI+(qi)
and inJ (qi)’ contradiction. So AVUA®’ is a complete null-
geodesic /by theorem 6/. But it contains a pair of conjugate
. points by condition 1.2. and proposition 4 so it would have
pairs of points with timelike separation by theorem 5.
NOTE: The proof of this theorem in [1] - in our opinion - is
rather scamped /for example it does not distinguish the above
mentioned two cases, though this distinction is necessary by
all means/.
DEFINITION 17: If KCM is a compact set, then the curve y:
I-M is totally imprisoned in K, if there is a bEI for which
vy((b,+=) NI)CK. We say, that y is partially imprisoned in K,
if it is not totally imprisoned in K but y-l(K) has no upper
bound in I.
LEMMA 13: If KCM is a strongly causal compact set, then there
is no future-directed inextendible nonspacelike curve totally
or partially future-imprisoned in K.
DEFINITION 18: For SCM:
(s = {?EM| every past-directed inextendible timelike}
curve from p intersects S.
D+(S) = {PeMl every past-directed inextendible nonspacei}
like curve from p intersects S
DEFINITION 19: If S is an achronal set, then:
edge (S) = (pES | for every open set PEUCM there are
points g€I (p)NU, reI*(p)NU such
that r and q can be joined in U by a
timelike curve which does not inter-
sect_S.
PROPOSITION 14: 5+(S) = D'(S) for every closed set SCM.
PROPOSITION 15: If S:is a closed achronal set, then:
edge (S) = edge wtes)) = edge (H(S))
DEFINITION 20: Let NCM be open. Then we call N globally
- hyperbolic if:
1. The strong causality condition holds at every
point of N, —
2. J*(p)ﬁJ—(q)EN is compact for every P,qEN.
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DEFINITION 21:
C(p,q = Y | vy is a nonspacelike curve connecting p

and q, and y = y?, if y’ can be got from
Y by'reparametrizing it.

Let y€C(p,q) and yCUCM be an open set.

Denote U(y) = {A€C(p,q) IACU}, and dencte c°p,q the

set C(p,q with the topology defined by the sets

K(y) = {U(y) ! UCM is open} a neighbourhood base at v.

PROPOSITION 16: If. N is a strongly causai open set, for which

N = J7(MNI*(N), then:

[N is globally hyperbolic <= C(p,q) is compact for all p,qEN]

THEOREM 17: If S is a closed achronal set, then int (D(S))

ii _nsbally *vaerbolic.

Proof:

a./ If p€int(D(S)) and - say - p€D+(S), then every past-
inextendible nonspacelike curve A:[a,b)+M A(a) = p inter-
sects I (S).

Let s€ANS, ti~b monotone increasing sequence, PEI+(p)nD+(S).
Let Yy be a timelike curve from r to A(tl) and let q; be an
interior point of Yyo further let Y, be a timelike curve from
q, to A(t,) and g, be an interior point of Y,» and so on.
Choose the sequence a; such that the distance betwegn Q3
and A(t;) converges to zero for some positive definite met-
ric on M.
Then we- have a curve y = U{segment of Y between Q.7 and qi}.
If yNS # @, then MI(S) # @. If ynS = @, then y must
have a past eqdpoint q, thus Q;+q and M t;)~q. There is a
past-inextendible timelike curve through q, which has to
intersect S at a point u. So there is an index i for which
sGJ+(A(ti)) and A(ti)€I+(u): contradiction because S is
achronal. So every /both future and past/ inextendible, non-
spacelike curve through a point p’ €intD(S) intersects both
1'(S) and I7(9).

b,/ Suppose, that M is not strongly causal at the point
pEintD(S) , so let pEUCM be an open set, Uzyla...ayna...
be a sequence of open sets Al,...,kn,... be a sequence of
nonspacelike curves as in Lemma 11. Extending the curves Ay
in the future direction, we get the future-inextendible
limit-curve A, and extending them in the past direction we
get the past-inextendible limit-curve A’ /see the proof of
the theorem 12/. If AMA? # @, or either of them meets the
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point p once more, then we get a closed nonspacelike curve
through p, which intersects both I+(S), I7(S) : contradiction.
So, as in the proof of theorem 12 the second case is satis-
fied.
Let q€ANIT(S), q€KCI'(S), q’€EA’NIT(S), q’€K’CI(S),
K, K’ are open, qiEAiﬂK, q}EA;GK, a;+q, qi*q’,
inJ_(qi) for i2i . But q;EKCI*(S), qJEK’CI(S).
c./ 3 (pnit(qQcint(D(S)) for p,q€int(D(S))

Let first p€D+(S), gED (S) and A be a nonspacelike
curve joining p and q. Let r€[M\(int D(S)]1NA. Let p’GD+(S)ﬂI+(p).
q’€D(S)NI(q) , r€KCI(p*)NI'(q’) be an open set,
r’€K\D(S) , and r’€y be a timelike curve joining p’ and q’.

If r’€A> is a nonspacelike curve, both future and past-inex-
tendible, and A’NS = @, then yNS has at least two points:
contradiction.
Now let pEI(S), q€I(S), reJ (p) NI (q , q’€I (gD (S,
rekcI(S)NI*(q’) be open, r’€K\D(S), y be a timelike curve
joining q® and r’, and A be a future inextendible nonspacelike
curve from r’, ANS = @. But then yNS # O /because q’€D (S)/.
This is a contradiction, because r’€I (S).

d./ Now we are going to show, that Co(p,q) is compact for
p,q€int(D(S)) .
Let ‘first p,q€I (S), and Anec°(p,q) be a sequence. Then the
sequence A has a future-inextendible nonspacelike limit-curve
Ain M\{p}. If p is not.the end point of A in M, then
‘AﬂI+(S) # 0, by a., so XnﬂI+(S) # 0 for some n. But
AnEJ-(p)EI-(S): contradiction. So AY{pl}€C(p,q) . /We denote the
curve AY{p} by A too./
Let ACUCM be open, and let rGVrSU /Tr€ML/ be such an open set,
that there is no nonspacelike curve starting from and then
returning to it.

Choose a finite system ACV U...UVm of {Vrlrehj. Let W, =V

1 1°
w1_= vlnvz,...,wm_l = vm_lnvm, Wm = Vm and let Aik be a
sequence of Ai, converging to A. Then Ai ﬂ(mqle) # 0 from

k

m
. : 1Y i . .
some k>ko Let vEAlk\(lvm) be a point between WJ,W]+1

/j=04...,m=1/. Then A, would leave V. then return to it.
1y j+1

Thus Aikgvlu...UVmSU for k>ko, that is c%p,q) is compact.

Now let us prove that J'(q)NJ(S) is compact for q€int(I(S)) .
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Let aneJi(q)ﬁJ-(S) be a sequence, anekn be a sequence of
future-inextendible nonspacelike curves starting from q, and
A be the limit-curve of the sequence A . Then there exists
reANI (S) Let Al be a subsequerce of Al such that every

k
point of A is a limit point of Ay - Covering the section
' k
[q,r] of A with coordinate-balls B]""Bn’ as in the proof

of theorem 8 we can see that there is a ko such that

a; € ¥ B. /k>k /. So a. has a subsequence alwa€l.
x 3=1 ° *k ]

If a) has a subsequence in S, then a€S.

If a5€J+(q)ﬂ[J-(S)\S], then there is no point of S on A;
between q and a?!, because if r would be such a point, then
let q’€I (gQ)ND (S) , r’Gla\S be a.point between r and a%,
further let y be a timelike curve joining q’ and r’, and vy’
be a future-inextendible timelike curve from r’. Then:

YNS = @ because aSGJ-(S) and y’NS = @ because r€S: contra-
dicting to the fact that q€D (S).

Let b be the first point of A ﬁS So ay is between q and

b and b e B. for kzk , SO there is a subsequence
Ty 3=1

bI~DEANS of by , sO a€J7(b) , that is J*(@ NI (S) is compact.
k

Now let peD*(S), q€DT(9), anEJ_(p)ﬂJ+(q), a €A De a non-
spacelike curve joining p and q. Then AnﬁS # 0. If a sub-

sequénce a, of a, is in S, then we can suppose, that
k

a_ -a€J*(q)ns, and a€J(p) is also satisfied.

If a QS then, as in the preceding proof, there will be a
flrst point b of S on A_ /as measured from q/, SO we can
suppose, that an-aEJ (q)ﬂJ “(S) and b -b€J (pnJg (S) , and
a€J (b) . So a€J~(p)NJ (q)
THEOREM 18: If S is a closed achronal set, for which
J+(S)nJ_(S) is strongly causal, and acausal or compact,
then D(S) is globally hyperbolic.
Proof:
a./ D(S) is strongly causal.

It is sufficient to examine the case p€D+(S)ﬂI+(S).
Let UEI+(S), pGVigp be open sets, Ai is a sequence of non-
spacelike curves as in Lemma 11.
Extend A; in the past direction to get a past-inextendible
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nenspacelike curve A{ and let A*! be the limit-~curve of the
sequence k{. A’ can not meet the point p once more because
of the achronality of S, o0 we have the second vase of theo-
rem 12. If q€A’, g€KCM is an arbitrary open set, q*€I (QnK,
pEViEI+(q’) Ii)iol 5 is nonspacelike curve; which joins q°
with the first point of the /future-directed/ Ags qiEki,

q ™ then /with finite exception/ qieli, 5o M is not strongly

causal at gq. But A’NS # P: contradiction.

b./ If p,qEN S}, then JH(p NI (QCD( S .
This is trivial, if J+(S)ﬁJ_(S) is acausal, and not true, if
J(synIT(s) is compact. /Consider for example the following

set in Minkowski-spacetime:

4y S

But disregarding this, the further claims of the theorem are
true, '

e/ JYPNIT(qQ is compact /for p,gED(S) /.
First we prove the ceompactness of J+(p)ﬁJ'(S). Let
anEJ+(py1J-(S), angln be a future-inextendible nonspace-
like curve, starting from p, and let a.&J (sn), snEAnﬁS,
and let A be the limit-curve of the sequence i . As A3 i 8,
» leaves J(8), if J'(S)NI(S) is acausal. If JHSINI (S is
compact, then A leaves S too. /by Lemma 13/

Let x€M\J (S), ¢ €A, c_=x. If there is a subsequence A
n “n® “n - . ny

for which ¢ precedes s_ , then X€D(S), so XET ().
k k

Se covering the section [p,x] of the curve A with coordinate-
balls of finite number, we get, that an*aEl, sn+sEl and
a€J ( 8). From this it is easy to prove the compacthess of

I (P)NIT(q) in the case of qeD*(S), PEDT(S) .

If p,q€I {5), then consider a sequence AEC(p,Q) . Thus A -2
in M\{q}. )

If 9 is an endpoint af A, then XED-(S), and we can see - as in

the preceding theorem - that A2 in the topology of Co(p,q).
If q is not the endpoint of A, then ANS # @, so there exists

227
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a point x€A\J (S). But A €D (S), so ACD()CIT(9),
contradiction. .

THEOREM 19: If N is a globally hyperbolic set, [.n€N, and
qEJ+(p), then there is a nonspacelike geodesic joining p and

q in N which has maximal length among all the nonspacelike
curves joining p and q.

THEOREM 20: If S is a closed achronal set, for which J+(S) is
strongly causal, and E*(9) is compact, then there is a future-
inextendible timelike curve ySD+(E+(S)), such that

yOE'(S) # 0.

Proof: See in [1].

PROPOSITION 21: Every globally hyperbolic set is causally
simple. .

DEFINITION 22: We call a compact, closed /without boundary/
spacelike two-surface closed trapped surface, if the two null-

component of its second fundamental form is negative semidefi-
nite. /We use then a base El‘EZ’K’L’g(Ei’Ej) = 6ij’
g8(E;,0 = g(E;,L) = g(K,K = g(L,1) = 0, g(K,l) = -1.
DEFINITION 23: We call a set S Cauchy-surface, if

1./ It is acausal /J%(p)ns = {p}, /peS//

2./ Edge 5 = 0

3./ XS) = DY(HUDT(S) = M.
THEOREM 22: /PENROSE, 1965/
If M contains a closed trapped surface and a noncompact Cauchy-

surface, and if the NCC is satisfied, then M is not null-geo-
desically complete.
Proof: The idea of the proof is to suppose null-geodesical
compieteness, and then to construct a homeomorphism between
a compact and a noncompact set, to get a contradiction in such
a way.

a./ If T is a closed trapped surface, then &+(T) is
compact.
By theorem 17. M is globally hyperbolic, thus causally simple,
so J'(M = EX(D.
So if £: Tx[0,+=) x{1,2}=M, £(p,t,1) = expl (t K,
£(p,t,2) = expl (tL), then JH(Tc £(Tx[0,+=)x{1,2})
Let ¢ = min (inf | tr/II}/1, inf | tr/I1%/1)
/IIl,II2 are t{e two componeJ;s of the second fundamental form
in the base ElEZ’K’L’ where El,E2 is chosen such that
EjpBop = Tp T/
From the null-version of proposition 3 and theorem 5 we get
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that a null—geodes1c starting from p€T and orthogonal to
T will enter I (T) at latest as the parameter t reaches the
value % So J (T)Cf( Tx10,41x{1,2}, 3*(T) is compact.
Now projcct J (T) to the noncompact Cauchy-surface C via
the integral curves of a timelike vector-field. The projec-
tion is a compact 3rsubmanifold of C, without bouné;ry /because
J+(T) is such a set, too/.
And .now here is our main theorem:
THEOREM 23: ‘/Hawking - Penrose 1970/
If:
1. TCC is satisfied.
2. ‘The timelike and null-generic condition is satisfied
3. There is no closed timelike curve
4, There is at least one of the following sets:
a. S compact achronal set, edge (S) = O
b. Closed trapped surface
c. pEM point, for which & p) <0 along every
null-geodesic, starting from p.
then M cannot be both timelike and null-geodesically complete.
Proof: /an outline/
We prove instead that
In a timelike and null-geodesically complete spacetime the
following five conditions cannot be satisfied at the same
time:
a. Every inextendible nonspacelike geodesic contains
a pair of conjugate points i
b. There are no closed timelike curves
c. There is a closed achronal set S for which E'(S)(ET(S))

is compact.

d. NCC

e. Null-generic condition
If these conditions are satisfied, then M is strongly causal
by theorem 12, so there is a timelike curve ySD+(E+(S)), as
in the theorem 20. Then the set F = E+(S)AE=(;; is compact
and E (F)CPUJ Iyl
It can be seen from a. - by corollary 10 - that every null-geo—
desic which has a section on J “(y), will enter to I (Y).
The distance of these "points of entering" from F is a contin-
uous function of the tangent vectors of these geodesics at the
point, where they intersect F. So E(F) is compact. There is a
curve ACD(E™(F)) as in theorem 20. Then AUYCint(D(E(F))).
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Let ap€A, b€y, a_, €17 (a), b €T*(b), b,€I7(a)). The
sequence a /and bn/ leaves every compact section of A /and
v, respectively/. Because of global hyperbolicity of
int(D(E"(F))) /theorem 17/, there is a maximal timelike
geodesic - between ah and bn.vWe can suppose /by compactness
of F/ that unﬂF*x‘(xEF) and~u5(unﬂF)*V€TxM. Consider the
geodesic u for which w(0) = x, u’(0) = V. It will contain a
pair of conjugate points u,v by a.:Let u’GJ-(u)ﬂu, v’€J+(v)ﬂu.
Varying the curve u between u’ and v’ to get a longer curve
a, we can prove b§ the aid of this curve, that there is a B
which is not maximal: contradiction.
THEOREM 24: If:

1. TCC is satisfied

2. There i& a compact acausdl 3-surface S such that

edge S = 0, and tr(II)_is negative definite on S.

Then the spacetime M is not timelike geodesically complete.
Proof: The idea of the proof is to show, that H+(S) is compact,
and then find a contradiction with the fact, that null-geode~
sics laying in H+(S) can have past endpoints only on edge (S).
See e.g. [1] for the details of the proof.
NOTE: This theorem describes a closed contracting Universe.
As Friedmann exhibited in 1922, that every homogenous and
isotropic cosmological model is contracting or expanding and
as we know, that the real Universe is expanding /contracting
in the reversed time direction/, we can say, that our Universe

0

contains a singularity in its past, if it is closed. However
this singularity is not necessarily the "beginning point of

the Universe".

Though there are incomplete geodesics, it is not necessarily
true, that every past directed geodesic is incomplete. /At
least it is by no means the consequence of the above results./
EPILOGUE: We tried to summarize the main results of S.W.Hawking
and R.Penrose. We gave a full-exhausting proof of the statement
of theorem 8. The second part of the statement is important,
though not mentioned /only tacitly used/ in the literature

/see e.g. [1], [2], [3)/. The same is true for our pre-lemma

d. and Lemma 11.

It is necessary to distinguish the two cases in theorem 12,
though e.g. in [1] these two cases are collected into one sen~
tence.

Our proof of Theorem 17 is slightly and that of Theorem 18 is
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rather different, than usual prEofs.

. So we feel, that it is succeeded to fill some of the gaps of
inexactness in the theory of singularities.
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