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CONNECTION INDUCED GEOMETRICAL CONCEPTS
PAVLA MUSILOVA AND JANA MUSILOVA

ABSTRACT. Geometrical concepts induced by a smooth mappings f : M — N of
manifolds with linear connections are introduced, especially the (higher order) co-
variant differentials of the mapping tangent to f and the curvature of a corresponding
tensor product connection. As an useful and physically meaningful consequence a
basis of differential invariants for natural operators of such smooth mappings is ob-
tained for metric connections. A relation to geometry of Riemannian manifolds is
discussed.

1. INTRODUCTION

In physical theories the theory of invariants is frequently used. One of specific prob-
lems, the solution of which can be applied in physical theories, is that of differential
invariants of smooth mappings of manifolds with metric fields. This problem was ini-
tially solved for the first order invariants in [14], and then for general order invariants
in [13]. Later it was shown (see [15]) that such invariants can be geometrically in-
terpreted by the concept of natural operators. In the presented paper we show that
the approach considered in [15] can be understood as a consequence of a more general
situation in which on manifolds M and N linear connections are defined being not
necessarily metric ones. However, for a special case of metric connections we obtain a
basis of differential invariants of the mentioned type. Our considerations are based on
new geometric concepts induced by a mapping f : M — N of manifolds with linear
connections, the covariant differentials of the tangent mapping to f, which we intro-
duce for the purposes of this paper on the basis of classical geometrical tools given in
(91, (6], [7], [12].

In the following two sections we briefly summarize definitions and fundamental
properties of dual connection, tensor product connection (sec. 2) and related curva-
tures (sec. 3) and using general formulas given in [6], [7] we apply them to the case
f: M — N. Coordinate expressions for the dual connection and the induced cur-
vature are obtained. The concept of covariant differentials (of general order) of the
mapping tangent to f is introduced in section 4 and it is shown that the curvature of
corresponding tensor product connection is expressed only by. f and by the curvatures
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of connections defined on manifolds M and N, respectively. In section 5 the relation
to geometrical concepts, defined for Riemannian manifolds (see [11]), is discussed. Fi-
nally, some applications of general results are presented in section 6, such as a relation
to the natural operators and differential invariants of smooth mappings of Riemannian
and pseudoriemannian manifolds.

2. LINEAR CONNECTION

Let (E,p, M) be a vector bundle over m-dimensional manifold M. By a linear
connection on E we mean a linear section K : E — J'E. Using the contact morphism
c:J'E - T*M ®g TE, such a connection can be viewed as a section

K:E—T'M®pTE.

Given connection K, K' on E, E' respectively, there is a unique linear connection
(dual connection) K* on the vector bundle E*, and a unique linear connection (tensor
product connection) K ® K’ on the vector bundle E® E’, such that following diagrams
commute

Exy Bt —1) MxR Exy E' ® E®y E
KxK* OXidR KxK' KQK'

1 1 e JH 1) " 1 Ji® 1 ,
JExy B —— T M xR B xy SE J(E @ E)

Let (E,p, N) be a vector bundle, f : M — N be a smooth mapping and A : E —
T*N ®g TE be a linear connection on E. Let (f*E, f*p, M) be the pullback vector
bundle of E, p*f is a vector bundle homomorphism given by diagram

(1) fFE—Y g
f*p p
M ! N
We define f*A : f*E — T*M ® ;-5 Tf*E by
(2) FrA@)(€) = (Tup* )™ 0 A(p* f(w)) © (Tyopu) f - €),

for every £ € Tf.p)M and every u € E. f*A is a connection on the vector bundle
f*E over M, called the pullback connection of A.
For our later considerations we give useful coordinate expressions. Let

I' T™M - T*M @ TTM

A:TN - T*NQ@ryTTN

K:E-T'‘M®gTFE

K':E - T*M Q®p TFE'
are linear connection on corresponding vector bundles. Consider local coordinates
(z7) on M, (y°) on N. Denote (%, '), (y°,7°) coordinates on T M, T'N, respectively,
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1<4,5<m, 1< 0 < n Denote (27,2%), (29,u?), (z7,w*?), coordinates on E, E',
E ® E' respectively. Using the standard notation, we get the following expressions:

K =d'® (0 + K32"9,)
K' =d'® (8 + K"5u’8y)
A=d"® (9, + A,,,yﬂa )

I'=d'® (9, + I,&*9;)
f"A d’ ® (0 +Aagfzy3)
® (G uch )
3) K®K' =d (6i+(K£1’iw7ﬁ+K’fiw"‘5)aaB).

Let K be a linear connection on E, s : M — E be a section of E. By a covariant
differential of s with respect to I we mean the section

VEs: M >T*M®u E
given by
(4) (VXs)(2)(€) = vpro [(coj's — K 05)(2) ()],

where vpr := pr,ovl™! : VE — E is the vertical projection, vl: E x) E — VE is
canonical vector bundle isomorphism (vertical lift).

3. CURVATURE

Let K : E — T*M ®g TE be a linear connection on vector bundle (E,p, M). By a
curvature of K we mean a section

R[K]:E - N’T*M @ VE
given by
R[K](w)(&,n) = K (), ] - [K(u)(§), K(w)()],

foru € E, &,n € x(M), [, ] denotes the Lie bracket. Using the identification vl :
E Xy E — VE, the curvature can be viewed as a tensor field

R[K]: M — A*T*M @y E* ®u E.

In coordinates, using notation from section 2, we get for curvatures corresponding
to connections given by (3):

R[K] € Q2(1W E*®u E)
R[K'] € Q2(M El* ®um E"
R[A] € Q¥(N, (TN)* ®y TN)
R[T) € Q2(M, (TM) ®um TM)
R[f*Al € %M, (f*E)* ®u [*E)
R[] € Q*(M,E @) E*)
RIK® K| € Q*(M,(E®u E')* ®u (E®M E').
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following local expressions

RIK] = RIK]%;2"9, ® d' A &

RIK') = R[K"]; u’05 ® d' A df
R[A] = 95,50, ®d" A d”
R[] = R},d70; @ d* A d!

R[f*A] = Q0 f1f5"0, @ d' A d

vnw
R[["] = —Ri3:0" ® d* A d!
(5) RIK ® K] = (R[K]%;w™ + RIK")},w**)dap ® d' A7,

where
R[K]ﬁ‘;,-j = 8jK$‘,- - BiK;"j + Kin;"i - K. K®

vittej
R[K/]éﬁij = 81‘1{/§i - aiK’fj + K_Ing/fi - ’ziK/Ej
Ry = 0l — 0kl + T 5, — Ty
Qo = adAzn - anAZw + AgwAgzn - AgnAgw

vnw
4. COVARIANT DIFFERENTIALS OF A TANGENT MAPPING

Let E' = ®4,T*M @ f*TN be a vector bundle over M and consider the connection
®T* ® f*A on E'. In coordinates, using (3) and (5) we get local expressions

eT*® ffA=d®[9;+ (Agﬁf;wfl...k,- - ng,wﬂcz...k,-
-t F_lik.'wgl...k;_ll)atl)czlmk‘] )

R®T*® f*A] = (0 f1 5 Wk, ks — Ry tWeky .k

i i

ki1...ki j l
-t Rzijlwa...k.-_la]aal ® d] /\ d *

Let s : M — E' be a section. In agreement with general definition (4), by the
covariant differential of s with respect to the connections I', A and a smooth mapping
f: M — N, we mean a section of @4'T*M ®p f*TN = E*! given by

VETO Bs(2) (&1, ..., &41) = vprofco jls — (®T* ® f*A) 0 8)|(2) (&1, - - -, &ir1) -
Covariant differential may be viewed as a operator C®(E*) — C®(E*!).

Consider the tangent mapping Tf : TM — T'N. Such mapping determines uniquely a
mapping Tf : TM — f*TM by p*fo%f = Tf, where (f*TN, f*p, M) is the pullback
bundle of TN, and p*f is vector bundle homomorphism given by diagram (1). The
mapping Tf is an element of C*E'. By a covariant differential of order v of the
tangent mapping Tf we mean a section [VIAN) T of CXE™! where [VEAN]"
C*®E! — C*®E™! is given by

.

[VEAN = G@T'ef8) o g@'T'ef a) . o y(F*efa)

The chart expression of the covariant differential can be obtained using the coordi-
nate expressions of connections A, f*A, I', I'* and ®T* @ f*A:
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Theorem. In coordinates, covariant differential [VWAH|XTF has the following form:
[VEADfkg s — Ko . 5, @d @dik+,

i1 dkgl
where coefficients KZ are given by following recurent formulas

iebhgl

K =1,
KZig = aizKial + AgﬁKioleg - ngixKg ’
(6) '
KZ---ikH = ai’H-lK;v’lmik + AZﬁKﬁHKgu-ik
- ngHﬁKgig..‘ik - F&.,.;iz giliamik
— e —T9 g

Thg1lk” T Qi gy °
5. GEODESICS AND RIEMANNIAN MANIFOLDS

Let N be a Riemannian manifold and DV be a covariant derivative corresponding
to the metric connection on N. Consider inclusion f : M — N of a submanifold
M C N, the induced metric on M, and covariant derivative coresponding to the
metric connection DM. There is an orthogonal decomposition of T4(z)N at any point
flz)=z € f(M):

[*TpeyN ~ T:M ® N, M,
denote prpys ¢ f*TN — TM and pryy @ f*TN — NM corresponding orthogonal
projections, where the set NM = Uyepr N M considered together with a structure of a
vector bundle over M is called normal bundle. The following theorem (see [11]) holds.

Theorem. Let (n,nn,VUn € C®(TN) be any extensions of a sections {,n € C®°(TM),
v e C®(NM). Than

DSLCN = DSIC + ki2(n,€),
D,!;:I Un = k,‘21(7’], I/) + V,,I/ ,

where ky3 is a symetric bilinear bundle map TM xTM — NM, ky is a bilinear bundle
map TM x NM — TM, Vv = pryy o D,%I/N is independent of the extensions and
it is a metric derivative on NM.

The objects k2, k2, determine each other uniquely and they are both called a second
fundamental form. Denote g, A9 a metric and the metric connection on N, denote I'/*9
the metric connection on M corresponding to the induced metric f*g. The relation
between the concept of the covariant differential of the mapping tangent to f and the
concept of the second fundamental form is described by the following theorem.

Theorem. Let f : M — N is an inclusion of a Riemannian submanifold. The second
fundamental form is the first covariant differential of the mapping tangent to f, i.e.

[v(rf'ﬂ,Ag,f)]gf(g, n) = ki2(€,m) -

A Riemannian submanifold M of manifold N is called totally geodesic if every ge-
odesic in M with initial conditions in (M,TM) is contained in M. An injective im-
mersion f : M — N of manifolds with connections is called affine if for any geodesic
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a in M, its image f o a is a geodesic in N. Every inclusion of totally geodesic Rie-
mannian submanifold is affine. A necessary and sufficient condition for a Riemannian
submanifold to be totally geodesic is vanishing of the second fundamental form. We
can generalize this classical result to the case of injective immersion of manifolds with
arbitrary connections.

Theorem. An injective immersion f : M — N is affine if and only if the first
covariant differential of the mapping tangent to f vanishes identicaly.

6. NATURAL OPERATORS

Riemannian and pseudoriemannian manifolds. Denote MetM the natural bun-
dle of metric fields on M, and T*M ® TN = n{T*M @ n3T*N, (m : M x N — M,
mg : M x N — N are projections) with structure of a fibered bundle over M x N. We
consider a first order natural bundle F:

F(M,N)=T*M ® TN xp MetM Xy MetN
over M x N isomorphic to (P*M x P!N)[Q, G}, x G}] with typical fiber

.
Q — Rm* ® RTL X reg(R"l* @ RT",*) X reg(Rnt @ R’Il*) .
Using the reduction W*(P!M x P!N) — P*¥*1M x P*1N to the subgroup GF+! x
GE+Y C WH(G), x G}), its prolongation is a fiber bundle F*(M,N) = (P*!M x
Pk+1N)[Tr,7C1+nQ’ G§n+1 x Gﬁ+1]'
Consider a sheaf of sections ®pny C C®(F(M,N),M x N) defined by s € ¢ &
s = (f,g x h), where h € C®°(MetM, M), g € C*(MetN,N), and f € C°(T*M ®
TN, M x N) is a section constant on N. Define k-th order natural operator of smooth
mappings of manifolds with metric fields D : FF — G as a system of smooth local
operators Dy : & — C®°(G(M,N), M x N) satisfying:
L. Dagrwy(F(f,9) 0 s0(f71,971) = G(f,9) o Dumys o (F74,971), Vs € @,
V(f,9) € MorM frn X Mfp,
2. j‘“sl = ijQ = DM,N(Sl) = DM’N(S'_)), Vsy, 82 € O.
Consider a manifold

Q¥ = TX(R™ ® R") x T¥reg(R™ ® R™) x Trreg(R™ @ R™),
which is closed under the action of GE+! x Gk+!. Bundle
F§(M,N) = (P*'M x P*IN)[Q%, GEH x G+

is a subbundle of F*(M, N). Natural operators of smooth mappings of manifolds with
metric fields with values in a natural bundle of order p, are in bijective correspondence
with differential invariants of corresponding type fibers Q¥ — S (where S is a left
G?, x GP. manifold, the typical fiber of natural bundle G), (see [15]). Using the orbit
reduction method, we obtain the basis of invariants for the case p =1 (see [13]).

Theorem. The basis of k-th order diferential invariants of smooth mappings f of
manifolds with metric fields is formed by the components of the metric fields on both
manifolds, by the components of curvature tensors corresponding to the metric con-
nection on both manifolds and their covariant derivatives up to the order k — 2, the
components of tangent mapping to f and the components K, ;, 2 <1< k+1 of the
covariant differential of the tangent mapping to f up to the order k.
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Manifolds with connections. Denote Cla M the natural bundle of classical connec-
tions on M. We consider a second order natural bundle F:

F(M,N) = J*M,N) x3 ClaM xy ClaN
over M x N isomorphic to (P2M x P2N)[S, G2, x G2] with typical fiber
Q=S’R™®R" x (R™® S’R™) x (R" ® S’R™).

Using the reduction W*(P2M x P2N) — P**2M x P*¥+2N to the subgroup G¥:? x
GE+? ¢ WH(G?, x G2), its prolongation is a fiber bundle F¥(M,N) = (P*2M x
PHIN)[TE, ,.Q, GEF2x GX+2). Consider a sheaf of sections @y C C®(F(M, N), M x
N) defined by s € ® & s = (f,I'x A), where I' € C®(Cla M, M), A € C*(ClaN, N),
and f € C®(J*(M,N), M x N) is a section constant on N. Define k-th order natural
operator of smooth mappings of manifolds with connections D : F — G as a system of
smooth local operators Dyy : @ — C*°(G(M, N), M x N) satisfying:

1. D(M’,N’)(F(f)g) oso (f_lag_l)) = G(f’g) o D(M,N)s o (f—lvg_l)) Vs € CI),
Y(f,9) € MorM fr X M fy,
2. jksl = jk32 = DM.N(SI) = D]\,[’N(Sz), V31,32 e .
Consider a manifold

QF = TX(SR™ @ R") x TE(R™ ® S?R™) x TF(R" ® S*’R™),
which is closed under the action of G&2 x GX+2. Bundle
F§(M,N) = (P*'M x PMIN)[QF, GEF x GEY)

is a subbundle of F¥(M, N).

Natural operators of smooth mappings of manifolds with connections with values in
a natural bundle of order p, are in bijective correspondence with differential invariants
of corresponding type fibers @Q* — S (where S is a left G2, x GP. manifold, the typical
fiber of natural bundle G), (see [15]). Using the orbit reduction method we obtain the
basis of invariants for the case p = 1.

Theorem. The basis of k-th order differential invariants of smooth mappings f of
manifolds with classical connections is formed by the components of the corresponding
curvature tensors on both manifolds and its covariant derivatives up to the order k—1,
the components of the tangent mapping to f and the components Ki ;,2<1<k+2
of the covariant differential of the tangent mapping to f.
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