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AN APPLICATION OF FIXED-POINT THEORY TO EQUILIBRIUM ANALYSIS

Michael M. Neumann

INTRODUCTION

It is a well-known experience that fixed-point theorems piay a cru-
cial role in equilibrium analysis. For instance, the classical re-
sults on the existence of competitive equilibria as presented in [7]
are all based on a theorem of Gale, Nikaido, and Debreu, which may
be considered as an equivalent version of Brouwer's fixed-point
theorem. In spite of several illuminating results, the classical
theory suffered from a somewhat artificial treatment of individual
preferences. In recent times the equilibrium problem for the case of
more genefal and natural preference structures was taken up in a-
series of papers [3], [4], [6], [8]. However, most of the results
given there and elsewhere deal only with the case of bounded choice
sets and stay on a rather abstract level. Let us also note that the
beautiful approach of Gale and Mas-Colell [3] implicitely contains
a very restrictive continuity assumption on the support function of
the technology set so that some easy and natural examples cannot be
treated by this method. Hence it seems that some important aspects
of classical equilibrium theory like the Arrow-Debreu model [2], [7]
have not yet been worked out in a modern context, which is both
sufficiently general and simple. The present paper is to fill this
gap. In the first part, we extend the Gale-Nikaido-Debreu theorem
in order to handle the.most general type of preference structures.
In the second part, this result is used to derive the existence of
equilibria and quasi-equilibria for a rather general Arrow-Debreu
model. Our techniques are based on a suitable extension and combi-

nation of some arguments in [3], [4], and [5].
FIXED-POINT THEORY
We start with a common generalization of a classical theorem due to

—————
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Gale, Nikaido, and Debreu [7, Thm. 16.6] and a more recent result due
to Greenberg [4]. This theorem turns out to be fundamental for the
existence of equilibria in abstract economies without ordered prefe-
rences. The main ingredient-will be Brouwer's fixed-point theorem
via Kakutani's extension thereof. Actually, Theorem 1 may be viewed
as Brouwer's fixed-point theorem in perfect disguise, since the
latter is known to be equivalent to the Gale-Nikaido-Debreu theorem
by an observation die to Uzawa [7, Thm. 16.7]. As usual a correspon-
dence ¢ : X=Y is a mapping from a set X into the family of all sub-

sets of another set ¥.

1. THEOREM. Let n,x‘,...,xm be convex compact and non-empty subsets
ofAmn and define X : = x1x...x X", Furthermore, let a € R" and for
i=1,...,m constder an upper semicontinuous correspondence

wi : T x X = Xi, a correspondence pi : M x X = Xi having an open
graph in Mx X x xi, and finally a continuous function

wl : M x X » [0,o] such that for all p € T and all x-—(x oo X ) €X

the following four conditions are fulfilled:

(1) wl(p,x) 18 convex compact and non-empty.

(2) If Wi(p,x) > 0, then wi 18 lower semicontinuous at (p,x).
(3) - <p,y + .. -+ym-+a> 2 O whenever yi € wi(p,x) for i=1,...,m.
(4) xt € co ol(p,x).

Then there exists a pair (p,x) € N x X such that:

(5) xt € ot(p,x) for i=1,....,m.
(6) wi(p,x) =0 or wi(p,x) n pi(p,k) =@ for i=1,...,m.
(7) <q,x1+...+xm+a>20far all q € 1.

Proof. First, let FC : M x X = 1 be given by

Fo(p,x): = (g e : <q,x1-+...-+xm-+a> =inf <n,x1+...+xm+a>}

for all p € NN, x € X so that Fo(p,x) is certianly convex compact and
non-empty. Moreover, the correspondence F° is easily seen to be
closed and hence upper semicontinuous. Next, tor i=1,...,m we define
the continuous function v' : 1 x xx x' = [0,=l by

Vi(P,an)= = Wi(p.x)dist((p,x,y), T ox Xx x1-Graph(pi))

and then the correspondence l-‘1 M ox X = xt by
Fi(P:X)= = {y € wi(p,x) : Vi(p,X:Y) = sup vi(p,x,wi(p,x)):

for all p€e N, x € X, y € xt. Again, it is clear that Fi(p.x) is
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compact and non-empty, but not necessarily convex. Furthermore,
since wi is upper semicontinuous everywhere and lower semicontinuous
at every point (p,x) satisfying wi(p,x) > 0, it is not hard to check
that Fi is closed and hence upper semicontinuous on M x X. We finally
introduce the correspondence F : T x X = M x X by

F(p,x): = Fo(p,x)x co F1(p,x)x «ses X CO Fm(p,x)

for all pe n and x € X. T?en, by Kakutani's fixed-point theorem,
there exists some (p,x) € i x X such that (p,x) € F(p,x). We «~laim
that this pair has the desired properties: Condition (5) is tuli-
filled, since the sets wi(p,x) are assumed to be convex. Moreover,
condition (7) follows now from (3) and the definition of Fo' ‘ln
order to prove (6), suppose that w (p,x) > O and that there exasLs a
Yy €@ (p,x) n p (p,x) Then v (p, ,¥) > 0 and therefore v (p,x,z)> o]
for all z € F (p,x). Thus z € p 1(p,x) for all z € F (p,x), waicn im~
plies that

xi € co Fi(p,x) c co pi(p,x).

This contradiction to assumption (4) completes the proof.

2. REMARK. If one takes N to be the standard simplex EH , then cons
dition (7) means exactly x1 +...+x"+a z 0. Hence, for m=1 and

= @, ¢1 = O the preceding result yields a slight extension of the
Gale-Nikaido-Debreu theorem referred to before. On the other hand,

for M = {0} the theorem reduces to the result of Greenberg.

3. INTERPRETATION. In economic applications, N stands for the set

of all admissible price vectors for the commodity space R" and is
usually taken to be =:m?, whereas x1,...,xm c r" have to be

viewed as the choice sets for the finitely many agents (for instance
traders or consumers) of a given economic system and a € R" is the
initial endowment of this economy. Given a price vector p € N and
an allocation x = (x1,...,xm) € X, wi(p,x) is the set of all those
actions, which are admissible for the agent i under p and x, where-
as pi(p,x) stands for the set of all actions of the agent i, which
are strictly preferred to the respective component x1 of the alloca-
tion x under p and x. We emphasize that both sets may depend on the
prices as well as on the choices of the other agents. A correspon-
dence p1 MM x X = xi having an open graph and being irreflexive in
the sense of. (4) will be called a preference correspondence; this
generalizes the classical concept of strong preference ‘relations.
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Condition (3) is the usual Walras law in the general sense; 1t is
decisive for the balance of supply and demand expressed by condition
(7). A pair (p,x) € T x X satisfying (5), (6), (7) is sometimes
called a quasi-equilibrium for the given abstract economy; it is
said to be an equilibrium if-it satisfies (5), (7) and instead of
(6) the stronger condition wi(p,x) n pi(p,x) =@ for i=1,...,m.

The role of the critical functions wi will soon become apparent;

see also [4]. The interested reader will find plenty of further in-
formation on the classical background material in [1], [2], [6],

and [7].

4.;EXAMPLE. Suppose again that M, X1,...,Xm =4 R" are convex compact
and non-empty, let a € nfﬂ and consider continuous functions
61,.;.,6m : M » IR, which will be viewed as income functions for
the agents of an abstract economy. Thus it is natural to assume
that sup<p,xi> 2 Si(p) holds for all p € 1M and i=1,...,m. Then the
correspondences w% : T x X =» Xi for i=1,...,m given by

wi(p,x): = wi(p): = {z € xt <p,z> 2 Gi(p)} VpeETN x €X
are certainly upper semicontinuous and satisfy condition (1). More-
over it is not hard to see that (2) is fulfilled for the typical
choice

wi(pIX): = wi(p): = sup<p,Xi> - Bi(p) YV p€ETN, x € X.

And it is clear that condition (3) holds, whenever

0'(p) +...+68™(p) + <p,a> 2 O vV pET.

Finally if fi : Xl - IR for i=1,...,m denote continuous concave

functions, which will be interpreted as individual utility

functions, then the mappings pi : M x X = xi for i=1,...,m given by
pi(p,x): = pl(xi): ={ze€x" : fi(z) > fi(xiﬂ VpETN, x €X

are obviously preference correspondences. Hence, in the present
situation, Theorem 1 guarantees the existence of a quasi-equili-
brium. Note that every quasi-equilibrium of this abstract economy
is necessarily an equilibrium, if one assumes the strict inequality
Sup<p,Xi> > ei(p) for all p € NN and i=1,...,m.

In some applications, one is mainly interested in strictly positive

price vectors so that the choice M = {p € nﬂ?: Ppre-eoPy > 0} is

more aopropriate than N = nﬁ;. The following variant of Theorem 1

is well-suited for this purpose, but it requires a somewhat
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technical additional assumption (12) . This condition is automati-
cally satisfied for N = 1 , but it is a non-trivial restriction for
the general case; see [5] for a detailed discussion of this assump-

tion.

5. THEOREM. Let N < B{lbe convex and o-compact such that N = HH ’
consider convex closed apd non-empty subsets X1, ..,Xm of B{n and
define X : = X1x ce. X Xm Moreover, let a € R and for i= 1,...,m
consider an upper semicontinuous correspondence of M= xt a
correspondence pi : T x X = Xi with an open graph, and a continuous
funetion wi E | [o,w[ such that for all p € N dnd all

X = (x1,...,x ) € X the following conditions are fulflloed

(8) w (p) ©s convex compact and non-empty.

(9) If wi(p) > 0, then wi Zs8 also Zower semicontinuous at p.
(10) <p,y1+ ..‘+y +a> 2 0 whenever y € w (p) for i=1,...,.u.
(11 x* @ co pr(p,x).

(12) If a sequence (pk)k in N converges to some p € HH N1 zrd ©f

zk € w (pk) + . .+<y“(pk)-+a for k € N are arbitrarily
chosen, then there exists some q € T such that

lim inf<q,z, > < O.
ko k
Then there exists some (p,x) € TN x X such that:

(13) x% € wi(p) for i=1,...,m.
(14) v (p) = 0 or o' (p) n o (p,x) = @ for i=1,...,m.
(15)  x' + ... +x™+azo0.

Proof. We choose an increasing sequence of compact convex and non-
empty subsets nk of R" such that nk 4 M as k - =, Now _given an
arbitrary k € N, we obtain by compact—ess and upper semicontinuity
compact convex subsets §i of Xi such that

wi(p) < %; for i=1,...,m and all p € T, .
Then Theorem 1 supplies us with a pair
P € My %, = (xp,ea,x) € Xox e x B
such that the following conditions are fulfilled:
xi € Qi(pk) for i=1,...,m.
wi(pk) =0 or wi(pk) n pi(pk,xk) = @ for i=1,...,m.

<q,xl1<+...+x]n: +a> 2 0 for all q € I,.
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After passing to a subsequence if necessary, we may assume that
converges to some p € nﬂ: .In view .of the above properties,

(py)
k'k
one easily deduces from condition (12) that actually p € 1. Now,
since w1,...,w are upper semicontinuous 'at p, we arrive at
x; € wl(pk) c @l(p) + U for i=1,...,m and almost all k € N,

where U denotes the open unit ball in Rr" . ﬁehce, taking again a
subsequence if necessary, we may suppose that (xk)k canverges to
some limit x = (x reee X ) We claim that the pair (p, X) has the
desired properties. Obvieusly b'4 € X-and hence by upper semicontinu-
ity xt e mi(p) for i=1,...,m. And because of T = nﬂ;'it is not
hard to see that x1-+...-+xm +.a 2 0. It remains to show that con-
dition (14) is fulfllled Suppose that w (p) > O and that there
exists some y € 0" (p) ﬂ pi(p,x) Since ¢’ is lower semicontinuous
at p, there are y, € o (pk) for almost all k € N such, that Y * Y
as k » «=. We also know that Yk €p (pk,xk) holds for almost all

k € N, since the graph of- p is open. On the other hand, we have
by contlnulty w (pk) > O for almost all k € N and hence

w (pk) nop (pk,xk) = @ for all these k accqrding to the choice of

(pk,xk). This contradiction completes the proof.

A GENERALIZED ARROW-DEBREU MODEL

The preceding theory leads to rather general existence theorems for
equilibria in various types of bounded and unbounded economies.
Here we-shall concentrate on the typical case of a certain private
ownership economy. Our main result will extend the classical Arrow-
Debreu theorem [7, Thm. 16.1] and a more recent result due to Mas-
Colell [6, Thm. 1] concerning only the case of pure exchange econo-
mies. In a similar way, one can attack the problem of strictly
positive price vectors and the investigation of desired and produc-

tive yoods.

Throughout th' s section, we assume the following siZtuation of a
generalized Arrow-Debreu model; see also [2] and [7] for more in-

formation or, the classical aspects of this model:
M={1,...,m}, P,Q<c M disjoint such that P U Q =
xi c R" convex closed and non-empty for all i € M;

Xt = X'x...xx™anda N = R};
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pJ s T x X = XJ preference correspondence for all j € Q;
al € nfl for all j € Q and a: = X aJ;
jeQ
ayy ot m - [0,1] continuous for i € P, j € Q such that
I a,. =1 for i € P.
jeq *J :
In this sitnation, the numerical Zncome functions are defined as
follows:
i i s
07 (p): = sup<p,X > 5 for i € P, p € IT;
ej(p): = —<p,aJ> -z aij(p)el(p) 2 - for j € Q, p € 1.
i€ep

6. DEFINITION. A pair (p,x) € M x X is said to be an equilibrium for,
the Arrow-Debreu model, if the following conditions are fulfilled:

(16) X +...+™+azo0.

(17) <p,xt> = 81 (p) for all i € P.

(18) - <p,xj> 2 ej(p) for all j € Q. .

(19) <p,xj> = 9?(p) for all j € Q satisfying pj(p,x);£¢
(20) <p,y> < 87 (p) for all j € Q and y € pJ (p,x).

If one considers in condition (20) only those j € Q which satisfy -
sup<p,XJ> > ej(p), the pair (p,x) is called a quasi-equtlibrium.

We shall use the method of a-priori bounds to deal with the possibly
unbounded choice sets xi. To this end, let us introduce for every

closed convex subset Y of IR" the closed convex cone
T(Y):= {u € R" : u+ Yc Y}.

Elementary convex analysis shows that this set coincides with the

asymptotic cone of Y, i.e. we have

-— n -
T(Y) = {u € IR .3yk€Ymk>OsmhtMttk»mﬁgk»ﬂ.

The following observation will be useful:

7. LEMMA. Assume that T: = T(x1)+... +T(xm) satisfies

Tn(—T)=(O}=Tan:.

Then X, = {x = (x1,...,xm) € X 1 Ve oo +x™+az 0} <s compa

Proof. Suppose that the assertion is false. Then, for all k € N
there exist
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_ 1 m .o m i
X, = (xk,...,xk) € X, such that Cp: = i§1ﬂxkﬂ 2 k.

After passing to suitable subsequences if necessary, we may assume
that for each i=1,...,m the sequence (ck1 k)k
ut € Rr". By the remark preceding this lemma, we have u

converges to some limit
1€T(X) for
all i=1,...,m. And from ﬂu1ﬂ + ... + d™ =1 it follows that u #0

for some i. On the other hand, from
m

z c;1xi 2 —c;1a for all k € N

i=1 >
we conclude that u1 + ... + um 2 0 and hence u1 + ... + um = 0, since
by assumption T N ]Ri = {O}. Now ui € TN (-T) = {0} for each
i=1,...,m. This obvicus contradiction completes the proof of the

lemma.

8. REMARK. The preceding result applies to a number of concrete
situations: To give a typical example, let us assume that each of
the sets XJ for j € Q is bounded above, that O € Xi for all i € P,
and that the aggregate technology set Xp: = iépxi satisfies:

X n:mi is bounded and X, N (-XP) = {0}.
Then ist is easily seen that the assumption of Lemma 7 is fulfilled
so tha? X, turns out to be compact. Conditions of this type on the

i . Sy :
sets X  are well-known in equilibrium analysis.

We now state the main result of the present paper. Here, assertion
(ii) is an immediate consequence of assertlon (1), since the stronger
condition given there implies sup<p, XJ> > o7 (p) for all j € Q and
p € M. However, for technical reasons we first prove (ii) and then

deduce (i) by means of a perturbation argument.

9. THEOREM. Assume that T N (-T) = {0} = T n ]RZ

(i) There exists a quasi-equilibrium for the Arrow-Debreu model if
x3 v al v oz (p)X)an # 0 Y j EQ,p€T.

(il) There exists an igizltbzrum for the Arrow-Debreu model if
Ixj+aj+1ep (e)xY) n Int(RY) £ ¢ v j €q,pe€n.

Proor of (ii). For all i€P, j€EQ, p€TmN we obtain by assumption
suitable vectors u? (p) € XJ and uiJ(p) € xi such that
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w(p) +al + = a,.(pud(p) € Int(R?) v j€Q,pem.
iep 3 + '
According to the continuity of the functions o450 We may choose for
every p € N1 an open neighborhood U(p) of p in N such that

@ +al+ e (pud) €me(®R]) v 3eEQpeup.
. Jj +
i€p
By compactness, we then obtain finitely many 51,...,—151. € T such.tnat
M=U(p)VU...uU(p,). Now, for each i € M let x; denote the image
of the product set Xa under the projection onto the i-the component.
It follows from the assumptions of Theorem 9 and from Lemma 7 that
each of the sets X; for i € ¥ is convex compact and non-empty. Hence

we may find a convex and compact subset W of R" such that
X € Int(W) for all i € M-and
wl (B,), w i) ew for all i € P, j € Q, k=1,...,r.

Using this set, we now establish an appropriate situation to which
Theorem 1 will apply. Let: '

Xt . o= Xi NWEfor i €M and X: = Y1x e !im;
gi(p): = sup<p,3‘(1> v iep, pen;
83 (p): = - <p,al> - =z aij(p)a‘l(p) v jeq, pem,

. i€P »
{z €% : <p,z>208"(p)} VieM pen, xeX;

® (p,x):
~j ~i ~i . ~
Y (p,Xx): = sup<p,X > - 8 (p) v ieM, pemn, x€X.

Note that the functions '5i : M -» IR and hence 'ﬁ;i : MxX » R are
continuous for all i € M. Moreover, it is clear thgt 'in = 0 for all
i € P, and it follows from our construction that 'J]J(p,x) > O for all
j €EQ, p€N and x € X. The correspondences $i : M ox X = Xi are cer-
tainly upper semicontinuous and satisfy condition (1) for all i € M,
and it is not hard to see that EBj is also lower semicontinuous on
mx X whenever"j € Q, so that (2) is fulfilled. The Walras law (3)

is an immediate consequence of the identity
5‘1(9) +...+8(p) + <p,a> = 0 for all p € m,

For 1 € P, j €Q, p€ N and x € X, we finally introduce the sets

Si(PrX“ =@,
EJ(p,x): =Wn {ty+(1—t)xJ t: 0<ts1,yE€ pJ(p,x)}.
An elementary calculation shows that ?J'i : Tl ox X = %i is a prefe-

rence correspondence for every i1 € M. Hence, by Theorem 1, there
exist a p € M and an x = (x1,...,xm) € X such that the’ following
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conditions are fulfilled:
<p,xl>z'51(p) for all ‘i € M

<p,y> <ﬂ5j(;ﬂ for all j € Q and ye'EJ(p,x)

'+ ... +x"+azo0

We shall prove that the pair (p,x) is an equlllbrlum for the Arrow-
Debreu model. We first claim that <p,x > = 6 (p) holds for every

i € P. Assuming thls td be false, we have e (p) = <p,x > < <p,2z> for
some suitable z € X . Now z,: = tz+ (1- t)x satisfies 9 (p) < <prz.>
for all 0 < t £ 1 as well as z, € Xi
0 <t s 1, since xl € X c Int(W). This obvious contradiction shows
that

n W for all sufficiently small

F(p) = <p,xt> = ot (p) for all i € P

and therefore Ej(p) = ej(p) for all j € Q. Hence it is clear that
the pair (p,x) satisfles the conditions (16), (17), (18). We next
observe that p (p,x) # @ implies oj(p,x) # @. Indeed, given a

Yy € p (p,x), we have Yei = ty + (1 t)xJ € W for all sufficiently
small O < t s 1 because of xJ € XJ < Int(W) and hence Yy € p (p,x)

j

for all these t. Now, if p (p,x) non- empty, then x- certainlybelongs

J> = Oj(p) as an immediate

to the closure of this set and hence <p,x
consequence of the properties stated above. Thus condition (19) is
fulfllled as well. Let us flnally assume that there exists some

y € p? (p,x) such that <p,y> 2 o7 (p). Then the same reasonlng as be-
fore shows that ypei =ty + (1- t)x) satisfies <pPry > 2 eJ(p) for all
0O <t g 1 as well as Ye € EJ(p,x) for all sufficiently small

0 <t s 1, which is impossible by the choice of (p,x). Hence it
follows that condition (20) is also satisfied. Thus (p,x) is the de-

sired equilibrium.

Proof of (i). Let e: = (1,...,1) € R" and for k € N define

al : =al + le for j€ Qand a,: = & al.
k k k . k
. jea
Let 6i = ei for i € P and 8] for j € Q denote the income functions

k k

corresponding to the initial endowments a) for k € N . Then asser-

k
tion (ii) applies to the perturbated situation so that for every

k € N there exists a pair (pk,xk) € Mx X with the following pro-
perties:

m
£ + ...+ xk + ak 2 0
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<pk.x11(> = el(pk) for all i ¢ P

<p x> 2 o) (p)) for all j € Q

<pk:xi> = eg(pk) for all j € Q with pJ(pk,xk) £ 0

<Py > < eg(pk) for all j € Q and y € pJ(pk,xk).
Now observe that

xk€xagxa for all k € N,

k 1
where the latter set is known to be compact. Hence, taking subse-
quences if necessary, we may assume that (pk)k and (xk)k converge
to limits p € M and x € X, respectively. One easily verifies that
<p,x1> = ei(p) holds for all i € P. This implies, in particular,
the convergence Gi(pk) - ei(p) as k » = for al; i € P and conse-
quently for all i € M, although the income functions need not be

continuous on M. Now, since the correspondences pJ

have an open
graph, one easily deduces from the properties stated above that

(p,x) is a quasi-equilibrium for the Arrow-Debreu model.
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