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ISOMETRY GROUPS OF k-CURVATURE HOMOGENEOUS
PSEUDO-RIEMANNIAN MANIFOLDS

P. GILKEY AND S. NIKCEVIC

ABSTRACT. We study the isometry groups of a family of complete p + 2-curvature
homogeneous pseudo-Riemannian metrics on R4 which have neutral signature
(3+2p. 3+2p), and which are O-curvature modeled on an indecomposible symmetric
space.

1. INTRODUCTION

Let M := (M, g) be a pseudo-Riemannian manifold of signature (p,q). Let gp :=
9|1y (resp. VIRp := ViR|r, ) be the restriction of the metric (resp. the i** covariant
derivative of the curvature tensor) to the tangent space at P € M. We define the k-
model of M at P by setting:

M (M, P) := (TpM,gp, Rp,...,V*Rp).

One says that ¢ : D (M, P) — My (M2, P,) is an isomorphism from the k-model
of M; at P; to the k-model of M5 at P; if ¢ is a linear isomorphism from Tp, M; to
TPZA/IQ with

¢*gg'p2 =g p, and ¢*V§RM2_p2 = VgRMI,PI for 0<i<k.

One says that M is k-curvature homogeneous if the k-models M, (M, P) and I (M, Q)
are isomorphic for any P,Q € M.

In the Riemannian setting (p = 0), Sekigawa and Takagi constructed first examples
of complete 0-curvature homogeneous Riemannian manifolds which are not locally ho-
mogeneous, see e.g. [14]. These examples are all noncompact. Compact examples
(only in large dimensions) can be found in the paper by Ferus, Karcher, and Miinzner
[5]. Although many other examples have been constructed, there are no known Rie-
mannian manifolds which are 1-curvature homogeneous but not locally homogeneous
and it is natural to conjecture that any 1-curvature homogeneous Riemannian manifold
is locally homogeneous.
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In the Lorentzian setting (p = 1), curvature homogeneous manifolds which are not
locally homogeneous were constructed by Cahen et. al. [4]; l-curvature homoge-
neous Lorentzian manifolds which are not locally homogeneous have been exhibited
by Bueken and Djorié [2] and by Bueken and Vanhecke [3]. One could conjecture that
a 2-curvature homogeneous Lorentzian manifold must be locally homogeneous.

It is clear that local homogeneity implies k-curvature homogeneity for any k. The
following result, due to Singer [11] in the Riemannian setting and to F. Podesta and
A. Spiro [10] in the general context, provides a partial converse:

Theorem 1.1 (Singer, Podesta-Spiro). There exists an integer kyq so that if M is
a complete simply connected pseudo-Riemannian manifold of signature (p,q) which is
ky.q-curvature homogeneous, then (M, g) is homogeneous.

Sekigawa, Suga, and Vanhecke [12, 13] showed any 1-curvature homogeneous com-
plete simply connected Riemannian manifold of dimension m < 5 is homogeneous;
thus ko2 = ko3 = ko4 = 1. The estimate kom < %m — 1 was claimed by Gromov [9].
Results of [6] can be used to show k,, > min(p, q); we conjecture k, , = min(p, q) + 1.

If H is a homogeneous space, let M(H) := M (H, Q) for any point Q € H; the
isomorphism class of 9 (H) is independent of the point @ € H. We say that M is
k-modeled on H and that M (H) is a k-model for M if M(H) and M (M, P) are
isomorphic for any P € M.

Throughout this paper, we shall adopt the notational convention that

p2>1.

In (7], we exhibited complete metrics on R5*P of neutral signature (3 + 2p,3 + 2p)
which are (p + 2)-curvature homogeneous, which are 0-modeled on an indecomposible
symmetric space, but which are not (p + 3)-curvature homogeneous; these examples
show that the constants k,, — 00 as (p,q) — 0o. The proof of Theorem 1.1 rested
on a careful analysis of the isometry groups of the model spaces. In this paper, we
continue our study of the manifolds introduced in [7] by examining their isometry
groups and the isometry groups of their k-models.

We recall the definition of the metrics on R8*7 which were introduced in [7]. We will
be defining a number of tensors in this paper and, in the interests of brevity, we shall

only give the non-zero components up to the usual symmetries. Let z = (zy,...,Zn)
be the usual coordinates on R™. Let
~ ~ ~ * ok Lk * o~k Sk
{I’yazly--'azp)yyzla . ..,Zp,l' 'Y 1213"'1Zpay‘)z;a' ..,Zp}

be coordinates on RS*. Let F = F(y, 21,...,2,) € C®(RP*!). Let
Meyapr = (R6+4p’gﬁ+4p,F)
where gg14,, F is the metric of neutral signature (3 + 2p, 3 + 2p) on R®+*? with:
G6+4p,F (02, 0z) = =2{F(y,21,..., ) + y§ + 2121 - - + 2,3},

9o+4p,F (Oz, Oz+) = Go+4p,F(Oy, Oy+) = Go+4p,r(05,05+) = 1,
96+4p,F (02, 3:;) = g6+4p,F () 32:) =1.

Theorem 1.2 (Gilkey-Nikeevié¢ [7]). Let M = Mgiapr. Then:

(1) All geodesics in M extend for infinite time.
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(2) expp : TpREHP — RSP 45 q diffeomorphism for all P € RS+%,

(3) VkR(al‘l a&n aﬁz’ O; 6531 ERER) 6Ek+2) = _%(851 "'a€k+2)96+4p,F(aI= 31) are the non-
zero components of VER where &; € {v 21,0, 2p, 0y 21, ..o, Zp )

(4) Al scalar Weyl invariants of M wvanish.
(5) M is a symmetric space if and only if F is at most quadratic.

1.1 The manifolds Meyapr = (R¥*, g6, 4px). We can specialize this construction
as follows. Let gg14px be defined by setting F' = f, , where we let:

fp,O(y;zlv---xzp) = 0:
ok 21,0y 2p) = 2% + -+ 2t if 1<k <p.

As exceptional cases, we set:

Foor1(® 21,y 2p) 1= 2y oo P P
Fowr2(U 21y oy 2p) 1= 2y + o+ 2P eV
Theorem 1.3 (Gilkey-Nikéevié [7]). Let 1 <k <p+2.
(1) Meyapo is an indecomposible symmetric space.
(2) Meyap is an indecomposible homogeneous space which is not symmetric.

1.2 The manifolds Ngiapy = (R, g614p4). Let ¥ = 9(y) be a real analytic
function of one variable such that

¢(p+3) >0, ¢(p+4) >0, and 1/)(1|D+3) + aet .
Define a metric gsy4p, on R%+* by taking F = f, where *

flb(y’ 21y )zp) = w(y) + z1y2 +eet Zpyp+1 .

The following result shows that the geometry of a homogeneous pseudo-Riemannian
manifold need not determined by the k-model:

Theorem 1.4 (Gilkey-Nikeevié [7]). Let 0 < j <k <p+2.
(1) Metapy is j-modeled on Meyapj; Meyap,j is not k-modeled on Mgyap.
(2) Nstapyp is p+ 2-curvature homogeneous and p + 2-modeled on Mgiappy2-
(3) Noyapy is not p + 3-curvature homogeneous and not locally homogeneous.

1.3 Isometry groups. Let G(M) (resp. G(9My)) be the isometry group of a pseudo-
Riemannian manifold M (resp. of a k-model M). In this paper, we study the
groups G(Metapk), G(Norapy), and G(I(Megyapk, P)) for any point P of R+, A
byproduct of our study is the following result that shows, not surprisingly, that the
symmetric space Mey4p0 has the largest isometry group.

Theorem 1.5. Let 1 <k <p. Let n,:= (6 +4p) + (p+ 1)(3+2p) + (2p + 3).
(1) dim{G(Me14p0)} =mp+ (P+1)(2p +1).
(2) dim{G(Mosap)} =y + (2 +2) + 12 — k)2 — k= 1).
(3) dim{G(Ms1app+1)} = dim{G(Me4p,5)} — 1.
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(4) dim{G(Me+app+2)} = dim{G(Meapp+1)} — L.
(5) dim{G(No+4pp)} = dim{G(Me4pp42)} — 1.
Here is a brief outline to the remainder of this paper. In Section 2, we review some

results from [7]. In Section 3, we reduce the proof of Theorem 1.5 to a purely algebraic
problem by showing for any P € R5*# that for 0 < k < p + 2, we have:

dim{G(M6+4p,k)} =6+4p+ dim{G(fmk(M5+4p,k, P))} ,
dim{G(Ne+4p,4)} = 5+ 4p + dim{G(M12(Me+4pp+2, P))} -

In Section 4, we complete the proof by determining dim{G(9MM(Megtapk, P))} for
0<k<p+2 .

2. MODELS

It is convenient to work in the purely algebraic setting. Let
m,, = (‘/’ <'1 '>’AO’ ey AV)

where (-, -) is a non-degenerate inner product of signature (p, ¢) on a finite dimensional
vector space V of dimension m = p+q and where A* € ®*t#V* satisfies the appropriate
symmetries of the covariant derivatives of the curvature tensor for 0 < u < v; if v = 00,
then the sequence is infinite. We say that 9, is a v-model for a pseudo-Riemannian
manifold M = (M, g) if for each point P € M, there is an isomorphism ¢p : TpM — V
so that
ép(-,)=gp and @pA* =V*Rp for 0<pu<v.

Clearly M is v-curvature homogeneous if and only if it admits a v-model.
2.1 Models for the manifolds Mg4,r and Nejapy. Let

B={X,Y,2y...,2,Y,2\,..., 2, X", Y*, 2},..., 2}, V", 2},..., Z}}
be a basis for R*%7. Define a hyperbolic inner-product on R¢+# by pairing ordinary
variables with the corresponding dual x-variables:

(2.2) (X, X*) =Y, Y= (Y,Y*) =(Z,Z}) = (Z:,2}) = 1.
Define A° € ®*(R5**?)* with non-zero components:

AX,)Y,Y,X)=A%X,Zi,Z,X) =1.

Define tensors A} € @**{(R6*+%P)* for 1 < i < p with non-zero components:

A(X,Y,Z, X;Y,...,Y) =1
AX,Y,Y, X;Z,Y,....,Y)=1
A(X,Y,Y,X;Y,...,Y,Z) =1

)
ooy

Finally define AP*! € @%+P(R&+%)* and AP+2 € ®%+P(R®+*P)* by setting

APUX,Y,Y, XY, Y) =1,
AAXY,Y, XY, Y) =1,
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Define models:
Mo rapi - = (REFP, (), A%,..., AF) for 0<k<p+2.
Lemma 2.1 (Gilkey-Nikéevié [7]). Let 0 < k <p+2.
(1) Meyapk is a k-model for Mg ap.
(2) Meyappt2 s a p+ 2-model for Notrapy.

3. ISOMETRY GROUPS IN THE GEOMETRIC SETTING
In this section we will reduce the proof of Theorem 1.5 to a purely algebraic problem
by showing:
Theorem 3.1. Let 0 <k <p+2.
(1) dim{G(Meapk)} = 6 + 4p + dim{G(Mg14p) }-
(2) dim{G(Ns+4p,v)} = 5+ 4p + dim{G(Me14pp+2)}-

The proof of Theorem 3.1 will be based on several Lemmas. In Lemma 3.2, we
review a basic result about group actions. In Lemma 3.3, we relate the full isometry
group G(-) to the isotropy subgroup. In Lemma 3.4, we relate the isotropy subgroup
to the isometry group of the co-model. In Lemma 3.5, we relate isometry group of the
oo-model to the isometry group of an appropriate finite model.

The following result is well known.

Lemma 3.2. Let G be a Lie group which acts continuously on a metric space X. If
z€ X, let G-z be the orbit and let G, = {g € G : gz = x} be the isotropy subgroup.

(1) We have a smooth principle bundle G, — G — G - .
(2) dim{G} = dim{G,} + dim{G - z}.
We can relate dim{G (M)} to dim{Gp(M)} for M = Mg apx or M = Ng,4p4-
Lemma 3.3. Let P e RS+, Let0<k<p+2.
(1) dim{G(Meg+4pk)} = 6 +4p + dim{Gp(Me14pk)}-
(2) dim{G(Net4pp)} =6+ 4p — 1 + dim{Gp(Ne14p,)}-

Proof. We apply Lemma 3.2 to the canonical action of G(M) on R¥+%, Assertion
(1) follows as Meyapx is a homogeneous space. Let v > 2. Set

aﬁ+4p,u('¢) — Iﬁ("+p+3){w(p+3)}"_1{w(p+4)}_" .

We showed [7] that if B is a basis satisfying the normalizations of Section 2, then the
only non-zero components of V**P*1R are given by:

(3.) VAHR(X, VY, XY, ..., Y) = derapu (V) -
We also showed that the following assertions are equivalent:

(1) @44p0(¥1)(P1) = s apu(¥2)(F2) for all v > 2.
(2) There exists an isometry ¢ : Noiapyp; — Notapy, With ¢(Py) = P.
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The functions agt4p,, (1) are constant on the hyperplanes y = c; thus the group of
isometries acts transitively on such a hyperplane. Consequently

dim{G(./VE;+4p,¢)} Z dim{Gp(./\/a+4p,¢)} +6+ 4p -1.
Since Ng44p,y is not a homogeneous space, equality holds. O

Let P € M. We can show that Gp(M) is isomorphic to G(Mw (M, P)) under
certain circumstances.

Lemma 3.4.

(1) Let My := (My,g1) and My := (My, go) be real analytic. Assume for o= 1,2
that there are points P, € M, so expp, : Tp,M, — M, is a diffeomor-
phism. If ¢ : Tp My — Tp,M, induces an isomorphism from My, (M;, Py)
to Moo (Mg, P2), then ® := expp, 0 oexp,‘,l1 is an isometry from My to Ma.

(2) If M = Mgyapi or if M = Norapy, then Gp(M) = G(Mx(M, P)) for any
point P € R6+4,

Proof. An analytic pseudo-Riemannian metric g is uniquely determined, up to local
isometry, by the tensors R, VR, ..., V*R, ...at one point, see Belger and Kowalski
[1] and Gray (8] for related work. The first assertion now follows; the second follows
immediately from the first and from Theorem 1.2. O

We now replace the infinite model by a finite model:
Lemma 3.5. Let P € R+, Let 0 < k< p+2. Then:
(1) G(mw(MSHP,kvP)) = G(Me4p,k)-
(2) G(moo(-/vﬁ+4p,¢’ P)) = G(Me+4p,p+2)-
Proof. If M is a pseudo-Riemannian manifold, restriction induces an injective map
r: G(Me(M, P)) — G(MMk(M, P)).

Suppose that M = Mypi6 for k < p+2. Then VIR =0 for j > k; consequently any
isomorphism of the k-model is an isomorphism of the co-model; this proves Assertion
(1)for0<k<p+1.

To deal with the remaining cases, we suppose that ¥®+3 and ¢®+% are always
positive, but drop the restriction that 1®+3 =£ ae®. Choose a basis B for TpM
satisfying the normalizations of Section 2. If g € G(Mp12(Metappi2, P)), then gB
also satisfies the normalizations of Section 2. We may then apply Equation (3.a) to
see that g is in fact an isomorphism of the co-model since g preserves VXR for any
k > p+ 2. The first assertion with k¥ = p + 2 and the second assertion of the Lemma
now follow; this also completes the proof of Theorem 3.1. O

4. ISOMETRY GROUPS OF THE MODELS

Let R*% := Span{X,Y,Z,,...,2,, Y Z,,...,2,} and let B* € @*+(R*?)* be the
restriction of A* to R*?. We introduce the affine models by restricting the domain
and suppressing the metric:

Az opk := (R¥*%,BY,..., BF).
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Lemma 4.1. dim{G(Mg;4px)} = dim{G(UAs42pk)} + (p+ 1)(3 + 2p).
Proof. Let o(s) be Lie algebra of skew-symmetric s x s real matrices. Set
S:=(S1,.,Sarzp) = (X, Y, 2y...,2,,Y, 2y...,2Z,),
= (Stye ey Shugp) = (XY 20,0 20,V 20,0 20

) p’

K:= {g € ]R6+4p : AO(&) 771,77217’3) =0V i € R6+4p}
= Span{S],...,83,5,}

Let g € G(Mg44p,c). The space K is preserved by g. Thus
9Si = 3;{90455; + 9155;} and  gS; =37, {92455}
By Equation (2.a), (9S;,¢S;) = 0 and (gS;, gS;) = d;5. Thus
>k {90k91,3k + grik905x} =0 and 37, {goig2k} = dij
for all 4, j. Set v := gogt. One then has
(4.2) 9o € G(Us42pk), 7+7'=0, and gogt=1id.

Conversely, if Equation (4.a) is satisfied then g € G(Mg44pk). The map g — (go,7)
yields an identification of

G(Mo44p) = G(Usapk) X 0(3 +2p)
as a twisted product. The Lemma follows as dim{o(3+2p)} = 3(3+2p)(2+2p). O

There is a natural action of G(z42,x) on R¥*%. We continue our study by relating
G (A342pk) and the isotropy subgroup Gx (Ast2pk)-

Lemma 4.2.
(1) dim{G(Azt2pk)} = dim{Gx(Aa42pk)} + 20+ 3 for k< p+1.
(2) dim{G(Ql3+2p,p+2)} = dlm{GX (Q(3+2p)p+2)} + 2p + 2.
Proof. Lemma 4.2 will follow from Lemma 3.2 and the following relations:

G(sropp) X = {E €R?*P: (6, X") #0} if k<p+]1,

4.b
( ) G(m3+2p,p+2)X ={¢e R*% . (6, X*) = +£1}.

We first show D holds in Equation (4.b). Let £ € R**?. Assume that
ai= (&, X*) £0.
Set X = ¢ and set

go:=(a®) V) | gy =Y, gY ==a"%;'Y,
= {a%i} 1, 9Zi=eZ;i, 92} =¢7'a"%Z;.
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The non-zero components of V'R for 1 <4 < p+ 2 are then given by
R(gX,gY,gY,9X) = a®pa"%;" =1,
R(9X,9%i,9Zi,9X) = d’eie'a™ = 1,
VR(9X,gY,9Z1,9X;gY) = VR(gX,gY,gY,9X;9Z) = d’eje1 = 1,...
VPR(9X,9Y,9Zp,9X;9Y;...,9Y) = VPR(gX,gY,9Y,90X;9Zp,9Y,...,9Y) = ...

= VPR(9X,9Y,gY,9X;9Y,...,9Y,92,) = a2eg+1ep =1,

VPHR(gX,gY,gY,9X:gY;...,gY) = d’eht =1,
VP*?R(gX,gY,gY,gX;gY,...,gY) =a®s™ = ¢;.

Thus g € G(Azt2p,p+1)- Furthermofé, g € G(™z42pps2) if a® = 1. Consequently:

A {EeR¥*%: (£, X*) #0} C G(WUs42pk) - X for k<p+1,

(4<) {€eR¥*?P: (£, X*) = £1} C G(WUs2ppt2) - X -

We must establish the reverse inclusions to complete the proof. Let £ € R3+?P, Let
Je(n,m2) == R(&,m1,m, &) be the Jacobi form. Adopt the Einstein convention and
sum over repeated indices to expand

€=aX +bZ+bZ
where a = (£, X*). We have the following cases
(1) If a =0, then J; = 0 on Span{Y, Y, Z;, Z;} so Rank (Je) <1.
(2) Ifa #0, then J¢(Y,Y) # 0 so Rank (J¢) > 2.
If g € G(A342pk), then Rank {J¢} = Rank {Jy¢}. Consequently
(€, X*) =0 & Rank(J¢) <1 Rank(Jg) <14 (g6, X*) =0
Consequently we have
G(Uziapk) - X C {§ € R¥*?: (¢, X*) # 0},
G(As42p) - Span {Y, Z;, Z;} = Span {Y, Z;, Z;} .
Suppose k = p + 2. Since Rank (Jy) = 0, Rank (Jgy) = 0 so (gY, X*) = 0. Expand
gX = aX +aoY +aoY +a'Z; +d'Z;,
gy = VY + 0V + b Z; + b Z; .

(4.d)

Then

1= V"' R(gX,gY,gY,9X;gY,...,gY) = a*(?°)"*°,

1= VP*?R(gX,gY,gY,9X;gY,...,gY) = a®(1°)P+*.
This shows that a? = 1 and ° = 1 so
4e) G(Uz12ppr2)X C{E € R¥*¥: (¢, X*) = £1},

G(Ustzppr2)Y C{EERM? (£, X*) =0, and (£,Y*) =1}.
Equations (4.c), (4.d), and (4.e) now imply Equation (4.b); the Lemma follows. O
We now consider the double isotropy group
Gxy(Us+apk) = {9 € G(As42pk) : 9X = X and gY =Y} .
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Lemma 4.3.
(1) dim{Gx(%s+2p0)} = (p+ 1)(2p + 1).
(2) dim{Gx (HAs+2p,k)} = dim{Gx,y (Ast2pk)} +2p+2 for 1 < k < p.
(3) dim{Gx(Us42pk)} = dim{Gx,y (Us42pk)} +2p+ 1 fork=p+1,p+2.
(4) Gxy(Us+2pp) = Gxy (Assoppr1) = Gxy (Usr2ppe2)-

Proof. As noted above, the Jacobi form Jx(-,-) = R(X,-,-, X) defines a non-singular
bilinear form of signature (p + 1,p+ 1) on

W :=Span{Y, Z,,...,Zp, Y, Z1,..., 2} = {€ : Rank (J¢) < 1}.

Let O(W, Jx) be the associated orthogonal group. If g € Gx(As4+2pk), then we have
gW = W by Equation (4.d). Since gX = X, we may safely identify g with g|w.
Furthermore,

Ix(&m) = Jox(96,9m) = Jx(96,9m) so Gx(Asizpx) C O(W, Jx).

Conversely, if g is a linear map of W which preserves Jx, we may extend g to R3+? by
defining gX = X and thereby obtain an element of Gx(s4+2p,0). Thus Gx(Ast2p0) =
O(W, Jx). Assertion (1) now follows since

| dim{O(W, Jx)} = 1 dim W (dim W — 1) = (1 +2p)(2+ 2p).
Assertions (2) and (3) will follow from Lemma 3.2 and from the relations:
Gx(Ussops) Y ={E€W : (§,Y*) #£0} for 1<k<p,
(4£) Gx(Hsszpprn) Y = {E € W: (£ Y)PH = 1),
Gx(Ussoppe2) Y ={6 €W : ({Y") =1},
If £ e W, let Se(n) := VR(X,&,¢, X;n). Expand
(4.g) £ =Y + 8V + b Z +b'Z;.
We then have that
Se(X)=0, Se(Zi)=0, S(Y)=2%",
Se(Z1) = (1°)%, and Se(Z)=0 for i>2.
Thus S = 0 if and only if 8 = (¢,Y*) = 0. It now follows that for k¥ > 1 we have
Gx(Azt2pk)Y C {€eW:(Y") #£0},
G x (A342p,) Span {Z;, Y,Z;} c Span{Z,Y,Z}.

Since a = 1, the analysis used to prove Lemma 4.2 shows (b°)P** =1if k=p+1 and
b® =1 if k = p+ 2. This establishes the inclusions C in Equation (4.f).

We complete the proof by establishing the reverse inclusions in Equation (4.f). Ex-
pand £ in the form given in Equation (4.g). Assume 5° # 0. Let gX = X, gY =,
gy = (°)71Y, '

9Z; = e{Z; — (1°)"W'Y} and g¢Z; = {Z; - (%)Y}

(4.h)
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The possibly non-zero components of R are then given by
R(gX,gY,gY,9X) =1,
R(9X,9Y,9Z:,gX) = e{b' — (b°)(b°)~0'} =0,
R(9X,gY,9Zi,9X) = €7 {b' = (1°)(¥°) b} =0,
R(9X,9Z:,9Z:,9X) =€ 'e; = 1.
The non-zero components of ViR for 1 < i < p are given by
ViR(9X,gY,9Z;,9X;9Y,...,gY) =
=V'R(gX,qgY,qY,9X;gY,...,9Z;) = (1°)*e;.
We therefore set &; = (b°)~*~* for 1 < i < p to ensure g € G(Ua42p,)-
The non-zero components of V'R for i =p+ 1,p+ 2 are
V'R(9X,gY,gY,9X;gY,...,gY) = (I°)"**.

If (b%)P*3 = 1, then g € G(Ua42pp+1); if 0¥ = 1, then g € G(As42pp42). This establishes
the reverse inclusions in Equation (4.f) and completes the proof of Assertions (2) and
(3); Assertion (4) is immediate.

Let W(p) == Span{Zu,..., Zy, Z1,.., Zo}. Let {Brs--.,Bps 1, - .-, B} be the cor-
responding dual basis for the dual space W(p) := W(p)*. The curvature tensor
R(X,+,-,X) defines a non-degenerate form (-,-) on W(p); dually on W(p) we have:

(Bir B;) = (Bi, Bj) =0, (Bi, B;) = 65
Let O(p) be the associated orthogonal group on W(p). Let
O(p,k):={he O(p): G =i for 1<i<k}

be the simultaneous isotropy group. We set O(p,0) = O(p). Theorem 1.5 will now
follow from the following result:
Lemma 4.4. Let 1 <k <p.

(1) Gx,y(Us+2pk) = O(p, k).

(2) Op,(p, k) =0O(p - 1,k -1).

(3) dim{O(p,k)} =dim{O(p -1,k - 1)} +2p—k — 1.

(4) dim{O(p,k)} = 3(2p — k)(2p — k - 1).
Proof. Let g € Gxy(Us+apk). Let € € Span {Z, .. .,Zp,f’, Zl,...,Z,,}. We may use
Equation (4.h) and the relation R(X,Y, ¢¢, X) = R(X,Y, &, X), to see

g¥ =Y +4d'Z; +dZ;, ¢Zi= a’Z +a{Z] . 9Z;= a{Zj +af:25
Consequently Span, ¢;,{9Z;, 9%} = Span, ¢;<,{Z;, Z;} and the relation
R(X,9Zi,gY,X) = R(X,9Z;,9Y,X) =
implies @' = o' = 0. Thus g¥ = Y and g : W(p) — W(p); this shows that g is
determined by its restriction to W(p). Let h := *g denote the dual action of g on
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W(p). The isomorphism of Assertion (1) now follows as:

R(ngglagé.%R) = R(X) §lv€2vX) V§1,£2 S h € O(p)a
VIR(X,Y, 96, X;Y,...,Y) = VIR(X,Y,£, X;Y,...,Y)VE & hB = 5;.

If h(B;) = B, and h(B,) = B, then h preserves
Spa‘n {:Bla Bl}l = Spa‘n {ﬂ2) e vﬁp’ﬁ% e nép} .

The isomorphism of Assertion (2) now follows by restricting h to this subspace and by
renumbering the variables appropriately.
We set

W(p, k) :={§ € W(p): (£,6) =0, (§,P1) =1, ({,0:) =0 for 2<i<k}.

Ifh € O(p, k), then h preserves (-,-) and h preserves {f,...,0:}. Consequently
hB, € W(p, k) as [ satisfies these relations. Conversely, £ € W(p, k) if and only if

§=b1ﬂ1+Zbi,@i+ﬁ1+Zl~)iﬁi where b1+ZbiEi=0,

1< k<i k<i
Since the variables {b?,...,b7,b¥*1 ... 1"} can be chosen arbitrarily,
W(p,k) = RF-14PF 50 dimW(p,k) =2p -k —1.
We show that ¢ € O(p, k)3, by finding h € O(p, k) so hf; = €. Set:
hG; =0 for1<i<k, hf;=p —bp fork<i,
hB, =&, hG;=B; — b6, forl<i.

This shows O(p, k) - B = W(p, k). Assertion (3) now follows from Assertion (2) and
from Lemma 3.2.

As dim{O(p—k)} = 1(2p— 2k)(2p — 2k — 1), Assertion (4) follows by induction. O
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